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Three rigid spheres arc connected by light, elastic rods, as shown in the figure. The relative
masses are my:mym,= [:2:].

O O O

i i, B,

Assuming small oscillations, so the longitudinal oscitlations do not couple to the transverse
oscitlations, describe all the normal modes of the system, sketch them, and state all vou can
about therr relative frequencies. Ignore transiations of the center of mass and rotations of the
molecule as a whole, that is, restrict vourself to motions with (total) P=L=0.

A2,

A pendulum of mass m is suspended (rom the cusp of a cycloid cut in ngid support (see figure).
The path described by the pendulum bob is a cycloid, siven by the cquations

X =a($ —sing)
v=a(cosp—1)

where the length of the pendulum is i=4a, and ¢ is the angle of rotation of the circle generating
the cycloid. Find the Lagrangian, the Lagrange equalions of motion, and the time period of the
oscillations.

A3,

A mass s moves in a circular orbit of radius r, under the influence of a central force whose
polential is —kmfr”

(a) If the angular momentum of the particie is L, write down an expression for the effective
radial potential seen by the particle, as a function of r.

(b) USIf the result in (a) to find an expression for the value of r leading to a circular orbit, for the
aiven L.

(¢) Show that this circular orbit will be stable under small oscillations (that is, the mass will
oscillate about the circular orbiy il n< 2.
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B1.

A metal bar of mass m slides {rictionlessly on two parallel conducting rails a distance 7 apart. A

resistor R is connected across the rails and a uniform magnetic [ield B pointing into the page, fills

the entire region.

a.) If the bar moves to the right at speed v, what is the current in the resistor? In what direction
does it flow?

b.) What is the magnetic force on the bar? In what direction?

c.) If the bar starts out with speed vgat time /=0, and is left to slide, what is its speed at a later
time? !

d.) The bar eventually stops moving. Where does its kinetic energy go? Prove that energy 1s
conserved (that this other form of energy acquire all of the mitial kinetic energy).

B2.
An clectrie dipole of moment g is placed at a distance  from a grounded conducting plane. The

dipole makes an angle of 90° with the planc.
(a) Find the force experienced by the dipole
(by How much work is required to move the dipole to infinity?

B3.

Constder a wire of length 2L and radius @ carrving a current [ that is uniformly distributed over the
cross section of the wire. Find an expression lor the external and internal vecetor potential A and
magnetic ficld B al a point equidistant from the ends of the wire (assume L » a).
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D4. The concentration of charge carmers in a semiconductor is a critical parameter in deviee
performance. Using the defmition of current as being the rate of charge flowing past a surface (J =
AQAD),

(a) Find an cxpression for the number of charge carriers per unit volume #, 1in terms of the amount
of current flowing through the semiconductor, /, the fundamental unit of charge ¢, the average
speed ol the charge carnier, v, and the rectangular arca of the surface the charge flows through, A =

w L

(b) Why is tt impossible to use this formula to measure the concentration of carriers?

(c) If a magneuc ficld is applied perpendicularly to the current flow, draw a diagram showing the
forces that act on the charge carrier in a direction perpendicular 1o both the current flow and the
magnetic ticld.

(d) Explain in words what happens to a negatively charged particle cnlering the region with the
magnctic licld. Repeat for a positive charge.

(¢) Balance the lorces found 1n part (¢) 1o predict the voltage genrated, V. Combine this result with
your resull from part (a), o find a new expression for n. Explain why this formula makes it
possible 1o determine .
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El. Imaginc that the electron in a hy dtogcn atom is in the combined position-spin state

y°|+)+J_y1| )

Here K |, 1s the radial wavefunction R =_1 gt L.exp|- }; ¥? is the spherical
12 ’,—)4 Q0 Iel ’)a |
- 0 0
. - L ; v1:2 0 ‘e . 13 c .
harmonic ¥Y°= [i‘ cos; Y =— (3] sinf e and [+ ) and |- ) are “spin up” and “spin
4 ! 87

down” states (relative to the 2 axis), somelimes wrillen as X, and x Instead.

(@) If you measured the orbital angular momentum squared (7.2), what values might vou get, and
what 15 the probability of each?

(b) Same for the 7z-component of orbitat angular momentum (7., )

(¢} Same for the spin angular momentum squared (52)

(d) Same for the z-component of spin anguiar momentum (5.).

LetJ = L + S be the total angular momentum.

{e} If vou measured /2 what values might yvou get, and what is the probability of cach?

() Same for J..

{g) 1I vou measured the posinon of the particie, what is the probability density for finding 1t at
r8,0"

(h) It you measured both the Z-component of the spin and the distance {rom the origin {note that
these are compatible observables), swhat 1s the probability density for finding the particle with spin
up and at a radius r!

E2.

Consider a particle of mass 7 in a one-dimensional box of length 7., that is, let it be in an infinite
square-well potential as indicated in the Figure.

(@) Calculate the energy of the two lowest stationary states according 1o standard quantum
mechanics. Give energy values and normalized wavelunctions.



(b) Suppose the particle has probability £7 o be in the first or lowest state and probability £2 1o be
in the second or next lowest level where / — P71 - 2. Calculate the expected energy of the particle
for a 50-50 combnation (27 = FP2).

(¢) Calculate the expected position {x(7)) as a function of constants mi, ¢, 1., i, and probabilitics 7/
and /72 .

(d) Use your result from (¢) to tell what 7 and 72 give the maximum (x) and what that value is as
a fraction of length Z. (Numencal answer only will be accepted for this part.)

E3. Calculate the probability current density j = —ifh /Z,u) [l;f‘ Viy—yV 1;1"] for the

. . . —F o fh .
hydrogenic wavefunction W [ (F)l=R (O (Gje"?e I where 4 1s the reduced mass, and
nn e Hi

R ! and @ are real functions of rand 8, respectively. Interpret your result.

n

Note: in spherical coordinates the gradient operator is
V=¢ SIS B ] d

6  Trsing co
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