Geometry of Dual Quadratic Forms.: Lagrange vs Hamilton

(Ch. 11 and Ch. 12 of Unit 1)
Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection (with example of dual-ellipses)
Construction by Kepler anomaly projection

Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v’/ normal to dual O '-ellipse position p ( ¥'*p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation

Introduction to Lagrangian-Hamiltonian duality
Review of partial differential relations
Chain rule and order 0*V/0x0y= 0?W/0y0x symmetry

Duality relations of Lagrangian and Hamiltonian ellipse
Introducing the 1! (partial) differential equations of mechanics
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Review of dual IHO elliptic orbits (Lecture 9)
=y  Construction by Phasor-pair projection (with example of dual-ellipses)
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Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection (with example of dual-ellipses)
=3 Construction by Kepler anomaly projection
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Linear Harmonic °

Force-Field Kepler’s

Orbits Mean Anomaly bsin of

(slope angle 03
a | Unait 1
Fig. 11.1
(top 2/3’s)
-a Kepler’s -b (Dta cos Wt

xX=a cos Ot

Eccehtric Anomaly Line
(slope 1s polar angle d=atyn[y/x])

Step 1. Draw concentric
circles of radius a and b

See

Lecture 8
pages 17 to 25

Step 3. Draw horizontial line BR
Step 2. Draw vertical line AX ~ from b-circle at wt to line AX.

and a radius OA at angle ¢ from a-circle at t to x-axis Intersection is orbit point R.
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R

7 y=bsin 0t

ot b a

=

N
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Introduction to dual matrix operator geometry
=3 Quadratic form ellipse r*Q+r=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQOe-r always >0)

roQor =1 /(\zk./r\
( ) ( X )
~A—~ — 5 5

— 0
R e P

a
2 2
N b= ) . b7 )

A inverse matrix O generates an ellipse by p*O '*p=1 called inverse or dual ellipse:

1 Q_1°P
m =1 p (/\A/\\
2
2 p ap
(px Py )‘ S Ol =1=(m‘ "t |=a?pibtp]
0 b p b%p g
g LY
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Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQOe-r always >0)

(x o)

(px p,

reQer =1 /QI/"\: P
( | A r ( A
Cl2 X 612 xz y2 Defined
L :1:( X )' ) mapping
0 — Y Y a” b between
2 2 -
X b ) X b ) ellipses
A inverse matrix O generates an ellipse by p*O '*p=1 called inverse or dual ellipse:
-1
1 _ Q ‘ep=r
PeQ °p =1 I
2
2 P a p
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0 b y \ b p, )
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(a) Quadratic form ellipse and
Inverse quadratic form ellipse

Defined

mapping
between
ellipses

/IOriginal llipse
rep =/

Inverse elli
p*Qlep =per =/

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b

p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)

based on
Unit 1
Fig. 11.6
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1

T Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
Operator geometric sequences and eigenvectors
Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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(a) Quadratic form ellipse and based on

Inverse quadratic form ellipse FUnilt116
ig. 11.

Defined

mapping
between
ellipses

/IOriginal llipse
rep =/

Inverse elli
p*Qlep =per =/

Quadratic form r*Qer =1 has muiual duality relations with inverse form p*Q'ep =1=per

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)
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(a) Quadratic form ellipse and

based on
Inverse quadratic form ellipse FUnilt116
ig. 11.
Defined
mapping
between
B ellipses
°p I
/IOriginal llipse
rep =/
Inverse elli
poQ']op =per = ]
Quadratic form r*Qer =1 has muiual duality relations with inverse form p*Q'ep =1=per
Q X b
1/a> 0 X x/a’ (1/a)cos¢ X=T,=acosf=acosmt
:QOI': ) = ) = ] Where: ] . SO p.r:]
0 1/b° y y/b (1/b)sin¢ y=r,=bsing =bsinw?

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1

T Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
Operator geometric sequences and eigenvectors
Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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(a) Quadratic form ellipse and (b) Ellipse tangents based on

Inverse quadratic form ellipse FUnilt116
ig. 11.

Inverse elli
p*Qlep =per =/

Quadratic form r*Qer =1 has muiual duality relations with inverse form p*Q'ep =1=per

[ 1/a> 0 j [ X ) [ x/a’ ] [ (1/a)cos¢ ] X=7r,=acos¢=acosmt

Qer= ° = = , where: , , SO: |per=1
0 1/b° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b

p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q ' *p=1
Duality norm relations (rep=1)
=y  O-Ellipse tangents v’ normal to dual Q '-ellipse position p (r'sp=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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(a) Quadratic form ellipse and (b) Ellipse tangents based on

Inverse quadratic form ellipse FUni1t116
ig. 11.

O+1/2)

| | erpendicular
peQ 'sp =per = fo 1(0)

Quadratic form r*Qer =1 has muiual duality relations with inverse form p*Q'ep =1=per

3 | 1/7a® 0 x | | x/a® | | (I/a)cos¢ | X=T,=acos$=acost | —
Pp=Qe°r= ® = = , where: , , SO: |per=1
0 1/b° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt

p is perpendicular to velocity v=r , a muiual orthogonality

. =—as =(1/
f"PZOZ( Ko 7, ).[ ; ]:( —asing bcos¢ ){ Qiovsng ] where: asing and: (I/a)cosg

’ p, (1/b)sing " 7, =bcos¢ " p,=(1/b)sing
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(a) Quadratic form ellipse and (b) Ellipse tangents

Inverse quadratic form ellipse P(®)=p(0+/2) Unit 1

p(®) Fig. 11.6

O AN ve)
T()

O=m¢

F(0) |

/IOFiginal llipse
rep =/

vec rp(o) is

vector p(Q
Inverse elli perpendicula erpendicular
poQ']op =per = ] to l'((i)) lo l’((l)) )
unit
Quadratic form y*Qer =1 has muiual duality relations with inverse form pQep =1 mutual
projeciion
1/a> 0 X x/a’ (1/a)cos¢ X=T,=acosf =acosmt
:Qor: ° = ) = . where: . . SO: p.r:1
0 1/b° y y/b (1/b)sin¢ y=r,=bsing =bsinwt
p is perpendicular to velocity v=r , a muiual orthozonality. So is ¥ perpendicular to p:  [per=0
x 1/ . =—asin .=(1/a)cos
f"P=0=( rooT, )' P =( —asing bcoso )0 ( a)cF)sqb where: ¢ and: P.=( ), ?
D, (1/b)sing F,=bcosg p,=(1/b)sing
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
—) Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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based on
Fig. 11.7

in Uni

Here b/a=1/2
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Diagonal R-matrix acts on vector v*”.

Resulting vector has slope changed by factor ¢

o 1/a O
VT oo e

(Slope increases if @ >/.)

Action of “sqrt-"matrix R=NO

slope slop€
/a/b /1
slope
\ b/a
\

| Action of “sqrt'-"matrix R =\

Dia%onal R '-matrix acts on vector v*"”.

Resulting vector has slope changed by factor b/a.

based on
Fig. 11.7

in Uni

Here b/a=1/2

it 12
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Diagonal R-matrix acts on vector v,

Resulting vector has slope changed by factor ¢

R.Vx/y: 1/a 0 X
Y

0 1/b

(It increases if @ >b.)

slope Action of “sqrt-"matrix R=NQ
a’(b? slope slop

_slope

(It increases if « >b.)

b/a

| slope
|~ /)3/( 13

-
----—-Diaglonal R ™'-matrix acts on vector v

based on
Fig. 11.7

in Uni

Here b/a=1/2

'. _____,_.Acﬁéhjof “sqrt!-"matrix R-1 =NQ-!

J
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Diagonal R-matrix acts on vector v,

Resulting vector has slope changed by factor < /2

o 1/a O
YOl oo

(It increases if @ >b.)

)

(It increages if @ >b.)

Either pro¢ess can go on forever...

n

. 2 .
Diagonal (R*"=Q%)-matrix acts on vecer v*".

Resulting vegtor has slope changed by factor ¢ /" =

slo

/1

slope

b/a

slope

b?/a?

slope

b3/a3

4.

based on
Fig. 11.7
in Uni

Here b/a=1/2

Resulting ve

f has slop¢ changed by factor 5™ /a™" = 47",

n
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Diagonal R-matrix acts on vector v*”.

Resulting vector has slope changed by factor

Rovi I/la O x| x/a
YT 0 oww |y T
EIGENVECTOR

)

(It increases if

Diagonal (R*=Q)-matrix acts on vector v .

Resulting vector has slope changed by factor
Qev = Va*> 0O x| x/a’
0 b Y y/b®

(It increases if

Either process can go on forever...
Diagonal (R*"=Q")-matrix acts on vector v,

Resulting vector has slope changed by factor a”"/b”" = 4.
...Finally, the result approaches EIGENVECTOR |y)= ( ? )

of co-slope which is "immune" to R, Q or Q" :
R|y)=(1/b)]y) Q'|y)=(/b%)"

y)

Here b/a=1/2

EIGENVEC 5 OR

X)

Either process can go on forever...
Diagonal (R™"=Q")-matrix acts on vector v

Resulting vector has slope changed by factor b°" /a”" = 47",

...Finally, the result approaches EIGENVECTOR |x> = ( (1)

of 0-slope whichis "immune"toR™ , Q™' or Q™" :
p

R™ | x> = (a)| x> Q™ x> =(a’)" x>
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Diagonal R-matrix acts on vector v,

Resulting vector has slope changed by factor a /b =72,

.y [1/61 0 J(x] [x/a]
RoV Y = =
0o b || v yib
(It increases if @ >b.) EIGENVECTOR

)

Diagonal (R*=Q)-matrix acts on vector v .

Resulting vector has slope changed by factor ¢ /5" =

Qev Va*> 0O X x/a’
oV = =
0 1/b° Y y/b*

(It increases if « >b.) EIGENVEC % OR

Either process can go on forever...
Diagonal (R*"=Q")-matrix acts on vector v,

Resulting vector has slope changed by factor a”"/b”" = 4.
...Finally, the result approaches EIGENVECTOR |y)= ( (1) )

of co-slope which is "immune" to R, Q or Q" :

X)

Either process can go on forever...

Here b/a=1/2

Diagonal (R™"=Q")-matrix acts on vector v

Resulting vector has slope changed by factor b°" /a”" = 47",

...Finally, the result approaches EIGENVECTOR |x> = ( 0

1

of 0-slope whichis "immune"toR™ , Q™' or Q™" :
p

R|y)=0/b)y)  Q'|y)=W/5b")]y

> Eigensolution
Eigenvalues Relations

R™ | x> = (a)| x> Q™ x> =(a’)"

Eigenvalues

)
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
Operator geometric sequences and eigenvectors

= Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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You may rescale p-plot by scale factor S=(a'b) Here b/a=1/2

so r-Q-r and p-O'-p ellipses are to be same size
slope
1/1

- \ 1A2
*Qer —ellipse Start with|45° unit vector v [ * ]: W2 :
22 2 y 1A2
—+-—==1
a___ b
(@=2, b=1)

Here plot of p-ellipse 1s re-scaled by scalefactor S=ab
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)
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..or else rescale p-plot by scale factor S=b Here b/a=1/2
to separate Y-Q-r and p-Q

=~
SRR

a

«Qer —ellipse

_I_

~ N

=1

ok

p-Q+p
a’p’+b
(a=2,

L.p ellipses into different yegions

aore [¥|1=1 and |p|<1
—ellipse 1/]
2p§_1
b=1)

1A2
Start with 45° unit vector v~&°\= Y2 .
y 1A2

Va=1/2 a=?2

/

Here plot of p-ellipse 1s re-scaled by scalefactor S=b
p-ellipse x-radius=l1/a plotted at: S(1/a)=b/a (=1/2 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=1
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Action of matrix Q that generates an r-ellipse (reQer =1)
on a single r-vector r(¢.1)...

slope

/b=2
P(‘Pl) =Q- r(¢_1)

_ l/cl2
0 1/b*

Variation of r<Qer-ellipse
Fig. 11.7

in Unit 1

(§-1)

A

Here plot of p-ellipse 1s re-scaled by scalefactor S=b
p-ellipse x-radius=l1/a plotted at: S(1/a)=b/a (=1/2 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=1
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Action of matrix Q that generates an r-ellipse (reQer =1)
on a single r-vector r(¢.)... is to rotate it to a new

vector p on the p-ellipse (p+Q'p =1),
that is, Q°r(6.1) = p(6+1)

slope
R - /b=2

/

P(¢)=Q-1r(¢_)

_ l/az2 0
0 1/b%

|
—COS
a %

r( 0.
p(e,
%Sin ¢0 (¢>_1)

slagpe
1/1

0:45

b=+]1.0 slope
a=1/2

—_——= N =
S-S

r-Q-r-ellipse

Variation of
Fig. 11.7
in Unit 1
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Action of matrix Q that generates an r-ellipse (e
on a single r-vector r(¢.)... is to rotate it to a new
that is, Q°r(6.1) = p(6+1)

Der =1)
vector p on the p-ellipse (p+Q'p =1),

slope
- /b=2
]
p(¢)=Q-r(¢_)
_| va* 0
0 1/b°
b—:].Ogﬁ__
1 0O
) ;cosd)o (s
B p(e,
%sinqbo ((p-f)

(0]

slagpe

1A
)=43°

slope

0.

a=1/,2

Key points
of
matrix
geometry:
Matrix Q maps any
vector r to a new
vector p normal to

the tangent I to its
r<Q-r-ellipse.

r

r-Q-r-ellipse

Variation of
Fig. 11.7
in Unit 1

7

46



Action of matrix Q that generates an r-ellipse (reQ°r =1) Key pOiIltS

on a single r-vector r(¢.)... is to rotate it to a new|vector p on the p-¢llipse @+Q'+p =1), of
that is, Q°r(¢.1) = pP(¢+1) slope .
T fis matrix
I
p(@)=Q-r(¢_)) e geometry:
5 ]/]o
=| Vao 0 ] i Matrix Q maps any
0 1/ b0 slope |VECIOF Y 10 a new
| <z - a-121vector p normal to
,S05% (e %1 |the tangent T to its
o P, (0,) r-Q-r-ellipse.
Zsmqbo ” =

r-Q-r-ellipse

"~
Matrix O maps p
back to r that is
normal to the
tangent p to its

« O'e p-ellipse.
Variation of pe O« p-ellipse

Fig. 11.7
in Unit 1
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
= Vector calculus of tensor operation
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r <
. Q s
B=0 B#0

Derive matrix “normal-to-ellipse”geometry by vector calculus:

A B
Let matrix Q = [ B Dj

o o

O ™

—

—

< =
Il

A-x+B-y 5 )
( Xy )- =A-x"+2B-xy+D-y =1

define the ellipse 1=rQer =( Xy )( B-x+D-y

Wednesday, September 24, 2014
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B=0

Derive matrix “normal-to-ellipse”geometry by vector calculus:

A B
Let matrix Q = [ B D)

& >

define the ellipse 1=r+Qer =| * Y |* Bl © = « y e Ax+ By =A-x>+2B-xy+D-y’ =1
/i P & D )| vy B-x+D-y

Compare operation by Q on vectorr  with  vector derivative or gradient of r+Qer

0
g(r-Q-r)=V(r-Q-r)
(A B)(xj_£A'x+B‘Y] o
B D y | | B-x+D-y ox ) [ 2A4-x+2B-y
A-x*+2B-xy+D-y?)=
B (A" +2B-xy+D-y) (28-x+2D-y]
dy
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B=0

Derive matrix “normal-to-ellipse”geometry by vector calculus:

A B
Let matrix Q = [ B D)

& >

define the ellipse 1=r+Qer =| * Y |* Bl © = « y e Ax+ By =A-x>+2B-xy+D-y’ =1
/i P & D )| vy B-x+D-y

Compare operation by Q on vectorr  with  vector derivative or gradient of r+Qer

air(r-Q-r)=V(r-Q-r)
(A B]£x)_£A-x+B-y] (a
B D y | | B-x+D-y ox ) o [ 2A4-x+2B-y
Kl (A.x +2B-xy+D-y )—( 2B-x+2D-y ]
e
Very simple result:
0 (reQer r-Q-r)
:V = o
= B G e
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Introduction to dual matrix operator geometry
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q '*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O --ellipse position p (Y’ *p=0=rep’)
(Still more)Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation
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Action of “sqrt-"matrix R=NQ (R generates another ellipse r-R-r =1 not shown)
on a single r-vector r(¢.)... is to rotate it to W-circle (u-u =1), that is, Rer(¢..) = u =(const.)r(¢o)

slope
/b=2
1
“:\/6‘r(¢_1):R‘r(¢_1) slope
1/1
(e o | e
0 1/b bsing, l
1.0 slope
1
—acosg, 0
p— a pu—
lbsinqz)
b 0
1
_ 2
1
> r-Qwr-ellipse

a unit vector
on unit-circle

Variation of
Fig. 11.7

in Unit 1
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a’/b?
slope
As before, these processes may be 0) 3 /b
continued indefinitely. ¢2
1
slgpe
1/1
0

reQer-ellipse
r)f/az2 +;Vyz/b2 =]

(2.0, b==10)

Variation of

1g. 11.7
in Unit 1

(a\2.0, b==1.0
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slope

...And includes a cool way to |2 /2 Aok,
construct those tangents T(Q_,)...p(@,) etc. 1) ' /b
(see exercises!)

slagpe
1/1

reQer-ellipse
r2fad+r, /b=

(@2.0, b==10)

ariation of
Fig. 11.7

in Unit 1
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Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection
Construction by Kepler anomaly projection

Introduction to dual matrix operator geometry
Quadratic form ellipse reQe*r=1 vs.inverse form ellipse
Duality norm relations (rep=1)
Q-Ellipse tangents v’/ normal to dual O '-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation

Introduction to Lagrangian-Hamiltonian duality
=3 Review of partial differential relations
Chain rule and order 0*V/0x0y= 0*U/0y0Ox symmetry

Duality relations of Lagrangian and Hamiltonian ellipse
Introducing the 1" (partial) differential equations of mechanics
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Begin with a function z=f(z) z=f(x,y)

of 2-dimensions (x,y) and plotted | g
in 3-D (Then approximate by cells and tiles.)
(Iypical Beaver Lake boathouse)
Zozf(x():yo) l‘S
Y- 1 (x}% o (X5,79)
axis =(x,+2Ax, y,)
=3 R (). 00)=
)= 1Yo
;iO yZiZA ) Ay (x0+Ax,y0)
0 Yo ¥4 (XO ’ y]):
(XO’yO_l_Ay) (XO’yO)
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Begin with a function z=f(z) z=f(x,y)
of 2-dimensions (x,y) and plotted axis
in 3-D (Then approximate by cells and tiles.)

0
FO630)= £+ S (5,03, A
\ *
\ feope: g—ﬁ(xo,yo)
47{(360,)’0) 'S
— ﬂ)ﬂ
/"2 Y5) x/
X T -
- . (x,,7,) %20 Y0
y axl\S/] 5 - =(x,T2Mx,y,)
(XO,)’Q): (x] ,)’0):
(x,,y,t2Ay) (%)) )= (xgTAx, )

+
(XO )/0 Ay) (xO’yO)
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Begin with a function z=f(z)
of 2-dimensions (x,y) and plotted

. axis
in 3-D (Then approximate by cells and tiles.)
0
PO S+ SE
X
of T~ lone:| &
fex0)= fCi) 5 (o)) [ rsloper = (3
- AN /f(x(): yO) l'
slope: —(x,,Y,
P Qy( ) xzﬂx
,< | T ; )
- . (x,,7,) 225V
Y UXis 1 75 =(x,+2Ax, y,)
— 1V B
(x0’y2): (x]:i_i())c)_
(%9, vp+t20y) (x), 7 )= Ay (xyTAX, vy )
(xoyy0+AJ’) (XO’yO)

z=f(x,y)

_(xo 9}’0)Ax
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Begin with a function z=f(z)
of 2-dimensions (x,y) and plotted

in 3-D (Then approximate by cells and tiles.)

z=f(x,y)

axis

df

f(xoayl): f(xoayo)+_

Y-axis

(x()’yg):
(xo’yO+2Ay)

X0 ’YO)A)’\

:

df Jf d df

lope: —<xl,y0>:—<x0,yo>+——<xo,yo>@

dy dy dx dy

0
slppe: Sg(xo‘,b “0

=f(xo,yo)+a—£(xo,yo)Ax

X/
Xoy
(x?%\ m\ (xg:yo)
0 =(x,t2Ax, y,)
v (x] ’J/()):
Ay 87 (xyAx, v,)
(xO’J’]):

+
(x()JyO Ay) ('XO’yO)
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Begin with a function z=f(z) z=f(x,y)
of 2-dimensions (x,y) and plotted | ;¢
in 3-D (Then approximate by cells and tiles.)

0 0 d d
(stope: &L 1.0)= 5L (s #3550

=f(xo,yo)+a—£(xo,yo)Ax

(%5,7))
“ =(x,t2Ax, y,)
(X9, V)= Ax (%5 5)=
(X, v, +2Av) (x), 0= Ay (x,TAx, y,)
(X9, YotAy) (x,,7,)
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f(xl’yl): f(xoa)ﬁ)

(xo’yg):
(xo,y0+2Ay)

(X2,y0)
=(x,t2Ax, y,)
(x]’yo):
- Ay B (xyrax, yy)
(ngy])_
(x01y0+Ay) (XO’YO)
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SOy = f,0) + _(xo’yl)Ax

= f(xoayo)+g_§(xoayo)Ay+

of

[a_x(xm)’o)+a_ya_£ xoa)’o)A)’)Ax

z=f(x,y)

axis

0 0 d d
(stope: &L 1.0)= 5L (s #3550

0
[slope: a—i(xo,yl) =37

— f(xo,y0)+a—£(x0,yo)Ax

f(xoayl): f(xoay())+_

Y-axis

(xo’yg):
(X, y,T207)

(ngy]):

(x01y0+Ay)

(X2,y0)
=(x,t2Ax, y,)

(x] ’J/()):
Ay (x0+Ax:}b)

(x()’yO)
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fy)=f(x.0) + ——(x,,y, ) Ax Z:f(x’y)

axis
= f(xo’YO)+g_§(xo’yo)Ay+(a_f(xm)’o)+__x(xoa)70)A)’)Ax

dx
of of

= f(XO’yO)_i_a_y('XO’yO)Ay+g(XO’yO)A'x_i_—_X(XO?yO)AyAx

9f =9 99f
/ Glope, 3 (x,,,)= 5 (20500 )+ 9% 9 (xo,yo)Aa

[slope: a—f(xo,yl)=a—f(x0,yo)+%a£ (%9530 ) Ay \/ Jdf

ox ox 8_ f(xl,yo)zf(xo,y0)+a—x(x0,yo)Ax
0
f(xoay1)=f(xoayo)_l'a_f(xoayo)‘ﬁy\ af
y \ a(xo’%)

slppe: Qi(xom Zo/(x0 VoY

,</xz . Y2) — ﬂﬂ

- . (x,,7,) (X5,¥9)
g axl\S . \x] v;) ~(%g 2B, V)
= (X;,59)=
(xo:yg) Ax 1+A())C
(%9, vy t2A7) (x,, 9, )= Ay (x)+Ax, yy)
(%, 79+47) (X9,%p)
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VAV A \

f(xl’yl): f(xo’)’1)
df

— f(xo,y0)+a—y(xo,y0)Ay+(

df

— f(xo,y0)+a—y(x0,y0)Ay+—(x0,yO)Ax+—y—x X5V

_|_

g(xoayo)‘k

9f
dx

df

ox

(2557, ) Ax

9y ox

fO) = fC,0,) + = (x5, ) Ay

P

dx

[slope: a—f(xo ,yl) = of

dx

0
(xoayo)"'a_y P

f(xoayl)z f(xoayo)_l'

Y-axis

(x()’yg):
(xo’yO+2AY)

df

dy

(x]:J’g)

(

xoaYo)‘

(xO’J’]):

(x() ) y()+Ay)

0 0 0 d
(sore: 2 510~ L 00+ 0

0
. f(xo,yo>+a—§(xo,yo)m

ﬂﬂw

(X2,y0)
=(x,t2Ax, y,)

(x] , y0)=
A (xytAx, y,)

(x()’yO)
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VAV A \

df

SOy =1(x,)) + a_x(xo ’yl)Ax FOsy) = f(x,9,) + %(Xl,yo)Ay
_ df Jdf J df J J J 9
_f(xo’y0)+8_y(x0’y0)Ay+(87<x0,y0)+8_ya_x(xo’yO)Ay)Ax :f(xo,y0)+a—§(xo,y0)Ax+(%(xo,y0)+a—xa—§(xo,yo)ijAy
_ 9f 9f 9 9f
= f (x5, )+ Jy (xov)’o)A)H' Ix (xoa)’o)A)H' 35 o (xo’yo)AyAx
d 0 d d
P (sore: 2 510~ L 00+ 0
0 d
[slope: a—f(xo V)= E)_f df
X X :f(xoayO)+a_x(x09yO)Ax
J(Xg, ) = | (xg,00) + \
. (xg: yo)
y~axl8 =(x,T2Ax,y,)
—— —
e & gxpi(jc)_ )
+ ’
(Xy, v, +20)) (x,, 9 )= Ay XgTAX, Vg
(x01y0+Ay) ('XO’yO)
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VAV A \

df

of

FOray) = f(0) + =l )Ax FOrav) = f(x.5) + a—y(xl,yo)Ay
) of of 0 df 9 9 9 9
= f(xo’yo)"'a_y(xo’)’O)Ay"'(a_x(xoayO)"'a_ya_x(xo’yO)Ay)Ax = f(xo,y0)+a—£(xo,y0)Ax+(a—i(xo,y0)+a—xa—jyr(xo,y0)ijAy
) o f of 0 of d d K
= f(xo’yo)"'a_y(xoayo)Ay'Fg(xo’yO)Ax_"a_ya_x(xo’yO)AyAx = f(xoa)’o)+a_§(xo’yo)Ax+a_§(xo’yo)Ay+a_xa_§(x0’yo)AXAy
0 d d 0o
L~ (sore: 2 510~ L 00+ 0
of of 0 of /
slope: ——(x,,v,)===(x,,y,)+=—==(x,,y,) Ay \
[ o 10 =5 L)+ (o) f(xl,yo>=f(xo,yo>+g—f(xo,yo)m
0
f(xoay1)=f(xoayo)_l'a_f(xoayo)‘ﬁy\ af
Y \ a_x(xo,)’o)
slppe: %i(xom ZoH/ (X9, Vol l’S
9} WC
/962’372) x/
,< X i )
PN (x;.7,) *2: %
y aJClS 12 \x =(x,t2Ax, y,)
— ]’y]) B
(X9, V)= Ax 5361,2(;)— )
+ )
(Xy, v, +20)) (x,, 9 )= Ay XgTAX, Vg
(x():y()+Ay) (XO’YO)
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Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection
Construction by Kepler anomaly projection

Introduction to dual matrix operator geometry
Quadratic form ellipse reQe*r=1 vs.inverse form ellipse
Duality norm relations (rep=1)
Q-Ellipse tangents v’/ normal to dual O '-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation

Introduction to Lagrangian-Hamiltonian duality
=3 Review of partial differential relations
Chain rule and order 0*V/0x0y= 0*U/0y0Ox symmetry

Duality relations of Lagrangian and Hamiltonian ellipse
Introducing the 1" (partial) differential equations of mechanics
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What the geometry indicates....(Two important results)

0 0 d o
Sy = fx, a)’o)'l'a_ﬁ(xoa)’o )Ax+a_§(x0a% )Ay+3_ya_£(xo’)’o )AXA)’

0 0 d o
= f(xoa)’o)+a_f;(xoa)’o)A)H'a_i[(xoa)’o)m+a_xa_§(xo,yo)AyAx
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What the geometry indicates....(Two important results)

%) 0 0o
f(xl ,yl) — f(xo ,y0)+ _f(xo » Yo )AX + _f(x() » Yo )Ay + __f(xo » Yo )AXA)’ If f(x,y)is contiuous
0x dy dy dx
around (x,,y,) and (x,,y,)
of of 0 df d of o df
— f(xo,y0)+$ xo,yO)Ay+g(xo,yo)m+a—xa—y(xo,yo)AyAx then FRER equals FRET
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What the geometry indicates....(Two important results)

0 0 d o
S,y = f(xoa)’o)+a_§<xo’)’0 )A)H'a_ij(xoa% )Ay+8_ya_£(xo’)’o )AXA)’

d d

0 0
= f(xo,y0)+£ xo,yO)Ay+a—i(xo,yo)m+a—xa—]yp(xo,yo)AyAx

1. Chain rules

d d
[f(xl ’yl) o f(xo ’y())] = df = a_i(xo » Yo )dx T a_{;‘(xo > Yo )dy"'(keep 1" —order terms only!)
df Jdf dx df dy
di  Ox (xo’yo)dt * dy (%0, )E
d 0
f — a_{;x + a_{;‘y (shorthand notation)

If f(x,y) is contiuous

around (x,,y,) and (x,,y,)

ddf ddf

then —— equals ——

dy dx dx dy
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What the geometry indicates....(Two important results)

%, 0 0 d
f(xl ,yl) — f(xo ,y0)+ _f<xo » Yo )AX + _f(xg » Yo )Ay + __f(xo » Yo )AXA)’ If £(x,y) is contiuous
0x dy dy dx
around (x,,y,) and (x,,y,)
of of 0 df d of o df
— f(xo,y0)+$ xo,yO)Ay+g(xo,yo)m+a—xa—y(xo,yo)AyAx then FRER equals FRET

1. Chain rules

£ = £ = = 5 o )t S 530 )0 e
LY
f= %x + g—];y' orandnoaiony = O S X+ 0, f Y
2. Symmetry of partial deriv. ordering vttt ot e, oo
aay gi”: aax g]; o aaygx: aaxgy or 0,0, f=0:9,f

(shorthand notation)
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What the geometry indicates....(Two important results)

d 0 d d
f(xl ,yl) — f(xo ,y0)+ a—f<x0 » Yo )AX + a_f(xg » Yo )Ay + B_B_f(xo » Yo )AXA)’ If £(x,y) is contiuous
. Y y ox around (x,,y,) and (x,,y,)
of of 0 df 9 )
- f(xo’y0)+a_y xO’yO)Ay+g(xoa)’())m*'a_xa_y(xoa)’o)AyAx then a_ya_i equals a—x£

1. Chain rules

£t~ G500 = = (s L (0 i
LY
f= %x + g—];y' orandnoaiony = O S X+ 0, f Y
2. Symmetry of partial deriv. ordering vttt ot e, oo
aay gi”: aax g]; o aaygxz aaxgy or 0,0, f=0:9,f

(shorthand notation)

Letﬁ:( 2, 0, ) so:?f-dr:( o0.f o,f )( f; ):axfdx+8yfdy:df
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Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection
Construction by Kepler anomaly projection

Introduction to dual matrix operator geometry
Quadratic form ellipse reQe*r=1 vs.inverse form ellipse
Duality norm relations (rep=1)
Q-Ellipse tangents v’/ normal to dual O '-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation

Introduction to Lagrangian-Hamiltonian duality
Review of partial differential relations
Chain rule and order 0*V/0x0y= 0*U/0y0Ox symmetry

— Duality relations of Lagrangian and Hamiltonian ellipse
Introducing the 1" (partial) differential equations of mechanics
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Three ways to express energy:  Consider kinetic energy (KE) first

1. Lagrangian is explicit function of velocity: v = [ i ]

Vs
1 2 2 1 1 m, 0 Vi
Lv,...)=5 (my, +m,v; +...)=L(V...)= zV-M-v+...=§( v, vV, ) + ...
0 m, v,
2. “Estrangian” is explicit function of R-rescaled velocity: . Jm 0 )
(or I’Estrangian or. “speedinum™ V=Rev o [ V, ]: 0 \/’”’72 ]( v, ]
1 /2, (/2 I i 1 O Vi
E)=h 4V 40) = E(V.) = VeVt =1V v, N I
2

3. Hamiltonian is explicit function of M=R?-rescaled velocity:

or: MOMentump p=M-.v Or:( Py ]:( my 0 ][ Y ]:[ mv, ]
P» 0 n, V, m,v,
LDy ) 1/m, 0 D
Hp.)= A+ 224 y=H(p..)=pM 1-p+...=;( P P, ) ! Lol
m, m, 0 1/ m, P,
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The R and QO matrix transformations are like the mechanics rescaling matrices \M and M.

Like O=R’: " Like NO=R: Like O-'=R": "
tke 0= M[ L0 J:R tke NO= \/M_[\/;l 0 ]_RleQ Ml:[l/1 0 J‘Rz

m, 0 \/nsz 0 1/m,
(a) Lagrangian L = L(v;v,) w1 (b) Estrangian E = E(V V)
Fig. 12.1 o7 '
Collision line and 8 V= Collision line and
COM tangent slope COy \t/angf/n £ sl 0p ¢
/=-m1/m2=—]6 m/m B
Slope=1
COM Bisector
| /Slope = 1/1 \Vl \/m v,
COM Bisector slope
Vi
c) Hamiltonian H = H(p ,,
. () (p] pZ) Collision line and
COM Bisector slope B COM ]
=m,/m, =1/16 Py=myv, fﬁnﬁe/’jf siope
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Review of dual IHO elliptic orbits (Lecture 9)
Construction by Phasor-pair projection
Construction by Kepler anomaly projection

Introduction to dual matrix operator geometry
Quadratic form ellipse reQe*r=1 vs.inverse form ellipse
Duality norm relations (rep=1)
Q-Ellipse tangents v’/ normal to dual O '-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors

Alternative scaling of matrix operator geometry
Vector calculus of tensor operation

Introduction to Lagrangian-Hamiltonian duality
Review of partial differential relations
Chain rule and order 0*V/0x0y= 0*U/0y0Ox symmetry

Duality relations of Lagrangian and Hamiltonian ellipse
=P [ntroducing the 1°' (partial) differential equations of mechanics
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Introducing the (partials) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or “fealty to the colors™

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

oL 0 oH oL oL oH

op. I, ERE W,
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Introducing the (partials) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or ‘“‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _ 52 9F L _y291

dp,  Op, v, v, ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections

1
VVL:aL:aVMV VpH:V:&)HzapM P
dv ov 2 op dp 2
:M’V:p :M_lop:V
oL oH

a_vlzmlovlzpl a_pl_ml_lopl_vl
JL 0 m, Vv, )2 9 0 mz_1 P V2

v, dp,
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Introducing the (partials) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or “fealty to the colors™

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _ 52 9F L _y291

dp,  Op, v, v, ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections

0L 9 veMey 0H 9 pM'sp
VI = = V H=v= = (Forget Estrangian for now)
Yo odv odv 2 ! op dp 2
:MoV:p :M_lop:V
L ot
v, | om 0 vi | | o~ dp, ~ my o noll v
a_L - 0 m, Vs - Py a_H - 0 m2—1 Py B V)
v, Ip,
Lagranges 1" equation(s) Hamilton's 15" equation(s)
9L _ or: oL _ o =y, Or a—H—V
ov, Tk Ot Gy TP op, kT op
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(a)

Unit 1
Fig. 12.2

Lagrangian plot

L(v)=const.=veMev/2

V2|:p2/m2

o) PRSI .

\S)
T~

(C) Overlapping plots

L=const = F

sl p /

L—

iltoni !m( tangentl momentum p

is normal to velocity v

{ ] E —
o py/m
\I/
I
7
\ | A\(d) Less mass \ Hun
\ | : /I
NV T | —
= il
— (6) More mass\ /
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