Reimann-Christoffel equations and covariant derivative
(Ch. 4-7 of Unit 3)

Covariant derivative and Christoffel Coefficients I';. and 1';+
Christoffel g-derivative formula
What's a tensor? What s not?

General Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (g =p, g2 =¢, g3 = z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex

Separation of GCC Equations: Effective Potentials

Small (n,:mgy)-periodic and quasi-periodic oscillations
2D Spherical pendulum “Bowl-Bowling” and the “I-Ball”
(np:mq)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Cycloidal ruler&compass geometry

(1o be applied later to mechanics in electromagnetic fields.)




A running collection of links to course-relevant sites and articles

Physics Web Resources “Texts”

Classes
Comprehensive Harter-Soft Resource Listing Classical Mechanics with a Bang! 2014 AMOP
UAF Physics YouTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Learnlt Physics Web Applications Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics
Neat external material to start the class:
1P publicat
AJP article on superball dynamics
AAPT summer reading
These are hot off the presses:
orting ultra oo atom |n 2 hr-|m nsional optical lattice in a realization of Maxwell’'s demon - Kumar-Nature-Letters-2018

Slightly Older ones:

Optical | _ One Pl Ii
“Relawavity’” and quantum basis of Lagrangian & Hamiltonian mechanics:
2-:CW laser wave - Bohrlt Web App
! : Hamiltonian - RelaWavity Web 2
AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Auxiliary slides, June 19, 2018

Previous Links _frgm Lectures 14-16

Links to Supplement Lecture 1 7

Simple’ Pendulum Sim: https://modphys.hosted.uark.edu/markup/PendulumWeb.html

‘Cycloid Pendulum: https://modphys.hosted.uark.edu/markup/CycloidulumWeb.htm|
Google search on: "Satelite view of Patricia" (Images)

Phgsms Girl Channel Fun W|th Vortex Rings in the Pool: https://www.youtube.com/watch?v=72LWr7BU8A0

Analylt Web Application, posted 10/22/2018 in our festing area:
https://modphys.hosted.uark.edu/testing/markup/AnalyItBJS . html



https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://www.scitation.org/
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Wave%E2%80%93particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_%E2%80%93_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/LearnItTitlePage.html
https://modphys.hosted.uark.edu/testing/markup/AnalyItBJS.html
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.youtube.com/watch?v=72LWr7BU8Ao
https://youtu.be/_jntDtULxDc

—» Covariant derivative and Christoffel Coefficients 1« and Iy

Christoffel g-derivative formula
What s a tensor? What s not?



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U components (2) curving GCC vectors En.

U _ 0 (g =" (g )agnEa
aqizaqi (U]Ej)zé 'E(Em)+U§ -




Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U components (2) curving GCC vectors En.

0 i: ,'(U]Ej)zé i (Em)+Un ?
dq"  dq aq aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, -T. E'




Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 0 U OF
= (VR )= —(E, )+U" =2
dg'  dq’ 8q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using E¢ or else E,, aEn — 1“ ------- Ef
ag

............................................................................



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU AE
(UJE]) (g, )+u" S
dg' dg'* T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aaE? — anng :me E
q e - heeeas

.....................................................................................................................




Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 ( ;.\ oU" IE
P (UJEJ'):E i (Em)+Un :l :
dg- dq > T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FEEK :1“”” E
g’ R L
Christoffel coefficients: Fl]kof the fi _I_”_g_l‘ kind Christoffel coefficients T, kthe Secondkznd
E
defined by T, ai,?.Eé T defined by. o d LeE" =T "
____________________ 9 e gt

Ui,.~gnl i since:E =g E" r .ngmfl”l.n;g since: E"=g"'E,

ml~ in;



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU IE
j - (UJEj)zé i (Em)+Un :l |
dg°  dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

5 ol
oE =1 . T ™= e =T ™
8 i Tk Ty ni
" Since: E, =g, E ;1-1 --------- q ----------------------------------- q F ngmfl—« since- Em=gme
an f_gmfr since: EE ngE in to n,i aEn 821' 821. aEl in to ni in; inyl ’ 14

symmetry i N i AN RN n symmetry
guaranteed here I dqdq dg"dg dq guaranteed here



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 0 U OE
i (UJE]) j (Em)+ U —+
dg’  dq E)q aq (Note funny semi-colon ; notation)
Derivative of E; 1s expressed using E‘ or else E, BE? _ FlnfEK zérin¢ E
og-
Christoffel coefficients: Fl]kof the fi _I_”_S__t kind Christoffel coefficients T, kthe Secandkmd
defined by: T, _JE, oE - defined by: F m  OE, R T ™
i it Am N - oni
"""""""""" aq aq m  ml . m ml
Cinie el in” 31005 B =" intoni OE,  9°r _ o°r _OE, in O n,i Lin =87 Ly since: ER=g 7,
symmetry i N i AN RN n symmetry
guaranteed here I dqdq dg"dg dq guaranteed here
o . . JE” JE"
Q: Do we need a third kind of I'-coefficient or a A-coefficient? . =A; E" ,where: A} = — *E
q q

(to differentiate contravariant-E® or covariant U,)




Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U™ componen__t_g _______ ( _2) curvmg GCC vectors En.
U 0 U JE
i: (UjEj)zé i(Em)+lﬂﬂ ?:
dg"  dq E)q aq _______ (Note funny semi-colon ; notation)
Derivative of E; 1s expressed using Ef or else E, BE? _ rznng :me E
og-
Christoffel coefficients: Fl]kof the fi _l_fg_t kind Christoffel coefficients T, kthe Secana’kmd
defined by: F aE,? E,-T defined by: rome JE R T ™
a l ne,te oo n, . a l ni
....................... L q
intoni  OE.  9*’r  9°r  OE, i,n O n,i
symmetr N BN N TN BN symmetry
guar};nteed Kere dq g dg" dg dg  dq guaranteed here
o : . oE" ., . , OE”
Q: Do we need a third kind of I'-coefficient or a A-coefficient? " =A} E" , where: A = . °E
q q

(to differentiate contravariant-E® or covariant U,)

A: NO! That A-coefficient is just a I'-coefficient with a (-). _ 8(6 ) 8(E .Em) JE” E_+E"e al

dq’ dq’ dq' X 7 dq’
So: A} =-T'"!



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
i (UJEJ'):E i (Em)+U" :l =
dg- dg't T E) 9 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using E* or else E,, aEl} = FKEK :1“”” E
aql ot L
Christoffel coefficients: Fl]kof the fi _I_”_S__t kind Christoffel coefficients T, kthe Secondkmd
i E
defined by. - gt defined by: 1 m _ K, g — r o
____________________ o B

Any vector derivative can be expressed using I';;* in terms of E,
ou | U™
8qi g’

o, ]E



Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U 9 (o U OE
P (UJEJ'):E i (Em)+Un ? :
dg° og * T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, oE, — r ---------- E’ :rm E
aqi ln,f L
Christoffel coefficients: Fl]kof the fi _I_”_S__t kind Christoffel coefficients T, kthe Secondkmd
defined by. T, ai’?oEE:F ) defined by. T w_BE,?.Em:F -
____________________ aql”” S aql ni
Any vector derivative can be expressed using I';;* in terms of E,, or E” R

aU oU U”F Em= aU n | gm aqi m f aqi
9’ | ag g’ \



Covariant derivative and Christoﬁel Coefficients 1y« and 1+

U9\ U ;BE
(v )= %(Em)+U”é ?
dg- dg * T E) 9 aq _______ (Note funny semi-colon ; notation)
Derivative of E,is expressed using E¢ or else E,, aEl} — FKEK :1“”” E
aql ot LA
Christoffel coefficients: Fl]kof the fi _I_”_S__t kind Christoffel coefficients FZJ k the second kznd
aE . oE_
defined by. F 1o, =T defined by. Pome"nggmay
____________________ C9g Lo R 17
Any vector derivative can be expressed using I';;* in terms of E,, or E” R oL
m i ok = _En. m
aU _ aU. +Un1_‘in.m E = E)U n | gm aql m f 8q’
dqg" \ 9¢' ’ dq' | \n -
— ~pym™ g = \/—\CU) g™ S0: Aim__rim

Ny m m;i

(Note more funny semi-colon ; notation)



Covariant derivative and Christoﬁel Coefficients 1y« and 1+

oU 9 o ;BE
3 g ) g e
dg° g E)q aq _______ (Note funny semi-colon ; notation)
Derivative of E,is expressed using E¢ or else E,, aEl} — FKEK :1“”” E
aql ot L
Christoffel coefficients: Fl]kof the fi _i_”_g__t kind Christoffel coefficients FZJ k the second kznd
aE . oE
defined by. F 1o, =T defined by. Pome"nggmay
____________________ 9 T e gy
Any vector derivative can be expressed using I';;* in terms of E,, or E” R oL
m i ok = _En. m
aU _ aU. +Un1_‘in.m E = aU n | gm aql m f aql
dqg" \ 9¢' ’ dq' | \n -
— ~pym™ g = \_/_\CU) g™ S0: Aim__rim

Ny m m;i
Defining covariant derivative U™ .;
of a contravariant component U™

ym <" o m_2U

51 aql n, aql

(Note more funny semi-colon ; notation)

o




Covariant derivative and Christoﬁel Coefficients 1y« and 1+

Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :Fm E
aql ln, LA
Christoffel coefficients: FUkOf the fi _i_”_g_t kind Christoffel coefficients T, kthe Secondkznd
defined by: T, aE,? oE,-T definedby: - w_ 9K, jom 1 m
da" L n, . a’ ni
....................... Qoo q
Any vector derivative can be expressed using I';;* in terms of E,, or E” R
m —oF =_—E"e—"
aU _ aU. +Un1_‘in.m E = ou n | gm Bql m f aql
dq’ dq’ ’ aq ‘\n R
_ \Um,. E = <U EM So: Aim__rim

Defining covariant derivative U™ .; ...and covariant derivative Uy,
of a contravariant component U™ of a covariant component Uy,

u" U
Um;i ’ i Unr »m = ’ i *E” Um'i = aUm _Unrim‘n = aU .Em
dq dq " dq' * dq'




Intrinsic derivatives:

(Mathematicians being cute)



Intrinsic derivatives: (Mathematicians being cute)

Defining intrinsic derivative of Defining intrinsic derivative of
contravariant vector components. covariant vector components.

6Vk de k yym -n aVk n k yym -n 5Vk de m - N aVk . 1 m - N
] = . p — - F V - - F V
57 ” +0 "V o g +1, " V7q St n V4 3" q n Vm4
ZVk.nqn :Vk;nqn
k
k — 5p €6 ) . F — 5pk €€ ) o
F = S5/ Cute” contravariant Newton 11 kT s, Cute” covariant Newton 11
lensor chain rules replace Cartesian chain rules
vh av* _or* 5V av, v
—=V".  ¢" replaces: = " Tk 1 Nl Al Y
S n4 p i 3g" q 5 Vi nd replaces: TR q
" 14
where: V¥ = + Ky where: V. =—%_T "y
;1 aqn mn ki;n aqn kn " m

contravariant versus covariant



Covariant derivative and Christoffel Coefficients 1. and T

=P Christoffel g-derivative formula
What s a tensor? What s not?



Christoffel (gmn=Em* En)-derivative formula

a(Em OEn) oE oE
——=—"eE +E ¢—%
aq’ aq’ Jq"’
Bm - 4T

J i im;n in;m
q



Christoffel (gmn=Em* En)-derivative formula

O|E._eE
(E,, . n) _ o, -En+Eman',‘
Jq’ Jq’ Jq’
%)
agqnzzn N Fim;n + 1—‘in m
§ g m; _ T ;"::“'54 + F itched 1 <>
a;]n = Ty zvn; p (switched 1 <> n)
ag 12 """"""""" . .
= T, + Ty s (switched i <> m)

Christoffel symmetry ' =T
dueto:
JE,  o°r o’r  OE,

n 1

ni;o

g’ E dg' 9g" E dq" 9¢’' i dq"”



Christoffel (gmn=Em* En)-derivative formula

J(E_eE oE oE
( L “): LeE +E o —1
Jq’ aq’ oq'
og
— _a?]n oo Tho (switched 1 <> n)
a g P « . .
—t= T =+ DIy (switchedi< m)
aq" ’

Christoffel symmetry ' =T
dueto:
JE,  o°r o’r  OE,

n 1

ni;o

g’ E dg' 9g" E dq" 9¢’' i dq"”



Christoffel (gmn=Em* En)-derivative formula

G(EmoEn)zaEm.E ok o
aql aql n m aql
%)
gmn — Fim'n + Fin'm
aq’ ’ ’
Wi _ — T itched i
- ==L\ inom  (switched i <> n)
dq
dg.
Lo p 4T (switched i <> m)

Christoffel symmetry ' =T
dueto:
JE,  o°r o’r  OE,

n 1

ni;o

g’ E dg' 9g" E dq" 9¢’' i dq"”



Christoffel (gmn=Em* En)-derivative formula

J|E_eE oE oE
( m_ “)= MeE +E_o—1
dq"’ Jq’ dq'
0
gm.n - 1—‘im n
dq’
og .
_ %Emi _ (switched 1 <> n)
dq"
og . . :
=i — . (switched 1 <> m)

Christoffel symmetry ' =T
dueto:
JE,  o°r o’r  OE,

n 1

g’ E dg' 9g" E dq" 9¢’' i dq"”

ni;o

Gives the Christoffel formula

Lin = L agm.” + 98, ——agim




Covariant derivative and Christoffel Coefficients 1. and T

Christoffel g-derivative formula
=P Vhat 5 a tensor? What s not?



What's a tensor? What's not? g,,=E,*E, is example of 2" rank covariant tensor

J(E, *E,) OE JE
: =—"1eE +E o—71
aq’ aq’ aq’
B _ T
qu im;n
g . , , . .
— a—”;’: (switched i <> n) ... Christoffel coefficients. ..
q
g r. -1 agm.” +8gin_8gim
Zoin _ (switchedi<>m)| ™" 2( 9¢' 9¢™ 9q"




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

a(Em ‘En) E, . IE, to “bar-frame” 1s cov-cov product found by chain-saw-sum
aqi aqi n T %m aqi 7 :Em' Eﬁ _ Br_. Br_ __ 81‘.81' ]
5 dg” dg" dg" g
g
= 1_‘im n
aq’
g . , , . .
—_ a—”;’ = (switched i <> n) ... Christoffel coefficients. ..
aq . :l agmn + agin_agim
Cin_ (switchedi>m)| ™" 2{ 3¢’ 9¢™ 9q"




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

a(Em ‘En) E, . IE, to “bar-frame” 1s cov-cov product found by chain-saw-sum
3 o m ™ o N I ar_. 8r_ __ 81'.81' __ aq_ or . or Bq_
qu im;n
g . , , . .
- 2= (switched i <> n) ... Christoffel coefficients. ..
aaq T _l agmn + agin agim
Cin_ (switchedi > m)| ™" 2{ 34  g" 9g”




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

)(E,, *E,) E, . oE, to “bar-frame” 1s cov-cov product found by cmham-saw-su;n
o o m ™ o g —E oF. - ar_. ar_ __ Br.ar __ aq_ or . or aq_
dg"" dq" JIg" dg” dq" dqg™ dq" Ig"
agmn _ m n
i 1_‘im;n _ aL g aq
g, . o . . _ dq" dq"
- 2= (switched i <> n) ...but Christoffel coefficients... Ern=8m— ——
9 T _ l agmn + agin agim
L p o (switchedi<sm)| ™" 2| ag'  9g™ 9q" )|...are NOT tensorial




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

a(Em ‘En) OE, o IE, to “bar-frame” 1s cov-cov product found by cmham-saw-su;n
3 = S o m g —F oF, - ar_. ar_ __ dr or - ag_ or__ or 8?_
og” dg" oJg" og" dq" daq™ dq" aq"
agmn _ m n
i 1_‘im;n = aL g aq
dq og" " 9"
dg | | A
_ %Emi _ (switched i <> n) ...but Christoffel coefficients... [§W=gmn afm aﬁﬂ]
oq" dg " dq
a r _ l agmn + agin agim
98in _ r. . (switchedi > m)| ™" 2{ 3¢ 9™ 9q" )|...are NOT tensorial
g™ ’

. _ oU —= o oU
C-saw-sum gets "bar-frame" view U™ = —— e E™ from covar-derivative U™ = eE™of contravar-U":
g 77 n

N \
_ —m 1y
"= aq 89_ um

How to derive this?

Fromp.13-14: V| Yy mlg
aqn aqn s
= :Um, E




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

)(E,, *E,) E, . oE, to “bar-frame” 1s cov-cov product found by cmham-saw-su;n
o - o m ™ o g —E oF. - ar_. ar_ __ Jr or __ aq_ or _ or aq_
dg"" dq" JIg" dg” dq" dqg™ dq" Ig"
0L _ m .
i 1_‘im;n :aL g aq
Jg, . : . : . _ doq™ dq"
- 2= (switched i <> n) ...but Christoffel coefficients... Erin =8
oq" dg " dq
a r _ l agmn + agin agim
ag—;'; =T, (switchedi<sm)| ™" 2\ 3g'  9g™ 9g" ))...are NOT tensorial
q

— e E™of contravar-U":

N \
n _ —m n
A LY 09" OU =i g7 =99 99" 1m

_—.Eﬁl =

"G 9g” 9" 9g" . /e 7 —
How to derive this?

- —m0U g L dU
C-saw-sum gets "bar-frame" view U™; = —eE™ from covar-derivative U"”, =

Fromp.13-16: V| Y,y mlg
aqn aqn s
= :Um E

SN m

N




What'’s a tensor? What's not? g,, =E,*E, is example of 2" rank covariant tensor whose transformation

a(Em 'En) OE, o IE, to “bar-frame” 1s cov-cov product found by cmham-saw-su:n
qu aqi a TR qu g :Em' Eﬁ _ ar_. ar_ __ Br.ar __ aq_ or . or aq_
min - 1ﬂim;n :M g %4
dg ag" "™ 9"
ag, . . . : : _ dq" dq"
— omi _ (switched i <> n) ...but Christoffel coefficients... g-—-=g,
oq" ag" 97"
3 . — agmn +agzn_agim
O8in _ r. (switchedi<>m)| ™" 2{ 9q¢’ 9¢™ 9q" ))...are NOT tensorial
g™ ’

— L U
C-saw-sum gets "bar-frame" view U™ = derivative U =——eE™of contravar-U":

U 0
’ —I’_l. ’ n
o7 —N0 \
n _ —m n\
i _OU zm_ U ca_9¢" 9U om_ 9q" AU 97" ~9¢" 9™ oU o G = 99" 99" 1 im

Urn_ﬁ = — — — ,ﬁ N
9" 0g" 37" 3q" A 97" 3q" a 1 33" 3q™ 3q" dq" 9g"
contravariant E transform ~ How to derive this?
pn_0q" _dg" 09" dq" _9g" L ..by C-saw sums...
or ar 9qg™ Jdr  9q"
Fromp.13-16: Y| Y yir m|g
aqn aql’l s
= :Um, nEm




Whats a tensor? What s not? g,,

=E_eE_ is example of 2™ rank covariant tensor whose transformation
to “bar-frame” 1s cov-cov product found by chain-saw-sum

Jo(E, *E,) OE_ L
. =—_ oKk +E_o—-= _ _ or o or o dg” Jdr odr dq"
dq’ dq' dq’ Ziin = Ep® Eg = _rm° _r—: — S 7 gn_a l;’n. rn gﬁ
5 dg"" dg" 0gq dg" dq" dq" 0dq" dg
gm'n - 1_‘im'n :M aqn
dq ag" "™ 97"
g . : :
— Bmi _ (switched i <> n) ...but Christoftel coefficients. .. it =& mn 9 _ 94
oq" ag" 97"
3 . — l agmn + agin_agim
ag_l’:: r. . (switchedi<>m)| ™" 2{ 3¢’ 9¢™ 9q" ))...are NOT tensorial
. ,

dU

o E_from covar-derivative U,

oy °E_ of covar-U,,:

) —n N n
N \
_ _ _ n _ dg™ dg"
Ty = BIJE S a_‘Em _ agﬁ ali oF - dq" U dq™ dq" dqg™ U E_ U= q 99 U,
g g d0q" dq T Bq dq" dg" T Bq aq oq" aq oq"
covariant E transform How to derive this?
g o_or _ or _dq" or _9dq" E ...by C-saw sums...
" 9g™ 9™ 9™ ag" og™ "
ou [aoUu" - U, m
From p.13-16: = +U'r, " |E = ~U,r, *IE
dq" | 9q" ’ dq”
_ “U" g = kf“q) E"

inom

m;n

N




What's a tensor? What's not?

a(Em o En) oE OoE
——=—"eE +E ¢
aql aql aql
0
gm'n _ 1_‘im n
aq’
dJdo . . .
— % = ...but Christoffel coefficients...
0 X I = l agmn + agm _ aglm
% = T 20 9gt 9g™  9g" ))...are NOT tensorial
q
Chain-saw-sums transform a "bar-frame" view " _ = a‘“{ oE™  of covariant derivative y™ = JU oE™
; qn > N aqn
o o n o n —m — = a a -
gm = E)U_.Em: _E)U aq_ oU .Em:aq_ dU _9q e _9q" 9g™ oU o 0" = q  9Jq U
" 0g" 0q" dg" 9q" dg" aq" g™ 07" 3¢™ 0q" dqg" g"
The transformation of U" ., = h”: +U F " 1s that of mixed 2nd-rank tensor 7, m aq 7"
q




Whats a tensor? What s not?
(E, *E,) OE

-eE +E e

oE

n

og' aq’ g’
%)
gm'n = 1_‘im'n
aq’ ’
0 : :
— % = ...but Christoffel coefficients...
aq . :l agmn _l_agin _agim
%z e R 2( 9¢t 9g™  9qg" ))...are NOT tensorial
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ oEM™  of covariant derivative u”. = JU oE™
s ql’l ’ aqn
_m;ﬁ: a}Jﬁ.En_q_ _ﬁa_U Em:agﬁ a[i.En_i:agﬁ a[i. ag_Em U@:aq aq_U'n;
dq dq dq" dq dq" dq"  dq 9™ og”
. aUm / m . . Tn_1 . aqn_a aqn Tm
The transformation of U"., = > +U'l, " is that of mixed 2nd-rank tensor 77, T "7 "
q
, _au” , , . oU™ U™ 0q" oU™
The transformation of U”,~ 5w 18 NOT so simple. At first it looks possible. P T g
1 standard contra-tran: " 1 1 1 %9
. .U . U™ U™ _9q" 0 (9dg" .| _9dg" 9¢" oU™ ., 9 [dg"
But, still need to write in terms of . g aaY Foma Y T
oq" aq" dg"  9q" dq"\ d¢q dq™ 0g" dq dq" \ dq



What's a tensor? What's not?

B(Em o En) oE oE
: =—"eE +E _eo—"
aq’ aq’ oq'
9B _ T
aq,‘ im;n
0g s

. omi _ ...but Christoffel coefficients...

aaq T _l agmn _l_agin _agim
Sin_ L o  9q¢™ 9q" ) ...are NOT tensorial

2 im 2
Chain-saw-sums transform a "bar-frame" view " _ = aE)U_ oEM™  of covariant derivative g™ = JU oE™
s ql’l ’ aqn
_mﬁ:aE.Em— _na—U. Em—agﬁ a[i En_’l:a?ﬁ a[fl. ag_Em Un_%:aq aq_Un;l/l
dq dq dq" dq dq" dq"  dq 9™ og”
. BU’" / m . . Tn_1 . aqn_i aqn Tm
The transformation of U",,= > +U'T, " is that of mixed 2nd-rank tensor 77, " ogm 9" "
q
, _ou™ , , , oU™ U™ aq" oU"
The transformation of U”,~ 5w 18 NOT so simple. At first it looks possible. P —" T g
1 standard contra-tran: " 1 1 1 %9
. . U™ . U™ oU" 9dq" 9 9" w|_0g" 9¢" U™ ., 9 [dg"
But, still need to write 0 in terms of . e e e
og" oq" dg” dq" dq"\ dq dg"™ dg" dq dq" \ 9¢q
S = A 7 m _ i -/ ———
a(fﬁ =aqm afﬁ aUn holds if and only if J [aq )E 0 15t term is OK, but 2™ term is zero
)" dg7dg" dq dg”\ g only 1f Jacobian 1s constant matrix!



’ ? b ? m
Whats a tensor? What's not: From p.13-14: ali _ (aUn +Ukrkn‘m)Em
(E, *E,) OF OF dq" \ 9q |
—=—MeE +E o= v\@-)
Jq’ Jq’ aq’ = Um; E_
%)
gm'n = 1—‘im'n
aq’ ’
0 : .
— % = ...but Christoffel coefficients...
aq . :l agmn _l_agin _agim
% = T R 200 9g" 9g™  9g" ))...are NOT tensorial
q
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ oE™  of covariant derivative y” = JU oE™
; qn g aqn
_mﬁ:a}i.ﬁm_ _ﬁa_U Em_agﬁag.ﬁmzagﬁag. angm U.n—%:aq aq_U'n;
dq dq dq" dq dq" dq"  9q " 9¢™ 97"
. oU™ / mo. ) Tn_q :aqn_i aqn T
The transformation of U"., = > +U'l, " is that of mixed 2nd-rank tensor 77, " ogm 9" "
q
: _aut . : : oU™ U™ 9q" oU"
The transformation of U” ,~ og" 18 NOT so simple. At first it looks possible. 7" 9" T3 9

rTm

1n terms of

But, still need to write "
q

8(7"_1:8@"7‘ aq" U™
90" 9q¢™ 9g" 9q"

U™ _
dg" Jg"

standard contra-tran: "
ou™ B dq" o
97" 9q”

9" m|_93" 3" " . 3 (07
dq™ dg™ dg" 9q" dq" | 9q"

(e e

holds if and only if = [aq -

k:/'Y\J f
15t term is OK, but 2™ term is zero
only 1f Jacobian 1s constant matrix!

]Eo

Otherwise, U™ , needs “Christoffel correction” U gl“n .. That U gl“n /. cannot be a T,"-tensor either!

2



—>(reneral Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (gl =p, g2 =0, g3 = z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk . : : ; 1
Yn =M ;i =2 (Converts Cartesian kinetic energy T = 1 M, x/ P toGCC T==y 4¢"§"
dq™ dq" 2 2
Y., replaces gm.n T:lek (ai;qm{a{j})(axi qu{a_)gf}]
when mass matrix 2 dq It | |\ 9q ot

M i is involved All explicit-t-dependent terms are zero



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9x* : . 1 . 1
— 7 _ -J -k _ =M -1
Youn =M j, " 3 Converts Cartesian kinetic energy T = 5 M x'g" 1o GCC T= SV mnd"4
i i k k
Y., replaces g T:lek (ﬂqm{axf H(ax qn+{8_35_}]
when mass matrix 2 dq" Jt | )\ og" ot
M if is involved All explicit-t-dependent terms are zero

(Time must be included as a dimension)




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’”ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnq‘mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . . ) .
-Mm - N -m -« N _l aim a)g dx e @f_
F o= d oT _ oT :l d a(ymnq q )_la(ymnq q ) T_ZMjk(aqmq +{ avt })[aq”q +{ ot }]
Cdt aq'f aqg 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero

(Time must be included as a dimension)




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’“ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnq‘mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" @f_
o _dor T _1d a(Ymnq q )_13(7’%‘1 q ) T‘szk(aqm" +{ Ji H(aqnq +{ ol H
¢ dt;aq'g aqg 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero

e , (Time must be included as a dimension)
15t term involves covariant momentumi py.




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : : : ; 1
Yin =M aqimﬁ Converts Cartesian kinetic energy T = %Mj Alg% o GCC T= Eymn‘]mqn
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" @f_
o _dor T _1d a(Ymnq 9 )_13(7’%‘1 9 ) T‘szk(aqm" +{ Ji H(aqnq +{ di H
¢ dt;aq'g aqg 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e : (Time must be includqd as a dimens:ion)
15t term involves covariant momentumi p;;  Inverse contravariant kinetic metric ymn gives velocity ¢"
oT 1 a(anqmqn) -------- . M _ ,yfn _ N
pgz—g—— y :'}/gnq q pg =P
" 2 0g



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymn‘]m‘?n
q" dq
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim a)q Ix" @f_
}T_dQTLaT_lda@mﬂ<7XJ?@WA<7) JWzMWhWQ+{&}I@ﬂ+{m}]
¢ dt;aq’g aqg 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be mcluded as a dimension)
15t term 1nvolves covariant momentum pg Inverse contravariant kinetic metric Ymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n

aq-ﬁ 2 aq@

: : : dpgaT daTaT
Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢: |F,=

dt 9q" awaq dg"

Lagrange Force Equation
The “4-wheel-drive garbage truck”



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
q" dq
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim a)q Ix" @f_
o _dor T _1d a(anCI 9 )_13(7’;%‘1 9 ) ! szk(aqmq +{ Ji H(aqnq +{ di }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be mcluded as a dimension)
15t term 1nvolves covariant momentum pg Inverse contravariant kinetic metric Ymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n

aq-ﬁ 2 aqﬁ

_dp, T _d dT JT
dt aqé dtaq aq

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢: |F,=

Following is for fixed GCC only:

Lagrange Force Equation

_ d (}/ q'”):_lay N S T d}/én; 1 aymn T 1 The “4-wheel-drive garbage truck”
‘n '




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymn‘]m‘?n
q" dq
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim a)q Ix" i)f_
o _dor T _1d B(anq 9 )_13(7’%‘1 9 ) ! szk(aqmq +{ Ji H(aqnq +{ di }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be mcluded as a dimension)
15t term 1nvolves covariant momentum pg Inverse contravariant kinetic metric Ymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n

aq-ﬁ 2 aqﬁ

_dp, T _d dT JT
dt aqé a’taq aq

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢: |F,=

Following is for fixed GCC only:

. g Lagrange Force Equation

_i 7 :_ l 87/ M - n:E ) -néd}/fn _ l a’}/mn m.n The “4-wheel-drive garbage truck”
I yén q / q q '}/gn q + q : / ;
dt 2 9q a2 2 9q y 5
Time derivative of kinetic metric 1s expanded by chain rule Tin = Tin g"



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
q" dq
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim a)q Ix" @f_
o _dor T _1d a(anCI 9 )_13(7’;%‘1 9 ) ! szk(aqmq +{ Ji H(aqnq +{ di }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be mcluded as a dimension)
15t term 1nvolves covariant momentum pg Inverse contravariant kinetic metric Ymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n

aq-ﬁ 2 aqﬁ

_dp, T _d dT JT
dt aqé dtaq aq

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢: |F,=

Following is for fixed GCC only:

Lagrange Force Equation

F = i ) l a]/mn M AT _ ) -nédyﬁn _ l aj/mn M -1 The “4-wheel-drive garbage truck”
0= g \Ven ‘ AR : ‘ 5
dt 2 9q dt i 2 9q y 5
Time derivative of kinetic metric is expanded by chain rule. Vin = Ven g"
5 5 dt i g™
Ec=Y, 4 +4 — 4 —= q

dq 2 aqf



Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
q" dq
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim a)g Ix" i)f_
o _dor T _1d a(anCI 9 )_13(7’mn‘1 9 ) ! szk(aqm" +{ Ji H(aqnq +{ di }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be mcluded as a dimension)
15t term 1nvolves covariant momentum pg Inverse contravariant kinetic metric Ymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n

aq-ﬁ 2 aq[

_dp, T _d dT JT
dt aqé dtaq aq

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢: |F,=

Following is for fixed GCC only:

Lagrange Force Equation

F = i ) l a]/mn M AT _ ) -nédyﬁn _ l aj/mn M -1 The “4-wheel-drive garbage truck”
0= g \Ven ‘ AR : ‘ 5
dt 2 aq dt i 2 8q J p
Time derivative of kinetic metric 1s expanded by chain rule. ; Yin = Tin g"
oy P dt i 9"
Yin' .m 1 Y mn M -n q
Fy=Y,§" +4" q q

: m 2 ¢
Rearrange to expose : dq dq

Christoftel fficients (fi 24): . | a)/nﬁ aYﬁn aymn .m -
ristoffel coefficients (from p 24) Fy=y i’ + | =" _ "’

H m. 14
. agmn L2, 9, 2[.9¢" 99"  dq
imn aq aqm aqn




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax/ ax
aq aq"
Lagrange equations for fixed GCC convert to

ymn:M

C2dt 34

15t term mvolves covarzcmt momentum pg

oT B(anq q )

Pr=""7,<

2

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢ |£,=

Following is for fixed GCC only:

E 5 Lagrange Force Equation
_i 7 _laymn -nédyﬁn _laymn m.n The “4-wheel-drive garbage truck”
Fg = Y4 +q E
dt 2 9" dt i 2 94" id 5
ay 14
Time derivative of kinetic metric is expanded by chain rule. i
Vi, 19 R
-m mn .m .n
Ffzwaq +q 0™ q 2 3 /
Rearrange to expose -:.5 1 1
Christoffel coefficients (from p 24): Fo=y, " 1 §ayn£ Y ¢n B Y un M -1
z—?’an+2§am o™ 34! qq
[F 1 [agmn o, agm,-D 997997 %
A VO VI ' o 1t im Wn | .
oA FEy=Yimq +=| =, ——— |9 4
21 d¢™ dq"  9dq

1 a0

Converts Cartesian kinetic energy T = 1 M. kquk
2

tensor form

1
7 ,nd"d" T3 My

qu

1
2

ox’ {axj
_q + N

to GCC T= %ymnq'mq'”

n, )0
1 ot

St

Jt

All explicit-t-dependent terms are zero

(Time must be included as a dimension)
Inverse contravariant kinetic metric ymn gives velocity q

n

2

_dp, T _d dT JT
dt aqé dtaq aq




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax/ ax
aq aq"
Lagrange equations for fixed GCC convert to

ymn:M

C2dt 34

15t term mvolves covarzcmt momentum pg

oT B(anq q )

Pr=""7,<

2

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢ |£,=

Following is for fixed GCC only:

E 5 Lagrange Force Equation
_i 7 _laymn -nédyﬁn _laymn m.n The “4-wheel-drive garbage truck”
Fg = Y4 +q E
dt 2 9" dt i 2 94" id 5
ay 14
Time derivative of kinetic metric is expanded by chain rule. i
Vi, 19 R
-m mn .m .n
Ffzwaq +q 0™ q 2 3 /
Rearrange to expose -:.5 1 1
Christoffel coefficients (from p 24): Fo=y, " 1 §ayn£ Y ¢n B Y un M -1
z—?’an+2§am o™ 34! qq
[F 1 [agmn o, agm,-D 997997 %
A VO VI ' o 1t im Wn | .
oA FEy=Yimq +=| =, ——— |9 4
21 d¢™ dq"  9dq

This gives covariant Riemann equations
FE _’yfn qg + an;f q 4

1 a0

Converts Cartesian kinetic energy T = 1 M. kquk
2

tensor form

1
7 ,nd"d" T3 My

qu

1
2

ox’ {axj
_q + N

to GCC T= %ymnq'mq'”

n, )0
1 ot

St

Jt

All explicit-t-dependent terms are zero

(Time must be included as a dimension)
Inverse contravariant kinetic metric ymn gives velocity q

n

2

_dp, T _d dT JT
dt aqé dtaq aq




Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax ax

ymn:M

“3g™ 3"
Lagrange equations for fixed GCC convert to
_dlor_ar _1adtmd"?")
£ dtgaqfi o' 2dt 34

15t term mvolves covariant momentum: pg

oT B(anq q )

Pr=""7,<

2

Canonical Lagrange equations valid for a/l GCC, fixed or explicit in time ¢ |£,=

Following is for fixed GCC only:

: ; Lagrange Force Equation
_ i AN l aj/mn -nédyﬁn _ l aj/mn m.n The “4-wheel-drive garbage truck”
Fﬁ _ Vind +q ;
di 2 9q" dt i 2 3 R
ay Y
Time derivative of kinetic metric 1s expanded by chain rule. g ;” = L
“Ya, Z 5 m
'ayﬁn: m 1 aymn —— G aq
Rearrange to expose _:',5 q q
Christoffel coefficients: Fo=y, " 1 §ayn£ Y ¢n B Y un M -1
(=Yind +2am g™ ag q g
1{dg, dg, Jg, . roq...9 q .- q
Fim;n ZE aann aq;’z B aqlzl . 1 _a?’nz 8nm aymn mn
FF?’M] T m n 714 4
2L 9¢™ 099"  oq

This gives covariant Riemann equations
FE _’yfn qg + an;f q 4

Converts Cartesian kinetic energy T = 1 M. kquk
2

tensor form
1
7 ,nd"d" T3 My
qu

1
2

ox’ {axj
_q + N

to GCC T= %ymnqmqn

n, )0
1 ot

St

Jt

All explicit-t-dependent terms are zero

(Time must be included as a dimension)
Inverse contravariant kinetic metric ymn gives velocity q

n

2

_dp, T _d dT JT
dt aqé dtaq aq

and contravariant Riemann equations.
R




General Riemann equations of motion (No explicit t-dependence and fixed GCC)

= Riemann-forms in cylindrical polar OCC (q1 = p, g2 =¢, ¢3 =z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

ox ox : ap Jap . p .

—=C0S¢ —=-—psing 0 —— =CO0S —— =sIn 0 «~E /4

9 %P R P U=F B+ F B4 F
(=] Z_sing Dopoosp 0 |, (K)=| D_Se B _cos B = fe Hf e+

dp L) ’ ox p dy p < =Jx8x yey z€z

0z 0z
0 0 =1 0 0 Pt R xX=pcosd
= p sin
T T T _<J_1> =P \
Ep E¢ E,

Zz — Zz



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

ox
dp

)=| 2o

ox

=Ccos¢) —=—psing

¢

sing 3—; = pcoso

0

Covariant forces

ox dy
F =f — — =
P fx8p+fy8p+fzap

o

ox dy oz
F =f = —Z il
0 fxa¢+ ya¢+fza¢

Fz:fx?)—)zc_i_

a_y+f%

Y oz ZBz:

0

0

9z _,
0z

0

+

a_p = oS¢ a_p =sin@

0x dy
dp _—sing dp _cos¢
dx p Iy p

()

fxcosq)+fysin¢ +0
—fxpsin¢+fypcos¢>+0

0+fz

0

0

0z
92 1
Jz

«FEP

(=F B4 F B F 5

=[xt ey tf-eg
X =pcosod
y=psind

Z —Z



ox 0x
op of
ay . dy
J = _—= _— =
< > op Sl % pcoso
0
T
E

=CcoS¢ —=—psing

Covariant forces

ox dy
Fp:f—+f _+fzap‘

Ydp Y dp
ox dy oz
F¢=fx£+ ya—¢+f—
ox
F=fZ
z fxaz+ Y oz

a_y—i_fvza:
z

Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

Jp Jap . p .
0 —=cos¢ ——=sing 0 —E p O Z
dx dy =F E+F,E+F /L
0 <K>: 8_¢=—sin¢ 8¢:cos¢ 0 - _f +f +f
’ ox p dy p < =Jx€x yey zz
o d
a_zzl 0 0 o=l X=pcoso
: y = p sin b
=(v7") z=z
EZ
Covariant kinetic metric
- axj ox’ 2 )
fxcos¢)+fysm¢ +0 ypp:m$$=mEp0E :m(cos ¢ + sin q)):m
ox . Jx/ .
—fxpsin¢+fypcos¢+0 Yoo = ma—(‘;%z mE, oE, = m(p2 cos® ¢ + p* sin’ q)): mp*
ox . Jx/
= —J—: E .E =
0 +f2 Ve =10 dz 0oz MR A



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

0x 0x . ap ip . p .
—=cos¢ —=-psing O ——=cos¢ ——=sing 0 <~ E z
9~ 5 o R U=F FA%F B F
()= Losing Lo 0 |, (K)=| L_ne X o0, 0 et
op SN0 5y T Peost ’ x  p 9y p <E =[xt eytf-eg
0z 0z
0 0 =1 0 L T X=pcoso
= p sin
T T T <J_1> y—p ¢
= z=z
Ep E¢ E,
Covariant forces Covariant kinetic metric
F = 8_x+ 8_y+ %_ 4 i +0 —mﬁg—mE oE —m(cosz¢+sin2¢)—m
p = f f f f.cos¢ fy sin @ Ypp = 9 op =mE oE = —

“op TYop Fop
o0x . JyJ
j o —mE¢OE¢:m(pzcoszq)+pzsin2q)):mp2

ox dy oz .
Fo=f—+f —+f —=—fpsing+ f pcos¢p+0 =m-—-——=
E)xj e’ Contravariant kinetic metric

’}/ZZ:WIEE:I’”EZ.EZ:WI }/ppzl/m
y¢¢=1/(mp2)

y= =1/m

ox dy oz
F=f.—+/f, =+ = 0 + 0 +
z fxaz+ yaz—'_fzaz 7z



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

0x 0x . ap ip . p .
— =C0os¢) —=-—psing 0 ——=cC0s¢) ——=sIng 0 «—E Z
9~ 5 o R U=F FA%F B F
<J> = a_y =sin¢ a_y = pCcos¢ 0 <K> = 8_¢ _Zsing 99 _ cos¢ 0 ¢ — 4 ‘
p o9 P ’ x p v p <k = [ et/ eyt/zey
0z 0z
0 0 =1 0 U i I X=pcoso
= P sin
T T T =<J_1> JZ/ o 5 (b
EP E(b Ez
Covariant forces Covariant kinetic metric
ox dy oz . _Ox;gyd B 2 AN
Fp:fx$+fy$+fz%: fxcos¢)+fysm¢ +0 }/pp—mgg—mEPOEp—m(cos ¢ +sin (p)—m

o, ox dy 0z : _Ox;ax/ N (% S 2.2 \_ 2
F¢—fx£+ ya—¢+f2£——fxpsm¢+fypcos¢+0 V¢¢—ma¢ 90 —mE¢ E¢—m(p cos” @+ p~ sin q))—mp

Contravariant kinetic metric

. 0x dy oz B aiﬂ_ R
Fz—fxg+ y$+fz$_ 0 o, YZZ_maz oz =mh; ok, =m Yy =1/m
2
Lagrangian y¢¢ =1/ (mp )
1 | 1 |
y= =1/m

T=— A = —mp? + — mptd + — mz
S Ymnd" 4" =5 mP 2P¢ 5 M2



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql =p, g2 =0, g3 = z)

0x 0x . ap ip . p .
— =C0os¢) —=-—psing 0 ——=cC0s¢) ——=sIng 0 «—E Z
9~ 5 o R U=F FA%F B F
<J>: a—y—sin(l) a_y_ cos¢ 0 <K>= 8_¢_ —sing 99 _ cos 0 ¢ — 4 ‘
p o9 P ’ x p v p <k = [ et/ eyt/zey
0z 0z
0 0 =1 0 U i I X=pcoso
= P sin
T T T =<J_1> JZ/ o 5 (b
EP E(b Ez
Covariant forces Covariant kinetic metric
ox dy oz . _Ox;gyd B 2 AN
Fp:fx$+fy$+fz%: fxcos¢)+fysm¢ +0 }/pp—mgg—mEPOEp—m(cos ¢ +sin (p)—m

o, ox dy 0z : _Ox;ax/ N (% S 2.2 \_ 2
F¢—fx£+ ya—¢+f2£——fxpsm¢+fypcos¢+0 V¢¢—ma¢ 90 —mE¢ E¢—m(p cos” @+ p~ sin q))—mp

Contravariant kinetic metric

. 0x dy oz B aiﬂ_ R
Fz—fxg+ y$+fz$_ 0 0 +fz YZZ_maz 0z =mk, ok, =m ,},szl/m
Lagrangian Covariant momenta }’¢¢ = 1/(mp2)
1 mon L o L 90 1 5 _or_ . _oT _ 6 _or_ .
=mp =mp’¢ = msz
Contravariant mlo)men{a
p =p

P’ =9

p =z



General Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (gl =p, g2 =0, g3 = z)
=3  Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢) ——=singd 0 «—E .
p 9 o oy X =0 cos p 0 /
| 9y . dy _| 99 —sing ¢ cos¢ p (1) N =F E+F E +FZE
<J>— a——sm(p a——pcosq) 0 , <K>— T 3 s 0 R’ - . P ¢
oo 2 sl Y =p sin 0 -~ fefetfe
0 0 82_1 0 0 82_1 o XX YTy Vi /
9z 9z < E Z =z
T T T _
E, E, E. =<J 1>
Covariaant foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
_ X Yy Z _ . i ox A
Fp—fx%+fy%+f 5— focosg+f sing +0 ypp:ma—;gszpoEp:m(cos2¢+sm2¢)=m yPP =1/ m
. 0x ay oz . ox; ox/ . o _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢:ma—;%:mEqu(b:m(p2c0s2¢+p2sm2¢)=mp2 Y —1/(mp )
_ O Oy 0z _ _ 0% ond _ zz _
Fz_fxaz+fyaz+fzaz_ ’ s 7sz—mg¥—mEzoE2_m Y =1/m
; ovariant momenta Contravariant momenta
Lagralngzan { i i _a_T_y ' —a—T—y ; —aT—y ; pP =p
T==y ¢"¢" =— mp* +—mp-¢* + = mz* Po=p " TeeP PoT 55 Ve DT T .
2 2 2 2 | y | =0
: : . =mp . =mpP =mz
Comparing Lagrange and the Riemann covariant force equations ;.
by=—=—=Yy,,4 t1,,.,4°q
/ In mn; /!




Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢) ——=singd 0 <~ E
ap o ox dy X = COS _ ¢
(/)= g_y:smq, g_;:pcos(p 0o |, (K)= g_tﬂ 3_4’:@ 0 g . S Sin(]()b F E F¢,E +F, E
P X p y p - —_
0z 0z <E z z
T T T _
E, E, E. =<J 1>
Covarlant forceS Covarlgzxntakjmetic metric (D) Contravariant kinetic metric
F, f— f— f—= focosp+ f,sing +0 Ypp=m $;—p—mE *E,, = m(cos? ¢-+sin? 9) = m ¥PP =1/ m
. X ; gy 2
fx% fy% fza_¢ —fo51n¢+fyPCOS¢+O Yoo = ax¢ %xq) —mE¢OE¢=m(pzcoszgi)+p2sinz¢>)=mp2 ”}/¢¢ = 1/(mp )
o j
f_ fyg f_ 0 + 0 +fz YV =M %%_mE E_m ’)/ZZZI/WZ
Covariant momenta Contravariant momenta
Lagralnglan . i i —a—T—y 5 —a—T—y ; —a—T—y ; pP:p
T:_anqmqn =5mP2+§mp2¢2+§mz'2 Pp dp PP Py dp ' b= Tz .
= mp =mp$ =m; p =9
Comparing Lagrange and the Riemann covariant force equations _
=Z
dp, or | . | . | p
0= % Y |=|7/ ind" *+ T m04"4"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q

Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Christoffel g-formula

dp, oT oT . (from p. 24 to p. 37):
F,= : - :}/ P+F ) qmqn _(P —»}/ ¢ mn‘ qmqn p. p. .
p pp mn;p ¢ dt 9¢ o9 ) [agmn - ] agmi]

dg'  dq™ 9q"




Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox ox . ap Jaip . P
— =C0S¢p —=—psing 0 —=cos¢) ——=sing 0 «—E .
0 o ox 0 — p Z
. dp —sin 8y cos . p cos (1) \=F E+F E +F
<J>= a—y=sin<]) a—y=pcos<}) 0 , <K>= 99 _zsing 99 _cosp 0 «E? . P ¢ Z
o % o p oy p y=psino _
oz oz - f.‘xex'*'f;ey'i'fz eZ
0 0 $=l 0 0 gZI — E? z =7z
T T T _
E, E, E. :<J 1>
Covariant forces Covariant kinetic metric q)) Contravariant kinetic metric
F = ox ay oz _ . 0 axj axj _ 2 -2\ pp
p—fxa—+fya—+fza—— fxCOS¢+fysm¢ + ypp=m$$=mEpoEp—m(cos ¢ + sin ¢)—m y =1/ m
. Ox dy oz . x; o/ , 09 _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢=ma—(;;—¢=mE¢0E¢=m(p2cosz¢+p2sm2¢)=mp2 Y —1/(mp )
ox dy oz 0X ; J/
Fz=fxg+fyg+fzg= 0 + 0 +fz ’)/ZZ:mTZJE:mEZQEZ:m ,)/ZZzl/m
Lagrangian Covariant mogaTenta T o7 Contravariant m/ojmen/{)a
1 . . 1 . 1 . 1 . = —= - =—= . = — = Z p —
T:—ymnqmq”=—mp2+—mp2¢2+—m22 Po=3p =Vl Ps= 7, Voo? P.=5 =Tz .
2 2 2 2 | N | 0=
- - . =mp . =mpP =mz
Comparing Lagrange and the Riemann covariant force equations .
—Z
dp, or . | | | p
F, = % B 87 |=|Vgn g" + mn: ¢"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q
Only glree non-zero Christoffel coefficients appear, and onlc}/ two are independent. Christoffel g-formula
P, OT . . Dy OT . . (from p. 24 to p. 37):
Fy=—F ==Y o+ T 44" Fo = =g Yot Dnpd"4"
P dt odp PP P dt  d¢ r 1({dg, ~dg. Jdg, .
= mn_ in mi
im, 2 aql aqm aqn

l




Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . 0
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox ay X = CcOS P Z
Dol 2 e 2 o | (| B_sne B o | p cos ¢ =F E+F,E+F 1
o % o p oy p y=psino _
dz dz o - fxex+ﬁzey+féez
0 0 o=l 0 0 == g =z
T T T _
E, E, E. :<J 1>
Covarlgmt foraces ) Covarigmt kinetic metric q)) Contravariant kinetic metric
. J
szfx£+fy£+f2£= focosp+ [, sing +0 ypp=ma%%ip=mEp.Ep=m(cos2¢+sm2¢)=m ¥PP =1/m
d 9 0 : ox; o/ 2
Fq):fx£+fy£+f.za_;=_fxp81n¢+fypcos¢+o 7¢¢=mai(;%=mE¢oE¢=m(pzcosz¢+p2sin2¢)=mp2 ]/¢¢ :1/(mp )
ox dy oz 0X ; J/
FefGr g LS 0 4 0 T = =B B, = Y= =1/m
Lagrangian Covariant "7034]?”“1 T o7 Contravariant m/%men{a
1 . . 1 . 1 M 1 . _— - == j = — = > p — p
T=—vy qmq"’:—mp2+—mp2¢2+—mzz Po=3p =Vl Ps= 7, Voo®  P.= 75 =Vxk
o fmn 2 2 2 y 6~ ¢
. . . =mp . =mpP =mz P =
Comparing Lagrange and the Riemann covariant force equations .
—Z
dp, or | | . . P
0= % B 87 |=|Vgn g"+T mn: ¢"¢"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:Lpgir = Lopir
e :dpp_aT:y ST men P :ﬁ_a_T:y Gil | Sy;fzmetry
T a 9p ppP T pd 4 0= "ar  0p 99 mno gives ];izctor for
, q7p
:d(mp)_ J 1 20| . Y T _ _d(mp2¢) 5. —
i p sz ¢~ |=mp—mpp~  so: o0:p — MNP —T—Ozmp 0+2mpp¢ so: 'y, =mp=1I, ,



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
5 % i oy X = cos P ’
<J>= a—y=sin<]) a—y=pcos<}) 0 ) <K>= %:lnq) a—(P:M 0 — E? p . (1) AN =FPE+F¢E +FZ'E
o % o p oy p y=psino _
Jz 0z - f.‘xex'*'f;ey'i'fz eZ
0 0 $=l 0 0 gZI — E? z =7z
T T T _
E, E, E. =<J 1>
Covarlgmt foraces ) Covarigzxnt kjinetic metric q)) Contravariant kinetic metric
szfx£+fy£+];£: fxcos¢+fysin¢ +0 Ypp=ma—;%=mEp0Ep=m(c0s2¢+sin2¢)=m )/pp=1/m
o a o . 0x ; o/
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sin2¢)=mp2 ”}/¢¢ :1/(mp2)
. Ox dy 0z ox; o/
Fz—fxg+fyg+fzg— 0 + 0 +fz ’)/CZ?Z:mTZjE:mEZQEZ:m ')/ZZ:I/m
Lagrangian ovariant momenta Contravariant mgmenta
1 mon_ Lo 1 o 1 ISR L N S p=p
T==y, .4 q =-mp°"+—-mp°¢°+—m:z Pop PP P 9g T TRy = ,
2 2 2 2 , y _ p¢ =g
: : . =mp . =mp-¢ =mzZ
Comparing Lagrange and the Riemann covariant force equations .
=Z
dp, or | . | | | p
0= % - g |=|7/ ind" *+ T m04"4"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:Lpg:r = Lapr
ap . symmetr
P Py T . ymmeltry
P g g_’}/ppp T 4 F¢ = D7 ﬁ_ywﬁb + an;q)q q gives 2 factor for
. q7p
= d(mp) _9 [l mp2(l52j =mp—mpd* so: T’ =—mp d(mngb) 5. .
dt  odp\?2 00:p ZT—Ozmp O+2mppy so: I'y,=mp=T,y ,

Contravariant equations are acceleration equations. F*=y*F =j* + I 4"¢"
FP=yPPF =i + TP "" F'=y®F=4? +T% "¢’

mn



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
op 2 dx d — p Z
0 . 0 dp —sin 8y cos * p cos (1) Y =F E+F E +F E
A 9 _ _| 9¢_—sm¢ 0p _cosp p ¢ Z
<J> 5 sing 2 pcoso 0 , <K> 5 3 0 P — .
p 0 xpo oy p y =psing = f.e.+f e +f-e
0 0 %2_ 0 o : — xvx L yvty VZVE
0z 0z <E z 4
T T T _
E, E, E. =<J 1>
Covarlgmt foraces ) Covarigmt kinetic metric q)) Contravariant kinetic metric
. J
szfxa—x+fya—y+ﬁa—2= focosp+ [, sing +0 ypp=ma%%ip=mEp.Ep=m(cos2¢+sm2¢)=m ¥PP =1/m
. Ox dy oz . x; o/ , 09 _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 y¢¢=ma—¢j;—¢=mE¢oE¢=m(p2cos2¢+p2sm2¢)=mp2 Y —1/(mp )
ox dy oz 0X ; J/
FZ=fxg+fyg+fzg= 0 + 0 +f Vzﬁmj;%:mEZ'Eﬁm vZ =1/ m
Lagralngian | | | Covariant mogaTenta | 7 | o7 Contravariant Zq/o)m_en/z;z
T:—anqmqn=—mP2+—mp2q52+—mz'2 Po=op Yol Po=55=Yee?  P= 5 =Vl |
2 2 2 2 , y _ p¢ =g
- - . =mp . =mpP =mz
Comparing Lagrange and the Riemann covariant force equations .
=Z
d, or | p
£y = % - g |=|7/ ind" *+ T m04"4"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpg:r = Lapr
dp, or m n o dpy oT . rgmgn symmetry
P g g_yppp 44 0 g %‘W‘f’ T4 4 gives 2 factor for
. . q7p
:d(mp)_ a lmpzq')z =m[)°—mp([52 so0 I =_mp d(mp2¢) 2 .
dt opl 2 T ) et C T 09ip :T_O = mp¢+2mppgb S Fp¢;¢ =mp = F¢p;¢
Contravariant equations are acceleration equations. Fr=y*F =" +T,,4"" 5
_ . m N O 9P P | P MmN
FP=y®F,=¢"+T,,.4"q" FP=y"F=q"+I,q%"

"""""""""""""""" o . .0 _ _ 10 oo _ 2):
~+2p9/p so: Th1/p=r4, 7" =1/[mp"]

..............................



Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
— =C0S¢p —=—psing 0 ——=c0s¢) ——=sIngd 0 «—E "
0 o ox 0 — p Z
al; . dy dp —sing 8(;; cos¢ . p cos (1) N =F E+F¢.E +FZ.E
(/)= EZSWP a—¢=PCOS¢ 0 . (K)= x  p 9y p 0 P y = p Sin q) p
0 0 oz 1 0 0 dz _q o = fxex+ﬁzey+féez
0z 2z ) <F Z =z
T T T 4
E, E, E. =<J >
Covarlgmt foraces ) Covarigmt kinetic metric q)) Contravariant kinetic metric
_ X y 1z _ . X dx/ )
Fp‘ﬁc%*'fy%"'fz%_ fxcos¢+fys1n¢ +0 ypp=ma—;;—p=mEpoEp=m(cos2¢+sm2¢)=m yPP =1/ m
J J J . dx; oy’ . 2
F¢=fx£+fy£+fza—;=—fxpsm¢+fypcos¢+0 y¢¢=ma—(;;—¢=mE¢0E¢=m(p2cosz¢+pzsm2¢)=mp2 ]/¢¢ :1/(mp )

A N O ) -
Fz_fxaz+fyaz+fzaz_ 0 + 0 +f yZZ—mTZJE—mEZOEZ—m Yy =1/m
Lagralngian | | | Covariant mogaTenta | 7 | o7 Contravariant Zq/o)m_en/z;z
T:_ymnqmqn:_mpz_i__mpzq‘)z_l__mz.z Pp—a—p—VpPP P¢—a—¢—7¢¢¢ PZ—B—Z.—YZZZ |

: : . =mp . =mpP =mz
Comparing Lagrange and the Riemann covariant force equations .
= Z
F,= % — 87 |=|y oad tT e d 4| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpg:r = Lapr
dp, or m n o dpy oT . rgmgn symmetry
b, = a g_’}/ppp L pdd 0 g %‘W‘f’ L4 gives 2 factor for
. . q7p
_d(mD) (1 ) s mod? sor I = o d(mp%) N
dt op\2 " T ) et C T 99p :T_O = mp¢+2mppgb SO: Fp¢;¢ =mp = F¢p;¢
Contravariant equations are acceleration equations. Fr=y*F =" +T,,4"" :
FP=y®F,=¢"+T,,.4"q" F=y"FK=¢"+T,,4"¢"  ~_
. T 5 I . 3 3 00 _ 2\
“p-pd® s Tf=—p /P -1im =§+2p/p so: Thel/p=rg, 7" =1/

ﬁ = FP 4 p¢2 (Centrifugal acceleration) d) = F¢ — 2p¢ / P (Coriolis acceleration)



Rewriting GCC Lagrange equations : ( Review Of Lecture 11 )

dp d ‘ e :
) =2 — M ¥ _ . . 24Py .. Torque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢ N Mr 0 Corzolzs and angular: acceleration
A equals total o I e Tt st et
=M r(p2— ——  Centripetal (center-pulling) force =0—-— Angular momentum py is conserved if
ar 9P potential U has no explicit ¢-dependence
Conventional forms BU U
radial force: M¥=Mr o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) ”
mdlal accelemtton i=r¢’ angular acceleration: ¢ = —2—-
t SRl gt o r
#° . Because Eart& rotation is counter—cylockwise (positive) in North
. Coriolis acceleration W1th (l) >() and r<0
“ =) —
q) " q) /r akes & pdsitive) Eﬁ‘ect on
Inward flow|to pressre Low Northern
7<0 Hemisphere
.makes\wind| turn/fo the right local weather

A AR Y | LS Cyclonic flow
OES-FLOATER VISIE QLT L ( y ﬂ

Hurrzcane Patrzc around lows

la
October 23, 201/ \ l
(with d)

Northeérn heizaisphere otation

6|>0



https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg

Hurricane Patricia

October 23, 2015

+P3 a&biw=181 | &bih= &tbm=isch&tbo=u&so e=univ&sa=X&ved=0CD00OsARaFOo D1 /N /28s9 dAQiAodl4kMsg


https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
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Riemann-forms in cylindrical polar OCC (g1 = p, g2 =0, g3 = z)
Christoffel relation to Coriolis coefficients
=y Mechanics of ideal fluid vortex
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=W r

O\ normal N tanO= |a|/g Rigid rotor surface

v,/)

a centrifugal
" al=v/t
grgvity g
v=k/r >

centrifuleal

‘ — 2/
Vortex surface ravinlg
V=r



Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=W r

In either case slope 0 of normal N is:

dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

Y )/ >
a centrifugal
MRS
gryvily g
_ >
v=k/r Vxv|=20 : centrifulgal

=v/,
Vortex surface ravinlg
V=r



Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=W r

In either case slope 0 of normal N is:
dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

Y )/ >
a centrifugal
2=
gropity |g
_ >
v=k/r Vxv|=20 ‘ centrifulgal
=v2/
Vortex surface gravity g|a| o
V=0r

dz_|a|_v2/r_a)2 |

dz_|a|_v2/r_ k*
== = r

tanf =
dr g g gr3 dr g g g

tan@ =




Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=W r

In either case slope 0 of normal N is:
dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

Y >/ >
a| centrifugal
" la|=v2/4
grgviiy (g
v=k/r Vxv|=20 : centrifug%
—/2
Vortex surface gravity g|a| v
vV=0r
d /r ok - -
an@ — z:|a|:V r_ : tané?:dZ:|a|=V /r:a) |
dr g g ar dr g g g
Integrating: Integrating:
dz k* k* s 0? | o’
Z(’”):Jd_d’”zj_3d”:_ 7 z(r)=]—dr=]—r dr=—-r
r gr 2gr dr g 2g



Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 2: Rigidly rotating fluid with velocity field
V=W r

Case 1: Vortex with velocity field

v=k/r

In either case slope 0 of normal N is:

tan@ =

9 normal N

v

dz |a| v*Ir
g 8

tanb= jal/g  Rigid rotor surface

Vortex surface

dz_|a|_v2/r_ k*

tanf = 3

dr g g ar
Integrating:

dz i i
z(ry=|—dr=[—dr=-

dr gr3 2 gr2

a centrifug
| lal=vg

grgvity |8
v=k/r

gravitylg

dz_|a|_v2/r_a)

centrifu

>
oql

laj=v2/r

V=0r

2

1

2

tanf = r
a g g g
Integrating:
2 2
z(r)= j%dr = jw—rl dr=2_,
dr 2g

ldeal vortex without drain
has a parabolic “eye”

9 normal N

Somewhat analogous to the
“Sophomore-Physics Earth”

Pool vortex movie



https://www.youtube.com/watch?v=72LWr7BU8Ao

—)Sepaation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:me)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Demo at YouTube



https://youtu.be/_jntDtULxDc
https://youtu.be/_jntDtULxDc

Separation of GCC Equations: Effective Potentials
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
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2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

If potential V 1s isotropic (cylindrical) function of radius p. (V' = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U



Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)
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Potential V' 1s isotropic (cylindrical) function of radius p. (V' = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta 1s constant. then the z—momenta is constant, too.

mp*¢g = py = const.= i mz=p_=const.=k



Separation of GCC Equations: Effective Potentials
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z-momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
1 S =
H 2 H + +V (p) = E = const. (Let k =0)
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z-momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
1 S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry reduces problem to a one-dimensional form.

L (e
H—%pp+V (p)—E—const.



Separation of GCC Equations: Effective Potentials
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| S
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry redufes problem to a one-dimensional form.
H=—7p>+V¥ (p)=E = const.
om P (,0)
An effective potential Veli(p) has a centrifugal barrier.

2

el ( p) __H -+ 14 ( p) (centrifugal barrier prevents p from going to zero.)
2mp




Separation of GCC Equations: Effective Potentials
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o) I'm p2 2m correct
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H has no explicit p—dependence and the p—momenta is constant. then the z-momenta is constant, too.
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 27/mn61 ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn I o 1 2 L 5 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta 1s constant. then the z—momenta is constant, too.

mp*¢ = p, = const.= |l mz=p_=const.=k

1 ,uz k*
H=—p2+ + +V(p):E=const. (Let k =0)
2m" P amp?  2m
Symmetry redufes problem to a one-dimensional form.
H=—7p*+V¥ (p)=E = const.
om P (p)
An effective potential Veli(p) has a centrifugal barrier.
2

el ( p) __H -+ 14 ( p) (centrifugal barrier prevents p from going to zero.)
2mp

| H P
¢=u/(mp2) p=dP_ O _Fp_,

dt dp p M
Equations solved by a quadrature integral for time versus radius.

f P
| odi= | ap

C )

m

2(E-v (p)

Velocity relations:
\/m

= (Travel time p,, to Pl) =h
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Semtion of GCC Equations: Effective Potentials

- Small (n,:my)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:mq)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Demo at YouTube



https://youtu.be/_jntDtULxDc
https://youtu.be/_jntDtULxDc

Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.
v (p)
dp

21 eff

=O, with: dLZ
d

Po p Po

>0 .

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

. . ! 2d° VY
P (p) =V po) £ 0+ 5P =po) =

Po

d?vr

o Unstable flat

(a) ;)j\\ (b) \\\x%//é
==\

Fig.2.74 Phase paths around fixed points (a) Stable point (b) Unstable saddle point

Stable flat %~

<0
Po




Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2

dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

21reff
vy (P) =ve (pstable) T 0+%(p ™ Pstabie )2 %

Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
2
keﬂ _ d Veﬁ| o _ /keﬁ _ \/l dver
d 2 Pstable m m 2
p Pstable P Pstable



Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

! 2d v
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬂ _ d2V6ﬁ| o B /keﬁ B \/l d*ver
d 2 Pstable  \ m Al m do?
p Pstable P Pstable

Small oscillation orbits are closed if and only 1f the ratio of the two 1s a rational (fractional) number.

(), D @ P n
stable _ ___Tstable _ _ _P o Orbit is closed-periodic
()]
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2

dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

! 2d v
Veff (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬂ _ d2V6ﬁ| o B /keﬁ B \/l d*ver
d 2 Pstable  \ m Al m do?
p Pstable P Pstable

Small oscillation orbits are closed if and only if the ratio of the two 1s a rational (fractional) number.
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Separation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:mq)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Demo at YouTube



https://youtu.be/_jntDtULxDc
https://youtu.be/_jntDtULxDc

2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,




2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 g¢ sinfcos¢ rcosf@cos¢ —rsinfsing cosp 0 —psing 5
J = ay 8)9; B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g}z =7’ sinf—_—— p’
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢



2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = By ag B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—gﬁ =7’ sinewno2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,

Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.



2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag B(Jﬁj =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sinew>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,
Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.

(Lagrangian form) (Hamiltonian form)

m . ) . ] -
I'= E(grrrz +g0992 + g¢¢¢2) = %(g prz +g09p92 +g¢¢p¢2)

1 . ' ; 1 rr
=S Y00 4 7,07) =5 (P Y py +17,)

2 2
M. .o 242 2 . 2,52 1 2 Py Py
=—((F"+r0 +r-sin“0op°)=— + +
2( ) 2m(pr 2 r*sin® 0

)



2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E K E¢ Reduced to cylindrical coordinates:
gr 29 §¢ sinf@cos¢ rcos@cos¢ —rsinOsing cosp 0 —psing S
J= ay ag B(Jﬁj =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = a{{x_g;é _ 2
' = r
% % % cos@ —rsinf 0 r=p 0 i 0
dr 90 J¢

: 2
Sinb—5—5— P

Covariant metric gyy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.

Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,

Contravariant: =, O /r?, "—1/r*sin’6.
8 8 8
(Lagrangian form) (Hamiltonian form) Spherical coordinates with constant radius »
T = %( g, 7"+ 80" +2,,07) = %( g p>+g"p, +e"p,}) implies conserved azimuthal momentum:
m

[ )2 2y _ L o 2 60 2 00 2 = B_T =m(R’sin” 0)9 = const
=S Vgl 47097 =5 VTPV TRy YD) Py = b - '

2

2 p02 Py

m_ .o 242 2 . 2p:2 1
=—# " +r 0 +rsin“00p°)=— + +
2( ?) 2m(pr > r*sin’0

)



2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 39 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag 8; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sin@w>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g, =E E =1, g=EgE=r", g,=EE=r"sin"0,

Contravariant: g"=l, ¢%=1/r?, ¢%=1/r’sin’0.
(Lagrangian form) (Hamiltonian form) Spherical coordinates with constant radius
=—(grrr + 2gg0” +£,,9°) ——(g p,+8%p, +e"p,}) implies conserved azimuthal momentum:
oL JdT :
_ .2 12 oy 2, 00 2, . p 2 = = — R?sin’ 6 = t
_E(Yrrr +]/099 +Y¢¢¢ ) _5 (Y P, TY Py Ty p¢ ) p¢ a¢ a¢ m( )¢ const.
2
m. ., pg p¢
=—(F+r’0> +r’sin° 69’ ) = — +
2 (7t a ) (p r2 r Sin29)

Total Energy from Hamiltonian E= T+ V( gravity)=const.

R’ :
E—m—92+VeﬁeCt’ve(9) 92 127¢. —+mgRcos® = ab°+——+ycos6
2 2 2mR”sin” 0 sin” 6
mR’ ;s
Let: o=—, &6=—12 y=mgR  where: p,=mR’sin’6(¢ )

2 2mR*’



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

mR iy 2 effective )2
, 0° + VI (9)= o+

R’ ’
Let: a=2 , 0= Po =,
2 2mR

E =

+yYcos6
sin” 0 Y

’}/=ng where: Py =”}’leSinze(qS )



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

mR ? )2 effective )2
0% + VI (9)= ab’+

R> ’
Let: o = m ., 0= Po =,
2 2mR

E= ——+7ycos6

sin” @

y=mgR  where:

Equilibrium point of stable orbit

dVeme(g)  28cosh
=— —vsinf=0= 3
do sin” @ 2mR*sin” 0

-2 pq% cos6

—mgRsin6

p,=mR’sin’6(¢ )




2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

mR2 )2 effective )2
0% + VI (9)= ab’+

R? ’
Let: a=2" ,  O= Py =,
2 2mR

E= ——+7ycos6

sin” @

’}/=ng where: Dy =mstin29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁective 0 _ ) 1 dZVeﬁ‘ective 0
( )= 2§§OSO_YSin9:O= 0“0 _ ngRsin® (wgqml) _ ( )|
do sin” @ 2mR* sin” 0

-2 pq% cos6

mR> d6?

equil



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

mR2 )2 effective )2
0% + VI (9)= b+

R ;
Let: a=——, &= Po =,
2 2mR

E =

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mRZSiIl29((]S )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ectl’ve (0) ~28cosB . _zpq% cosB . equil 2 B 1 dZVeﬁective (9)|
=—— ——ysinf=0= S — mgRsin6 Wg =" 2
do sin” 6 2mR*sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= 5 (Polar angle librational frequency @S

R 080,41 1s related to azimuthal frequency ¢5§quiz y



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""0"+ V%™ (0)= of*+—=—+7cosb
2 ) , sin“6
R : :
Let: o= mT’ = 251‘;32 , y=mgR  where: P =mR’sin’0(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective 0 _ ) 2 cosO 2 1 dZVeﬁ‘ective 0
( ): 252089—}/Sin9:0: p¢2> 3 —mgRsinf (a)gq”’l) = 5 5 ( )|
do sin” 6 2mR” sin” 6 mR do equil
0=(mR*sin@)$” cos®—mgRsin® or: ¢, =— - g@ (Polar angle librational frequency @S
Ccos

equil. 1s related to azimuthal frequency d')ezqm-z )

V-Derivative for small oscillation frequency:

dryelective(g) 28sinf  3-28cos* 6 sin” @ + 3cos” 6
- =—ycosO+——F—+—— =—ycosO+20 —
do sin” @ sin” @ sin” @
SN VRERY
2(mR sin” 60 ¢) 1+2c0s26
= —ng COSG + 2 . 4
2mR sin” 6

= —mgR cosO + mR*¢* (1+200329)




2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""0"+ V%™ (0)= of*+—=—+7cosb
2 ) , sin“6
R : :
Let: o= mT’ = 251‘;32 , y=mgR  where: P =mR’sin’0(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , -2 pé cos6 . equil\> 1 d>yeective (9)|
— . —’}/SIHOZO: > 3 —ngSll’lO (we ) = 2 2
do sin” 6 2mR*sin” 0 mR do equil
. 7 . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
d2 effective . ) 2 . 2 2 2y seffective
4 52 (0) =—ycos0+ 2§ s;n@ + 3 2§ 0408 0 =—ycosf+20 it O%SCOS o 4V 5 (9)‘ =—mgRcos0,,,; + mR:| ——5 (1+2005296quﬂ)
0 sin” 0 sin” 0 , sin” 0 do equil Rcos Oequil
:_ngCOSG-l- 2(mR sin” 6 ¢) 1+2co0s”0 :——ng (1+3C08206quil)
2mR2 Sil’l4 0 cos Hequil
=—mgRcos0 + mR2q52 (1+200329)




2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""0"+ V%™ (0)= of*+—=—+7cosb
2 ) , sin“6
R : :
Let: o= mT’ = 251‘;32 , y=mgR  where: P =mR’sin’0(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , —2p§ cos6 . equil\> 1 szeﬁCec”ve(Q)|
=—— ——ysinf=0= S — mgRsin6 oF) ) 2
do sin” 6 2mR*sin” 0 mR do equil
. 7 . . . . l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
Ly (9) _ ) cos g4 2050 326c08%0 o ) gsin®0+aoslp) VI (0)| maReos, gy 2| ———E (14200,
do sin” 0 sin” 0 , sin” 0 do equil R Coseequil
2(mR*sin’6 ¢ 2 mgR 2
:—ngCOSG+ ( > ) 1+2C$S 4 :—T(1+3COS Oequil)
2mR sin” 0 5 COS equil
2:2 2 ] :
=—-mgRcos0+mR"¢ (1+2czos 9) (wgqull) /( ¢e2quil) — (1+300829equil)




Separation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
— O] Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:mq)=(2:1) vs (1:1) periodic and quasi-periodic orbits



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""¢ + Ve (9) = o+ ——=+ycosH
) , sin"6
R _ :
Let: o= m_, _ Do -, y=mgR  where: P =mR’sin’0(¢ )
2 2mR

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective (0) _25 cosB . _2pq% cosB . equil 2 B 1 dZVeﬂectlve (9)|
=———= ——Ysinf=0= S — mgRsin6 Wg ) 2
do sin” 6 2mR* sin” 0 mR do equil
. 7 . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § . =- - g@ (Polar angle librational frequency g™
COS . . . 12
equil 1s related to azimuthal frequency ¢, .)
V-Derivative for small oscillation frequency: At equilibrium:
d2 effective . ) 2 . 2 2 2y seffective
4 5 (6) =—ycosf+ 25.8?9 + 3 2.60408 0 =—ycosf@+25 > Q.JFSCOS o] 4V 5 (6)‘ =—mgRcos0,,,; +mR?| ——E (1+200529equiz)
doe sin” @ sin” @ , sin” @ do equil Rcos Oequil
2 (mR2 sin” 6 ¢) 1+2c0