Classical Constraints: Comparing various methods

(Ch. 9 of Unit 3)

Simple constrained problem...

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces

Other Ways to do constraint analysis

Way 3. OCC constraint webs ...and a variety of solutions
Preview of atomic-Stark orbits

Classical Hamiltonian separability
Way 4. Lagrange multipliers

Lagrange multiplier as eigenvalues

Multiple multipliers

“Non-Holonomic” multipliers



Simple constrained problem...

...and a variety of solutions

Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces



Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion
Way_I. Lagrangian has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
(a) Constrained motion  Way I. Lagrangian has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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Ways to analyze a particle m constrained to parabola y=1/2kx’
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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Simple constrained problem...

...and a variety of solutions

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
=3 Wary 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces



My 2. GCC constraint webs.
b) GC

C constraint web |

(a) Constrained motion ,
—kx +0

( Y =
(Y—- \\\\ L
(Y=-2 \\\ V= ékx2 +Y
-
-
NN X
X X\
Cartesian =t3 ~N—
x =X () TN
_1; > transform to =-2 =X
V= 2kx +¥ GCC (X,Y)

Incorporate the constraint curve y=1/2kx’ into any matching GCC web.



My 2. GCC constraint webs.
b) GC

(a) Constrained motion C constraint web |

Lqg.2
(Y— \ ] kx +0
Y—_ \\ = E kx2-]

(Y=-2 \\\ V= éka +Y
\\\
\\\

X \\\\ .
Cartesian =13 N—
X = X () _=§ \
ka + Y. tglggo(;? YSO oA 0 we define shorthand:

~
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~
~
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Incorporate the constraint curve y=1/2kx? into any matching GCC web. X=q' and Y=¢' to
x=¢'=x T y=1/2kx® +q°= kX?/2+Y avoid writing gy,



Way 2. GCC constraint webs.

(a) Constrained motion  (b) GC (c) GCC E-vectors
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constraint web |

N\ \\\\ /
3< \ \\\/ EX
\\ \\\\ // , X
Y Cartesian X =x T \\_/ /
X = (x.y) a4 X=X
_ lkXZ‘FY transform tq,»"" Y=v- lkXZ =-2 A g
Y= RXTL GCC (X.Y) V P we define shorthand:
Incorporate the"édﬁ'sﬁtrain_t__gurve y=1/2kx? into any matching GCC web. X?ql %}n.d Y Eq2[t<;l |
x=q¢'=X T V= 1/2kx? +¢°= kX?/2+Y avoid writing ¢ e,
Find: Coiigifiant Er 1n colu;nl)jé"'éf Jacobian J matrix
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Way 2. GCC constraint webs.

(a) Constrained motion  (b) GC (c) GCC E-vectors
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X = (x.y) a4 X=X
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x=q¢'=X T V= 1/2kx? +¢°= kX?/2+Y avoid writing ¢ e,
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(a) Constrained motion

Incorporate the constraint curve y=1/2kx? into any matching GCC web.
"""""" y=1/2kx? +q°= kX?/2+Y

Find: Covariant Ex in column$-0f Jacobian J matrix
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x=X ()
/ ¥, transform to ..~
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J: 8X 8K,"’ /,'/
@ — _|_kaj""@ :'i
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Find: 1% coordinate differentials and velocity relations:
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Way 2. GCC constraint webs.

maps to

GC

(Y= 0)\\\ \
(Y=-1
(Y=-
:/y(xZZ,y=2k)
(X=2,Y=0)

constraint web |

(c) GCC E-vectors

| \
\
\

)

S/

N

d
e
d

we define shorthand:

X=

g’ and Y=¢" to

avoid writing ¢,/

Contravariant E* in rows of Kajobian K

ox _
ox

1

ox

0

E

B'=(1 0)
E' =( s 1)

EEFH



Way 2. GCC constraint webs.
(b) GCC constraint web 1, , (c) GCC E-vectors
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x:q] :X ........ y: ]/kaz _|_q2: kAXQ/Z—F Y avoid ertlng Jueer
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My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
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Find: Kinetic coefficients y4s=mgus{fronrmetric tensor g4s or Jacobian square gus=JuacJpc=(JJ")5
m E .k E -E | Txx Uxy 1 —|— kx®  kx 1l E'-E' E'.E" — v — 11 _kf 2

. . B B m| E' «E" E'.E" A m| —kr 14k
B, B, BB T vy ko 1 (Need contra-~ “for HZmilt(?n or’Riemann equations)




My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
Skx<+0
(Y=-1 \\\/
(Y=-2 \\\/ fx?+Y \ \\ /
/3 (x=2,y=2k) \\/ \ \\
- maps to — X
(X=2,Y=0) ><></C \ \\\/ E
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Way 2. GCC constraint webs.
(b) GCC constraint web | .\ (c) GCC E-vectors
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Simple constrained problem...

...and a variety of solutions

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
= Find covariant force equations
Compare covariant vs. contravariant forces
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rFind: Lagrange equations frrom Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —%k X,z}
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rind: Lagrange equations trrom Lagrangian L=T -V = m[ %(1 +k°X*)X? + kXXY +% Y?—gV —%k X,Z}
(metric ~Y4B) ' : :
: oL : y '. ;
Px 1+k2X* kX || X X o L 9L L
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Py [ kX I Y 31% ( sranee ) Lo " :
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rFind: Lagrange equations frrom Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —%k X,z}
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rFind: Lagrange equations frrom Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —%k X,z}
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=m k kX = (15! Lagrange equations,) Pm = m
Y dL ‘ ‘ d
Py kX 1 oY 1
(metric i) ) v 9oL :
. . aL . ‘\‘ < v __OL COov :
Px |_ d ol 1+ X2 kX X ||_|ox (Z”d Lagrange equatwns)\\ pm“.‘_aqm +1,
py | dt kX 1 Y 9L i
_ TN TR : oL
Py |_ [ 1+kx? kx4 X | 4] 12x? kx| X || 5% || KX +RXY S gk
Py o1 Jar ¥ al w1 Y ) % —g/
No constraints added yet to theseiequations (only gravity in L) so.ceviriant force F 18 Zero(Fy” =0=F"")
Px =ox =m( 1+ K2X% kX ][ X )+m( 22 XK kX J[ X ]_m k2 XX 4 JXY - ghX =( 0 }z Fy™
. _QL kX 1 Y kX 0 Y It 0 Fcov
Py —ay oL N 1 Y
(cancel) (c) GCC E-vectors
; gL . G252 s cov -
Px ~ax =m[ 1+k2X% kX )( X )+ | XX G _( 0 ]_ Fy \
. o N ‘ . 9 B B cov X
Py oy kX 1 Y kX T ’ Fy \\ g E;
. ~ .~ . - ": ) ! ',: \%/7 ‘
. aL \\\\ / I o) 2\\.'.\. . 2,’: ) ,"' ,': coV —
Px ~ox (X)X XY + k7 XX A ghX ( 0 ) Fy
= m ~~~~~~~ X .o . 0"" = =
py —3% kXK 4 Y+ kX g 0 Y



rind: Lagrange equations trrom Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y2 - gy - X,Z}

Px l-l(—nkth;)ch X o : “ oL 2
_ _| ox . _OL
| m o 1 ( - }_ % (15" Lagrange equatzons)\ Pm 3"
‘ (metric “~4p) ) 9L cov b
Px |_d| | 1+k°X> kx ( X ] _ 9% (2™ Lagrange equations), pni\“zg;m +E,
py | dt X1 Y oL "

Sl ~a.
~ -
~ -

~
-
-~ LI .

-~
~
~aa
-~
N
-
-
~

~~

Py |_ | 142X kX i[ X]eri 1+E2X2 kX (X}: 5% | | KK kAT A gk
. oL

Py kX 1 dt Y dt kX | Y 3y —g
No constraints added yet to theseiequations (only gravity in L) so.eovariant force F 15 zero(Fy” =0=Fy"")

Py ~ox =m( 1+K2X2 kX ][ X ]M{ rxx kx| X ) | kv -ged | (o0 )| Fx”

5 _OL kX 1 Y kX 0L Y Ry i 0 Feov

Py —oy RV AN ST Y

T (eancel). (€) GCC E-vectors

. _0dL . RS D S S cov % '
Py—5% =n{ I+ KX kY ]( b e j+ mk)(X +ghX _( 0 ]_ Fy /|

. . Ly ' D = = o /
Py —oy i 1 Y ;g X Fy \\ 1 E
. aL \\\\ / \\ 2 2\\...\. oo 2,"’ ) l"' ,"' cov —
Px ~ox (X)X XY + k7 XX A ghX ( 0 ) Fy

= m ~~~~~~~ oo L X3 . 1"" = =
py —3% KX+ Y+ kX g 0 FEo

Use 48 to get contra-(Riemann) equations. (Contra-force F.' is zero until we turn on constraint Y=cons.)

con



rFind: Lagrange equations frrom Lagrangian L=T -V = m[%(l +k*X*)X* + kXXY +% y?

— gy -8 Xz}

(metric ~Y4B) 3L . ’
Px 2 x? X o Lo Vo, 0L
=m| HEXT KX .= 9F (1¥* Lagrange equations) P =
Py kX 1 Y oY 1
(metric ~Y4B) k v oL COV
. . L . oL —OL \&
Px |_d ol 1+ X% kX X ||_ 35( (2™ Lagrange equations), pm“.‘_aqm +F, K
py | dt 1 Y 9L : i
Px |_ [ 1+2x? kx |df X ), df 14iPx? kx |[ X |_[ 5% || FXXHRXT A ghy
Py ke 1 Jdy ) A e 1 LY )G ~g/
No constraints added yet to these:! equatlons (only grawty in L) so.coviriant forc_e_:____.c.‘?-V—-Is"'z'éi‘O( Y =0=F"
. L . -
Px —ox =m( 1+k2X% kX ][ X )+m( 2k2XX kX j[ ]_m l{?XWt]cXY—__gkX =( 0 }z Fy”
; dL 1 Y kX e () Y _ ------- 0 Jcov
Py —ay o g Y
RN (Cf”fcel), ' (© GCCE-vecio/is
. 9L . T :
-3 et e o) &
. L L.t N‘«: ...................
Py—3% | (1+k2X2)X+kXY+ k2XX2+gkX ( 0 ]_ F
py —3% XK 4V kX 0 Fo
Use 48 to get contra- (Rlemann) gquations. (Contra-force- Fc(m is zero until we turn on constraint ¥=cons.)
(inverse of yus) - L RN (inverse of Yyas) 5 ‘ Y
l( I kX ] by ~9x :( X ){ I —kX } KX (kX P+ 2) :( 0 }: Foon
B 2 42 . oL % B 2 42 2 Y
m\ —kX 1+k°X I Y kKX 1+k°X kX “+g 0 con



rFind: Lagrange equations frrom Lagrangian L=T -V = m[ %(1 +k°X*)X? + kXXY +% Y?—gV —%k X,z}
(metric )

: oL :
Px 1+ k2 x? X % S _0oL
=m k kX =9 (15" Lagrange equations) Pm =
oL / ‘ d
Py kX 1 Y 37 q
(metric “~4p) B V9L ,
. . oL . ‘\‘ < v __OL COov :
Px |_d ol 1+ X% kX X ||_|ox (2™ Lagrange equations), pm“.‘_aqm +F, K
py ) dt X1 Y oL :
_ TN TR : oL
Py |_ [ 1+kx? kx |df X |, d| 1+kPx? kx| X |_[§x || FXXTHRAY S gk
Py kX 1 )dr{ Y dt| kX 1 Y 9t _g/
No constraints added yet to thesejequations (only gravity in L) so.eovariant force F,o1§Zeroy F'=0=F;""
Px —ox =m( 1+k2X% kX ][ X )+m( 2UPXX kX j[ X ]_m k2 XX 4 JXY - ghX =( 0 }z Fy"
. _QL kX 1 Y kX 0 Y It 0 Fcov
Py —oy o N ST Y
e T {cancel).: (c) GCC E-veci?rs
‘~~~~ ~~.~ . S '/' ','l "" \ [V/ ,
. _0dL . RS D S S cov % X
. 3L Ly ' 0 i = = on 1
by =3 e 1 T SRy VLAY ) NE
.. el “__.— \\\ '~-,: _______ A .. \ V4
e el T |
ot A N

-~ ~~~§ ’ l' ~§
e . ~ ' . ' LS
Phd . ‘~_ 1] * 1] .
Phd Phe ~ -~ ~ N . 1 - ~.
. - ~ -~ 0o ~ .o . . -~ ~
o . . ~ ~ J L -~
. - ~ .o . ~ ~
—_—— < . ~ 2 ’ .
. M s . P
. - . ’
. N R . . ’
e . ~ k4 . B
~. . ,
.
.

. QL \\\ ‘\x ’~~~~~ .o .o . 2 o"
Py —oy FXX+Y+ kX +g

Use 72 to get contra-(Riemann)-equations. (Contra-force-F., is zero until we turn on constraint ¥=cons.)
(inverse of Y4B) ) h (inverse of Y4B) }

Y B e : ' X
L( 1 kX ] py-3% =(XH poeecirs ) RO g) (o]: Y
m\ —kX 1+k*X* py —3E Vo) loskxs 1e£2X2% X2 o 0 Y

con



rFind: Lagrange equations frrom Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y2 - gy =% X,Z}

(metric ~Yip) - 2
Px 1+k°X% kX || X o LN Lo 0L
= m =9 (15t Lagrange equations) P = m
dL / . 0
pY kX 1 Y 5? K \ q
(metric ~Y4p) : L gg
. . oL . kY < v __OL COov :
Px |_ d ol 1+ X2 kX X ||_|ox (Z”d Lagrange equatwns)\‘ pm“.‘_aqm +5,
py ) dt X1 Y oL :
_ N e : oL
Py |_ L 1+®x? kx |4 X |, d| 1+2x? kx |[ X O|_[ x|, | FXX KXY gk
Py kX 1 )dr{ Y dt| kX 1 Y 9t _g/
No constraints added yet to theseiequations (only gravity in L) so.eovariant force £,-1S Zero F=0=F5"")
Px —ox =m( 1+k2X2 kX ][ X )_'_m( 2k2XX kX j[ X ]_m k2XX2+kXY—gkX _( 0 )_ F)?Ov
. L % c ol Y et - -
Pr oy X : ! kX 0 )(7 1)..> & 0 F;OV
\fan‘c:e'__::, (c) GCC E-vect;rs
5 9L s o 22, s cov % X
. 9L \\\ .. - .. ".‘\ 9 ':,". — —
py —3% kX 1 Y ; kX g 0 F;ov \\ » ‘
. oL ’ . s SN T -
Py—5% T (M4 X)X FhXY + K2 XX 24 gy ( 0 ] Fy"
= \‘* \\s m ~~~~~“~ .o .o . ,"" ,«"" "' — =
py —3k S JXK + Y+ kX g 0 F

con

Use 48 to get contra-(Riemann)-¢quations. (Contra-force-F., is zerd until we turn on constraint ¥=cons.)

(inverse of v4s) - 5L . (z_’nverse of Y48) 5 ‘ X
11 -k )| px3 | () rmeeekxs )| kXRE) (o) | E
_ 5 s o1 = s (canc__elatzo_ns)2 ). 5 = = v
m{ —kX 1+k°X Py —3% L SRS & o kX2 g 0 F..
. oL . X ) % ) )
l[ 1 —kX } Py —ox . [ X )4_ 0 . X . ( 0 ] . Fcon x=0=X
B 2 2 aL - . . .'2»' - . . 2 - - Y
m KX 1+ k%x py—5& Y kX +g Y+ kX +g 0 F.



Simple constrained problem...

...and a variety of solutions

Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
_) Compare covariant vs. contravariant forces



Constraint force components are covariant

Frictionless constraint forces have
. cov
covariant components  Fp

F=FEY + FOE" = FOVX + FEOVY

(F4 are coefficients of normal vectors E4)

General case repeated from p.35

Py 1+ K2X2) X + kXY + K2 XX 2+ gk
=m
py 3k XX + 7 + kX P+ g

Frictional force components are contravariant

Frictional or driving forces ha\/?4
contravariant components  Feop

F=FXE,+F' E,=F% 9 LF¥ Jr

con con con 0X con dY
(F4 are coefficients of tangent vectors E4)

(c) GCC E-vectors

NP .
Y 4 //
IS/
N EX
FCOV \ / x
N\
il -



Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOv contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=FyE7 +F,7E =Fy VX+FY VY F=F_ E,+F E,=F_ e +Fcon8Y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E4)

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

F(Y = const.) = F*"E* + FEVE”
=0-VX + FOVY

=0-E + FEEY

(c) GCC E-vectors

N g Y
w9/
N A./
General case repeated from p.35 7 EX
_ ) y . cov el P X
Py—5% 1+ kK> X)X + XV + K2 XX 2+ ghX Fy AN 4
: oL - AR 7 2 - cov 7
Dy 5y XX +Y+ kX +g Fy
N



Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant components Fg®" contravariant components F.,,
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
FTFX ]E +fFY IE _EF;X V‘X_|_FY VY F_FconEX+FconEY_Fc0n oX +Fcon oY
F4 are coefficients of normal vectors EA (F4 are coefficients of tangent vectors E4)
oL . a e (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \
1s normal to parabola (along its gradient VY.) |
_ _ pcovp X covgpY Y]
F(Y =const.)=Fy 'E* +F,"'E
=0-VX+ F°'VY -
= Y N
X covpY ]
=0-E° +F,E
oehee NS
So constraint requirements in covariant equations %

are Fy7Y=0 and F°"#0 . (with: Y=0=7 ).

h<
Il
-
Il
h<

General case repeated from p.35

Px=5% |_ | QRO X kXY + X0 g F

py 3k kXX + 7 + kX 2+ g F&o



Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces hava
covariant Components FgOV contravariant Components Fcon
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F;FX f +fFY IE _EF;X V‘X_|_FY VY F_FconEX+FconEY_Fc0n oX +Fcon Y
1 are coefficients of normal vectors E4 (F4 are coefficients of tangent vectors E,)
L : - : (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \ B/
1s normal to parabolaX(along 1;8 gradient VY.) L ¥
. _ Ccov cov
F(Y =const)=Fy "E* + Fy 'E
=0-VX+ F;'VY .
- Y N EX
X covpY N X
=0-E° +F,”E
. N/
So constraint requirements 1n coyarlapt equq.tlons |
are Fi7¥=0 and F°"#0 . (W_l_t__l_l_:___Y: 0=Y ). Y=0=7
A e 2 yi2 2
L+ K2 X2) 5 + 05 K2XK 2+ gk R i = AT KTy
m Lo = Lcov 1+k°X 1+k°X
XX +H0H kX 2+ g by
o
FINALLY ! We get the Way 1. solution of p.12
Recall: x=X
.2
.. kT —g
General case repeated from p.35 X=X = > - kx
"""" . 1+ k%x
Py 5% _ | XX + kXY X gk || FY”

_dL kaXvﬁ-EKI'-i- k)’(2+g F;ov



Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F;FX 5 +fFY IE _EF;X V‘X_l_FY VY F_FconEX+FconEY_Fcon oX +Fcon oY
4 are coefficients of normal vectors E4 (F4 are coefficients of tangent vectors E4)
Frictionless constraint of mass m by parabola Y=const. (c) GSC E-v;tors
1s normal to parabola (along its gradient VY.) L v
F(Y = const.) = F*"E* + FEVE”
=0-VX+ F;°'VY N
N Y N EX
X covpY N X
=0-E° +F,7'E
ewew ANSE/8
So constraint requirements in coyarlant equations |
are Fi7¥=0 and F°"#0 . (W_l_t__l_l_:___Y: 0=Y ). Y=0=Y
"""""""""""""""" P T 2 yy2 2
(L K2X )X+ 05 K2 XX 2+ gk R i = AT KTy
m , :" ) = cov 1+k X 1+k X N
kXX +0+ kX “+g Fy
-
F= FEo EY
.............. _).
= m(kXX +0+ kX +g)£ | ] Recall: x=X
.2
—kx* —g
i General case repeated from p.35 X=X = > - kx
"""" . 1+ k%x
Py 5% _ | XX + kXY X gk || FY”

py 3k kXX HY i kX 7+ g FEo



Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=F,"E° +F,"E =Fy VX+FY VY F=F Ey+F Ey=F_ v +F., . 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E4)
o : - (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \ B/
1s normal to parabolaX(along 1;8 gradient VY.) L v
_ _ cov cov
F(Y =const)=Fy "E* + Fy 'E
=0-VX + FVY .
o Y N EX
X covpY el P X
=0-E° +F, 'E
ewenme N
So constraint requirements in coyarlapt equq.tlons %
are F)C(OV =0 and F;OV 0 . (WlthYz 0=Y ). V=0=V
-------------- 2 yvv2 2
.. et XX X
A+ k2 X)X +0% k> XX+ ghx R AR >y =k ;gzk —_ 2+g2 kX
m ) = cov I+k°X I+k7X"
XX +0+ kX +g Fy
-
Y
F= FEo E
.............. _).
- m(k)ﬁ_){‘-l—()ﬁ-"k)_(t_-_k_% [ ] Recall: x=X
e T 7 )
_ | o g) | (kP o)1+ k2K (—kX] e -8,
1+ k> X2 1+ k2 X2 1




Constraint force components are covariant

Frictionless constraint forces have

Frictional force components are contravariant

Frictional or driving forces have

. cov : FA

covariant Components F contravariant Components con
_ peovp X covgY _ pcov cov X Y X or Y or
F=FEX + FSVEY = FSOVX + FEO'VY F=F E +F E,=F% 9 ,pV o

(F4 are coefficients of normal vectors E4)

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

_ _ X Y
F(Y =const.)=F )C(OVE + F}fovE
=0-VX + F;OVVY
=0-EX + F{”E"

So constraint requirements 1n covariant equations

(F4 are coefficients of tangent vectors E,4

c) GCC E-vectors

cov cov
are FP'=0 and F;°#0 (w1thY 0=Y ).
-------------- > XX+ gl X
A+ k2 X)X +0% k> XX+ ghx e X=- £ =
m 5 cov I+k°X
kXX +0+ kX +¢2 Fy
Y
F= FEo E
—m(chX+O+"k)_(_2_J_rg)[ ];X]
. kX(kX2+g) (kX2+g)(1+k2X2)( kX
1+ k> Xx* e 1 .
. Centripetal
0
|2 O | I — force mkv’+mg
r, mkX“+mg ||
at: X=0

(what roller-coaster rider feels at bottom)

\\/
Y
N—
g
|
NF
]
Y=0=Y
kX2+g kX
1+k2
o
Recall: x=X
k- g "
1+ k2x?

.. L |
—g=y=1, GKX*+Y)

= kX2 + kXX + Y (= kX? +Y for X =0)



Simple constrained problem...

...and a variety of solutions

Other Ways to do constraint analysis

=y Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers



Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

. 2 2, .2 2, 22 _ 4
2 v +i2uy ro=zxz=x"+y" = +v°) =u

u=0.3 u=0.4

u=0.2 ..,‘Q ’
u=0.1 ./. !

+ v4 + 2u2v2

z=x+iy=(u+iv)2=u




Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

; : \2 2 2, 2 2, .2 2, .22 _ 4 4 2.2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z¥z=x"+y =W +v) =u +v +2uv
-------------------------------- u=0.3 u=Q.4 u=0K=v v=0.4 v=0.3
_ 2 2 e ,
o Vo u=0.2
y=2uv"
u=0.1




Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

' N2 — 2 2 g 2 2, 2 2 22 4. 4 2 2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=zxz=x"+y =W +v) =u +v +2u"v
"""""""""""""""""""""""""""""" u=0.3 =04/ ol N\ =04 v=0.3
_ 22 T 8
re \\1}'* ________ ‘2:‘ 2 2 u=0.2
y=2uv 2u =r+x=Ax"+y +x
‘ u=0.1




Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

. .2 2 2 . 2 2 2 2 2N\2 4 4 2.2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z¥z=x"+y =W +v) =u +v +2uv
-------------------------- u=0.3
_o2 e
=i V """"""" 2 > > u=0.2
. y:2uv ————— =2Lt =r+Xx=4Xx"+y +x
0.1
_ 2.2 ) 2> o !
F=U"+TV: 2y =r—x=4x"+y —x




Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. N 2 2 . 2 2 2 2 2N\2 4 4 2.2
2=x+iy=W+iwv) =u-—v- +i2uy ro=z%z=x"+y" =W +v) =u +v +2u"v
———————————————————————————— u=0.3
----- X = u2~r_:v2 _”’_____--""———
. yzzuv """""" =2u2=r+x=\/x2+y2+x

Gives confocal parabolics

(a_xa_x)\ ------------------------- du du 2u v
du Jdv |_ ( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
a_y a_y ’ ’ +2v 2u aV aV EV 4(u2 +V2)
ou dv I @




Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4
+v' +2u

4 2V2

. 2 2 2 2 2\2
2 _ 2 1 iduy ro=zxz=x"+y" = +v°) =u
u=0.3

-
.= Piae
-
- -

- -
-----
-----
- -
—————
—————
- -
—————
- -
- -

Gives confocal parabolics

(a_xa_x)\ ------------------------- du du 2u v
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
a_y a_y ’ ’ +2v 2u aV av EV 4(u2 + vz)
ou dv I ov

Metric g,»=E,*E, and g’ are diagonal. Lyaérangian L uses giv=0u4r. Hamiltonian H uses g*=0""/4r.

2 2
g :Eu.Eu: Ev.Ev =g, = du +4v- =4r guu —F4EY=E R’ = gvv _ : :
du“+4v-  Ar

guv:Eu.Ev = EV.EU = gvu = O gl/lV :EM.EV: EV.EM — gVM: O



Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4 2
+v 4+ 2u”v

4 2

. 2 2 2 2 2\2
2—v2+1_2,uv ro=z¥z=x"+y" =W +v°) =u
“““ u=0.3

-="
-

- -
-----
-----
- -
—————
—————
- -
—————
- -
- -

Gives confocal parabolics

(a_xa_x)\ ------------------------- du du 2u v
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
a_y a_y ’ ’ +2v 2u aV av EV 4(u2 + vz)
ou dv I ov

. . y .
Metric g,»=E,*E, and g’ are diagonal. Lagrangian L uses g,,=8.,47. .
L= %l(gabqaq'b) -V=7 (guub'tz + gvv\'/z) ~V =2m@u* + vz)(bff V)=V

g,~E E =EE =g = qu +4v° =4r

guv:Eu.Ev = EV.EU = gvu = O



Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4 2
+v 4+ 2u”v

4 2

. 2 2 2 2 2\2
2—v2+1_2,uv ro=z¥z=x"+y" =W +v°) =u
“““ u=0.3

-="
-

- -
-----
-----
- -
—————
—————
- -
—————
- -
- -

Gives confocal parabolics
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Examples of bound-state motion restricted by parabolic coordinates
(H classical electronic Stark-field orbits with color-quantization)
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Lagrange multiplier approaches
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» st/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\1 ;// ‘ X
N

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mit = —mg add constraint force F
to become mi=F-mg=F-mg with constraint : F= Fl"Vc1

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
my =4 1 | | mg my mk (i* + xx) —A Mg ) -mmmmmmenes :
R mk (%% + x¥) = —2 — mg --ecee-
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
=y [ agrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers



Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint:C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

0.1 | [ aC
o,H | 7| 9,C
Ax+ By _1 X
Bx+ Dy - Y

Extreme cases occur only at contact points
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Extreme cases occur only at contact points

(Perhaps, this 1s why we often label eigenvalues A with a Greek “L”)
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ 0" 3" 3 ax’ gt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

bood! %' oL dc
. 9L | = dc p,———=A——
A k
2 9’ g aqk aqk
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Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.
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Two or more constraints ~ ¢'(¢“)=const., c*(g*)=const..- add two or more A,terms to the equations.
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢! surface functions.

Integral constraint differentials

General differential constraint relations
oc’ oc’
0=dc' =—dq' +—dq° +... 0=C,dg' +Cldg* +...
dq dq
2 2
O:dczzaidq1+aidq2+... 0:C2dq1+C2dq2+...
1 2 1 2
dq dq

: Constrained equations of meotion
. oL, dc' . oc . oL
p——=A—+A,—+...

1 2
) oc’ ac* ) . 5

dgq
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If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.
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If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.

I guess that means that integrable ones are holonomic. (But why do we need the b1 ZL2CI words?)
A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

8qj8qk - aqkaqj
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Force components F/ =§9,f = ¢? must satisfy reciprocity relations to be gradients of a ¢’ function.
q

Integral constraint differentials General differential constraint relations
oF B 9%c’ B aFJ?/ doC!  mayor 8C}/
og’ - dg’9q* - o~ dg’/ maynotbe 9g*




