Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

Introduction to Spinor-Vector resonance dynamics
(Ch. 2-4 of Unit 4 Ch. 6-7 of Unit 6)

Review: 2D harmonic oscillator equations with Lagrangian and matrix forms
ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,
Derive a-exponential time evolution (or revolution) operator U=e-MHi=e-i%uwut

Spinor arithmetic like  complex arithmetic :
Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing’-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=e¢-i0p>ut
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field

Euler s state definition using rotations R(«a,0,0), R(0,3,0),and R(0,0,7)
Spin-1  (3D-real vector) case
Spin-1/2 (2D-complex spinor) case
3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =S8z, Balance Sgp =Sx, and Chirality Sc =Sy
Polarization ellipse and spinor state dynamics
The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking




A running collection of links to course-relevant sites and articles

Physics Web Resources “Texts” Classes
Comprehensive Harter-Soft Resource Listing Classical Mechanics with a Bang! 2014 AMOP
UAF Physics YouTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Learnlt Physics Web Applications Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics

Neat external material to start the class:
icati AMOP Ch 0 Space-Time Symmetry - 2019

AJP article on superball dynamics Seminar at Rochester Institute of Optics, Auxiliary slides, June 19, 2018
AAPT summer reading Springer AMO Handbook - Ch 32 - Harter-Reimer-2019
These are hot off the presses:
orting ultracold atoms in a 3D optical lattice in a realization of Maxwell’'s demon - Kumar-Nature-L etters-2018
nthetic three-dimensional atomi ictures assembled atom by atom - Berredo-Nature-| etters-2018
Slightly Older ones:

“Relawavity’ and quantum basis of Lagrangian & Hamiltonian mechanics:

Wave—particle duality of C60 molecules 5.CW |

. i r wave - Bohrlt Web A
Optical vortex knots — One Photon at a Time

Lagrangian vs Hamiltonian - RelaWavity Web App

Older Links from Lectures 14-20 Links to supplement Lecture 21
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html BoxIt Web App:

‘Simple’ Pendulum Sim: Dtps: Links to supplement Lecture 22

‘Cycloid Pendu/um” hitps: ] (s.hosled.uark.edu/markuy idulu » Advanced Atomic and Molecular Optical Physics 2018 Class #9, pages: 5, 61
Google search on: M(Mﬁl BoxIt Web Simulations

Physics Girl Channel - Fun with Vortex Rings in the Pool ; - -0 C= —

Mechanical Analog to EM Motion (YouTube video) -

Coullt Web Simulation: Bound-state motion in parabolic coordinates Classical Mechanics with a Bang! 2018
Coullt Web Simulation: Bound-state motion in hyperbolic coordinates Lectures 8, 9, 23 page 93
Oscilllt Web App: Simulations of various types of resonance: 18, 27, 31, 35, 38, 39 Text Unit 6, page=27
Smith Chart ColorU2 for the Web - in development
http://nobelprize.org/ Group Theory for Quantum Mechanics - 2017 Lectures: 6, 7, 8,
and the combined 9-10
Analylt Web Application, posted 10/22/2018 in our festing area: Quantum Theory for the Computer Age Unit 3 Ch.7-10, page=90
https://modphys.hosted.uark.edu/testing/markup/AnalyItBJS.html Web based 3D & XR (x<{A,M.V}. R=Reality) hitps.//www.babylonjs.com/

Web based 3D graphics WebGL API (Graphics Layer modeled after OpenGL)


https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://www.scitation.org/
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_32_MolSymm.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Wave%E2%80%93particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_%E2%80%93_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/LearnItTitlePage.html
https://modphys.hosted.uark.edu/testing/markup/AnalyItBJS.html
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.youtube.com/watch?v=72LWr7BU8Ao
https://youtu.be/_jntDtULxDc
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=SynchrotronMotion
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=SynchrotronMotion2
https://youtu.be/hTd5FTJ-vRk
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=Coulomb-Stark_Bound_Hyperbolic
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=18
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=27
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=31
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=35
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=38
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=39
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
http://nobelprize.org/
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=0&wantStokes=0&wantCosinePlot=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=3.158&BU2=-0.158&CU2=0.0&DU2=3.158&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.4&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=1&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=2.5&BU2=-0.86603&CU2=0.0&DU2=3.5&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://en.wikipedia.org/wiki/Pafnuty_Chebyshev
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=61
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=0.86602540378444&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=1&wantStokes=1
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.9_9.19.18.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.23_11.07.18.pdf#page=93
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_6_2012.pdf#page=27
https://modphys.hosted.uark.edu/markup/ColorU2Web.html?cInd=5&polAngle=84&aziAngle=68
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_7_2.7.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_8_2.9.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_9-10_2.16.17.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_3_Ch._7-10_2018.pdf#page=90
https://www.babylonjs.com/
https://developer.mozilla.org/en-US/docs/Web/API/WebGL_API

2D harmonic oscillator equations
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Fig. 3.3.1 Two I-dimensional coupled oscillators
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| m 2 Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator
NANANNN W AAAAAAN
— ! X=X, V=X, (Review of Lect. 21)
2D HO kinetic energy T(vi, v2) 2D HO potential energy V(xi, x2) Lagrangian L=1-V
1, 1 _ 2 2
T= Emle +§m2x§ V= E(k1 +kyy ) %7 — kX, +§(k2 +kpy )%
1, . 1 k. +k —k
=~ (M%) =~ (x|K|x) where: K=| 112 2
2 —kp, kg
2D(H O Lagrange equations 2D HO Matrix operator equations
d| oT . AV .
dt \axl 8x1 =
0 m, Xy —ki, ki )
dlar\ . . o | |
7 \g =myX, = I, = _8—962 = kypx = ky + Ky )x2 Matrix operator notation:

M-

X) = - K.

)



2D harmonic oscillator equation solutions (Review of Lect. 21)

I. May rewrite equation Me[%)=-K«|x) in acceleration matrix form:  |%)=—A|x) where: A=M"'+K
( )
4 kj+hy, ok
S I 0 ki+k, —k, Yo m, m, X,
Xy 0 m, —ki,  kythy, ) —ki, Ktk X
- T

2. Need to find eigenvectors |e,).|e,).... of acceleration matrix such that: Ale,)=¢,|e, )=w’|e,)

Then equations decouple to: |en> = —A‘ en> = —Sn‘en> - —a)z en> where € 1s an eigenvalue

l and @, 1s an eigenfrequency

Note eigenvalue is square of eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m:)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,)are in special directions where |%)=-K|x) is in same direction as |x) ]




3 ANALOGY: 2-State Schrodinger: in0:|\(t))=H|P (1)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w,c,

Derive a-exponential time evolution (or revolution) operator U=e-Hi=g-i01}1t
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing’-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢g-i0/1211
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|W(t)) versus Classical 2D-HO: 0?X=-Kex
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
A B-iC |_yt obey: (Hjx) *= Hy
B+iC D



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|W(t)) versus Classical 2D-HO: 0?X=-Kex
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H=| 4 B~ |_gi obey: (Hj) *= Hij

B+iC D
that operates on 2-D complex Dirac ket vector |'¥) . Both have 4 parameters

|\P>:[ ¥, H xi+ipy - fa (22 = 2+2)

Y, Xy +1p) a,



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|W(t)) versus Classical 2D-HO: 0?X=-Kex
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H=| 4 B~ |_gi obey: (Hj)*= Hi

B+iC D
that operates on 2-D complex Dirac ket vector |'¥) . Both have 4 parameters

|LP>:[ ¥, H xi+ipy - fa (22 = 2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1st-order equation i0W=HWV
into pairs of real 1st-order differential equations.



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|W(t)) versus Classical 2D-HO: 0?X=-Kex

in| (1)) =H|¥())
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H=| 4 B~ |_gi obey: (Hj)*= Hi

B+iC D
that operates on 2-D complex Dirac ket vector |'¥) . Both have 4 parameters

|LP>:[ ¥, H xi+ipy - fa (22 = 2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes

to convert the complex 1st-order equation i0W=HWV e [ X +ipy ]ZL

l = .
into pairs of real 1st-order differential equations. or( Xy +ip,

. 0
() = B (1)

A
B+iC

B-iC
D

I

)=k

xl + lpl

.X'2 + lp2

1

x)



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
H=| 4 B-iC |_gi obey: (Hjy) *= Hy

B+iC D
that operates on 2-D complex Dirac ket vector |'¥) . Both have 4 parameters

|LP>:[ ¥, H xi+ipy - fa (22 =2+2)

Y Xy +1 a
’ 2T ? (1)) = H] ¥ ()

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex Ist-order equation i0\V=HWV ;91 +ipy =[ A B-iC ] X1 +ipy
into pairs of real 1st-order differential equations. o\ Xp+ipy B+iC D X +ipy

S L ; % 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
_ A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B D( 2
P Y Xy +ip a H. = S (PrHH +B(x1x2 +p1p2)+C(x1p2 x2p1)+ S \P2 %2
Y ] | i || @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1st-order equation i0W=HWV
into pairs of real 1st-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
in| (1)) =H|¥())

First start with 2-by-2 Hermitian (self-conjugate) matrix
A B-iC |_ H

B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

b g X1 +ip a
2 Xy +1py a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1st-order equation i0W=HWV
into pairs of real 1st-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,

)=k

x)

Then start with classical Hamiltonian. (Designed to give same result.)

D

] ) 2, 2
H, :3(191 X )+B(x1x2+p1p2)+c(x1172_x2p1)+3(p2 +x2)

Then Hamilton’s equations of motion are the following.

oH

X, =—"%=4dp,+Bp, —Cx,

Ip,

oH

X, =—=%=Bp, + Dp, +Cx,
ap,

plz

pzz

oH

- Jx,
oH

_ C
Ix,

For constant
A B ,C and D
= —(Ax1 + sz + sz)

= —(Bx1 + Dx, — Cpl)



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
_ A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) . p 5
: _ 2, .2 2, 2
9 = Vi | | -+ | | @ H,= 3(191 X )+B(x1x2 +pipy)+ Clxip, _x2p1)+3(p2 +x2)
¥, Xy +ipy a

Separate real xx and imaginary px parts of ¥ amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1st-order equation ;0\ U=HW¥ For constant
into pairs of real 1st-order differential equations. JH oH 4,B,C, and D

X, = Ap, + Bp, - Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical xlza—pf:AleerfCXZ Py, =+ B+ G,

Equations are
. . . . oH
Xy = Bp1 + Dp2 + Cx1 Dy = —Bx1 — sz + Cpl identical %, = % = Bp, + Dp, +Cx, py=— 8xc - _(Bx1 + Dx, — Cpl)
Py 2



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
_ A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 5 2 D( 5 2
|lP> ¥, x; +ip, a HC:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2+x2)
Y ] | i || @
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1st-order equation (O W=HW For constant
into pairs of real 1st-order differential equations. JH oH 4.8,C, and D
— X, = Ap, + Bp, — Cx, p; =—Ax; — Bx, — Cp, Q%ZZtlgiiszﬁal X = 8—1916 = Ap, + Bp, - Cx, L —(Ax, + Bx, + Cp,)
. . . . oH
X, = Bp,+ Dp, + Cx, Py =—Bx; = Dx, +Cp, identical X, :%:Bpl+Dpz+Cx1 py=- 8xc :_(Bx1+Dx2_CP1)
Py 2
Finally a 2nd time|derivative|(Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, Forconstant

A,B,C and D



ANALOGY: 2-State Schrodinger: in0:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( o2
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥, Xy TP, a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1st-order equation (O W=HW For constant
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Here is an operator view of the QM-Classical connection:|Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.8)2_ B > | A2+B*> AB+BD
i—= =|i—| = =-——=
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
3 Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0

Derive o-exponential time evolution (or revolution) operator U=e-Hi=¢-i®2pt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

B+iC D 0O O I O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 O i 0 2 0 1

A—D A+ D
H=— C + B Cp +C G~ + O

/ $ \ 2 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) C>B-bilateral U(2)system.
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Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {G1, 64, 05, Oc } are best known as Pauli-spin operators {G1=09, 6p=0x, Gc=Cy, 64=0 7z } developed in 1927.
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...current-carrier...

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) C>B-bilateral U(2)system.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive o-exponential time evolution (or revolution) operator U=e-Hi=e-iuut
3 Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this

N
N
: Y())=e " P(0
to a 2x2 matrix ’ ( )> ‘ ( )>
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
oA BC | pATDE T 0, gl O e O T AR 0, evolution
—iHt _ B+iC D 2 0 -1 1 0 i 0 2 0 1
© = 0.=07  O0p=0y  Oc=0y operator
PA WA A__D e D
—i0 —iWn et —ln R N +
—e P eTMT 2 gTI W T Gherer (= pp |FRt=| wy |t= 2 -t and: w, = 5 For constant
w b A,B,C, and D
Pc C C
\- J

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

Each Oy squares to one (unit matrix 1=, -0, ) and each quaternion squares to minus-one (—1=i-i=j'j, efc.) just like i =v/-1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _H
— w(0))=¢ " w(0))
to a 2x2 matrix
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
B P e B PV R I e L N evolution
_iHt B+iC D B 2 {0 -1 10 i 0 2 {01
e =e =e J.=0 7 Op=0yx Oc=0y operator
PA WA A__D 4D
—io —iwn et —iwn: R N +
—e PeTIW0T 2 gTITW T here: (= pp |FRt=| wy |t= 2 -t and: w, = For constant
B 2
w A,B,C, and D
Yc C C
J

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =~+/-1 .

This is true for spinor components based on any unit vector a = (ay,a,.a,) for which aea=1= a,+a, +a,
To see this just try it out on any 4 -component: 0, =0ea=a,0,+a,0,+a,0,
o’=(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)
a,0,a,0, +a,0,a,0, +a,0,a,0, a,a,0,0, +a,a,0,0, +a,a,0,0,
= +a,0,a4,6, +a,0,a,0, +a,0,a4,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,

+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,o0,0, +a,a,0,0, +a,a,0,0,
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Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

ABCD Time
evolution
operator

For constant
A,B,C, and D

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =~+/-1 .

. . . A . ~ ~ 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,
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= +a,0,a,06, +a,0,4,0, +a,0,a,0, = +a,a4,0,0, +a,4,0,0, +a,a,0,0, , f( 1 ZO
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,0,06, +a,a,0,0, +a,a,06,0, ( 0 ]( 0 -1

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o, =(cea)oea)=(a,0,+a,0,+a,0,) a0, +a,0,+a,0,)
a,’1 +aya,0,0, +a,a,0,0,
= -a,a,0,0, +a,’1 +a,a,0,0,

-aya,0,0, —a,a,0,0, +a,’1
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive o-exponential time evolution (or revolution) operator U=e-Hi=e-iuut
Spinor arithmetic like  complex arithmetic

3 Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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Need to convert this

N
N
: Y())=e "0
to a 2x2 matrix ’ ( )> ‘ ( )>
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
e—iH't _ B+iC D 2 0 -1 1 0 i 0 2 0 1
a 04=0 7 Op=0x Oc=0y operator
PA WA A__D y
—i0 O - et —il N R +D
=e 7T 0T = o700 T here: (= pp |FRt=| wy |t= 2 -t and: w, = 5 For constant
w A,B,C, and D
Pc C C
J

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

o-products do dot ¢ and cross x products by symmetries:

0,0, =1i0,=—-0,0,,



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _H.
— w(0))=¢ " w(0))
to a 2x2 matrix
Hamilton generalized Euler’s expansion e = coswt —isinwt so matrix exponential becomes powerful. :
5 P o pA N P ABCD Time
. A B-iC .A— I O : 0 1 : 0 —i LA+ 1 0O
—i 't —i ‘t—iB ‘1—iC ‘t—i 't ;
e—iH-t_e(Bﬂ'C D )_e 2[0—1} [10) (z’ o] 2[01j evolution
- - 04=0 7 O3=0x Oc=0y operator
PA YA A-D 4D
—io — o et —il) At R N +
—e PeTIW0T 2 gTITW T here: (= pp |FRt=| wy |t= 2 -t and: w, = 5 For constant
y b A,B,C, and D
Yc C C
\_ J
Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot * and cross x products by symmetries: 6,0, =i0,=—0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)0,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _iH
to a 2x2 matrix ’\P(t)> —¢ ‘LP(O)>

A-D

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
( A B-iC ) . [
' —1 't —1
e—lH't _ _

ABCD Time
B+iC D 2 0 -1 1 0 i 0 2 0 1
04=0 7 Op=0x Oc=0y operator
PA WA A__D
=100 —jwn iGelyt —iwn N N A+ D
B A,B,C, and D
fc e C
\- Y,

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

o-products do dot ¢ and cross x products by symmetries:

0,0, =i0,=—-0,0,, 0,0, =i0,=—-0,0,, 0,0,=1i0,=-0,0,
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0,

= (ayb, +a,b, +a,b,1 +i(a,b,—a,b,)o,
+a,b,0,0

-a,b,0,0, +a,b,1

+i(a,b, —a,b, )0,
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!)

(:J —01][(1) (1)] [_01 (1)]2{(3 _Oijziay
0,0,=(0ea)ceb)=  (asb)l + iaxb)es 1



~N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this “P t > \—iH-t‘\P 0 >
to a 2x2 matrix (1))=e (0)
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
—iHt _ B+iC D . 2 0 -1 1 0 i 0 2 0 1
€ =€ =€ 04=07 O3=0x Oc=0Oy operator
. . . PA WA A__D A
—o gy 2 it T et P=| i |[Fw-t=| wpy |t= 2 -t and: w) = For constant
B A,B,C, and D
Yc We C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.
o-products do dot * and cross x products by symmetries: 6,0, =i0,=—0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ayb, —a,b,)o
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a.b,)0
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
O'Z Oy
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) [ 1o ][ 0 1 ]:[ 0 1 ]:,[ 0 —i ]:lGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)ceb)= (a*b)l + i(axb)eo (’Xj[' ©z ] ( ] ( ]
0 L ET 0 [0 =1 [0 =i 5
(Recall (1.10.29). in complex variable Chapter 10 in Unit 1.) A e Y

A*B = —|—z'Ay )*(B, +1B,) —iA,)(B, +1iB,)
+AYB +7,AB AYBX = AoB) + i(AxB),



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive o-exponential time evolution (or revolution) operator U=e-Hi=e-iuut
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
3 Spinor exponentials  like  complex exponentials (“Crazy-Thing-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this

N
N
: Y())=e "0
to a 2x2 matrix ’ ( )> ‘ ( )>
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
oA BC | pATDE T 0, gl O e O T AR 0, evolution
—iHt _ B+iC D 2 0 -1 1 0 i 0 2 0 1
© = 0.=07  O0p=0y  Oc=0y operator
PA WA A__D e D
—i0 —iWn et —ln R N +
=e 99806 o t =e 160w te “0 ! where: p= SOB W= CUB = 2 -t and: CUO = 5 For constant
w A,B,C, and D
Pc C C
\- J

Symmetry relations make spinors Oy =05, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

30 =) —i(sing)



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _H
— w(0))=¢ " w(0))
to a 2x2 matrix
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
A4 B=iC |, _ADE T 0 | 0 |0 i | AYDE T 0| evolution
—iHt _ B+iC D 2 {0 -1 1 0 i 0 2 o1
€ =€ 04=0 7 Op=0x Oc=0y operator
YA WA A-D
—i i iGelyt —iwn: = . A+ D
—e PeTW0T 2 om0 T here: (= o |F@-t=| wy |t= 2 -t and: w, = For constant
B A,B,C, and D
Yc W C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)
1 1, 1 1 1, |

71'@— —9 — (—1 2 —(— 3 — (—9 4...: _— 2 N cee| —
e =1+( Zsf>)+2!( i) +3!( i6p) +4!( i6p) 1 e ¢ [cos ]

Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
and odd powers of (-i) are +i.: (—i)O — 41, (_l-)l — i (—i)2 —_1, (—i)3 — 4, (—i)4 — 41, (_i)s —_i, efc.



Need to convert this
to a 2x2 matrix

) =%

w(0))=¢ " w(0))

oA BHC |, L AEDE T 0 e 0 e
e—iH't_e B+iC D _ 2 0 -1 1 O
B - 04=0 2 Op=0yx
YA
—i0 —iwnt —icelnt —iwnt - -
—e PeTIW0T 2 gTITW T here: (= g |=@-1=

\_

Oc=O0Oy

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

A+D| 1 0 y
2 0 1
A-D

-t and: wy =

e

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

O =i L
i 0

A+ D
2

J

Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

. 1, 1, 1, 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ —— e =

21 4 21
. 1, o
— i +590 ) —i(sinp)

=) =+1, (=)' =—i, (i)’ =-1, (i)’ =+i, (=)' =+1, (-i)’ =—i, etc.

[cos ]

Note even powers of (-i) are £/
and odd powers of (-i) are +i.:

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

. 0 __ . 1_ . . 2 _ . 3 . 4 . 5 .
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

ABCD Time
evolution
operator

For constant
A,B,C, and D



~N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _H
. (1)) =e T w0 !
to a 2x2 matrix ’ ( )> ‘ ( )> DONE
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
T R e I e L e L evolution
_iHt B+iC D B 2 L0 -1 1 0 i 0 2 1o 1
© = 04=0 2 p=0x  Oc=0y operator
PA WA A__D 4D
—io —iwn et —iwn: R N +
—o 9Tt  gmiTewt ST o ore: e=| ¢y |F@-t=| wy |t= 2 -t and: w, = 5 For constant
y b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)
i (i) = (il 4 (i) 4+ i)t = _1p L=
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy]

: 1 o
—i(p + 5903 ) —i(siny)
Note even powers of (-i) are +/ and odd powers of (-i) are ii.:(—i)o =+1, (—i)1 =—i, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—i)s =—I, efc.

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ .
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.
This allows Hamilton to generalize Euler’s rotation e toe 77 for any o p=(0eQ)=p,0,+9,0,+p,0,=(Ce p)p

e ¥=1cosp — isinyp

. —iay,go . .
generalizes to: | € =1cosy — io,sinp




4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _iH
. =¢ PO !
to a 2x2 matrix ’\P(t)> € ‘ ( )> DONE
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
T R e I e L e L evolution
_iHt B+iC D B 2 Lo -1 1 0 i 0 2 1o 1
e =e =e 5.=0 7 Os=0r Oc=0y operator
PA “A A-D 4D
_ 7 = . i eyt — . . R N +
= 7 0T = ¢TI T here: P=| pp |Fw-tE| wy |t= 2 -tand: w) = 5 For constant
—iwyt O We b A,B,C, and D
=(1cosp—io _siny)e C
L (Icosyp—io  sing) )
Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
e =1+ (i) + i) il (i) = [ —opt Hmgte]= [cosyl the
2! 3! 4! 2! 4! Crazy Thing
. 1 o :
_ z(gp + 5 © .. ) _ Z( sin 90) ThCOI’GZm 1
Note even powers of (-i) are +/ and odd powers of (-i) are ii.:(—i)o =+1, (—i)1 =—i, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—i)s =—I, efc. Th If ( VS
. en:
Hamilton replaces (-i) with —ic_ in the e ¥ power series above to get a sequence of terms just like it. N
P Y ' P S 1 J ev)? =1cos o +(v:)sin
(—io, ) =+1, (—io, ) = —io_, (=io, ) =-1, (—iaw)3 =+io_, (—io, ) =41, (—io, )y = —io_, elc. - J

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0ep)=p,0,+¢,0,+¢0,0,=(CeP)p

—1 . . . —10_p . .
e "=1cosp — i sinp generalizes to.‘( e “=lcosp — io,sing )




4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
Need to convert this N _iH '
to a 2x2 matrix ’\P(t)> —¢ ‘LP(O)> DONE!
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
T R e I e L e L evolution
_iHt B+iC D B 2 Lo -1 1 0 i 0 2 1o 1
e =e =e 5.=0 7 Os=0r Oc=0y operator
PA “A A-D 4D
_ 7 = . i eyt — . . R N +
—o 9Tt gmiTewt ST o ore: e=| ¢y |F@-t=| wy |t= 2 -t and: w, = 5 For constant
—iwyt O We f’ A,B,C, and D
=(1cosp—io _siny)e
L (Icosyp—io  sing) )
Symmetry relations make spinors Oy =03, Oy=0c, and Oz =04 or quaternions i=-iOx, j=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
e =1+ (i) + i) il (i) = [ —opt Hmgte]= [cosyl the
2! 3! 4! 2! 4! Crazy Thing
. 1 o :
_i(p + L, ~) —i(sing) Theorem
3! y If( ). )2: _1
Note even powers of (-i) are =/ and odd powers of (-i) are ii.:(—i)o =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i) =+1, (—i)s =—1, efc. Th \
. en:
Hamilton replaces (-i) with —ic_ in the e ¥ power series above to get a sequence of terms just like it. N
P Y ' P S 1 J ev)? =1cos o +(v:)sin
(—io, ) =+1, (—io, ) = —io_, (=io, ) =-1, (—iaw)3 =+io_, (—io, ) =41, (—io, )y = —io_, elc. - J

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0ep)=p,0,+¢,0,+¢0,0,=(CeP)p

e P=1 cosp — ising generalizes to: ( e ""=1cosp — io sing )
: A (oo
Here: (o) =-i Here: v = —10 = —i(cep)=—i CALD)
¥
Crazy thing is

just -1

This -io, is a REALLY Crazy thing!



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive o-exponential time evolution (or revolution) operator U=e-Hi=¢-i®2pt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

3 Geometry of evolution (or revolution) operator U=eMi=¢-iuut
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



) )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
Need to convert this N _H evolution
to a 2x2 matrix ’\P(t)> - ¢ lHt“P(O» DONE!
operator
) ) , . _iOy .. . . For constant
Hamilton generalized Euler’s expansion e = cos{f —isin{ so matrix exponential becomes powerful. AB.C and D
ot BHC D =e O_ ! Lo Po 0 1) _ grilwOp +we0)t _ =iyt (1 coswt —io sinw-t)
O04=07 O0B=Ox Oc=0Oy ®
e '"=1cosp — isiny
PA “A A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wy |I= -t and: wy = T : N\
B 2 Ce “=1cosy - io sing )
Pc “c C Y,
10
e 1[0_1]%1_ 10 Jeosp —i 0 lsin
1o 1 P 1 Y Example 1:
N | AorZ (" )
_ | cosp, —ising, 0 e 0 rotation The .
0 cosp, —ising, 0 e Crazy Thing
Theorem:
If ( =1
N
Then:
e(‘) 7 =1cosy -I-(\)sm ©

.

J




, )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
Need to convert this N _H. '
to a 2x2 matrix_ ’\P(t)> —¢ lHt“P(O» DONE! evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

| 4 B-iC
~iHt _ , \ B+C D

=ig] VL i) !
10 i

A-D[ 1 0
't —1
2 0 -1
e =e

—i ~t—iA+D 1 0
0 0 1

J —i(wnOp + wea)t —iwgt
_ o w0y )t _, 0(

1coswt—io sin w-t)

04=0z O0B=Ox Oc=0Ov P
e '"=1cosp — isiny
PA “A A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-=| wy |I= -t and: w, = o . —
B 2 Ce “=1cosy - io sing )
Pc wYe C )
10
€ Z[O - ]SOA— 10 feosp —4 0 lsin
1o 1 P R Example 1:
_ | PP TR, 0 e 0 rotation eh.
0 cosp, —ising, 0 e C}FLZY Thing
eorem:
{0 i | If ( =1
P
e [Z 0 ] ‘|10 cosg, — i [ 0 ~I lsing, Example 2: Then: 3
0 1 t 0 CorY
cosp, —sing, rotation e(\) 14 =1cos¢ +(\ ')Singp
B sing,  cosg, g J




Need to convert this
to a 2x2 matrix

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

W(r)) M w(0)) Really DONE!

. . . —Q . . . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

ABCD Time )

evolution
operator

For constant
A,B,C, and D

[ 4  B-ic ) A=D1 0 |, .o 1| .[o0 —i| .A4+tD[ 1 0 |
. —1i _ t —1i 2 0 i t—iB Lo —iC| 0 t—ziz 0 1 » + 05 it
e Mt _, \ BHC D =e B _ b = ¢ (WO + Wea)t _ mity (lcoswt—ia sinw-t)
C4=0z OB=Ox Oc=Oy P
e '"=1cosp — isiny
PA “A A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |FW-=| wp |t= -t and: wy = T : N\
B 2 (e “=1cosy - io sing )
w
L fc C C J
410
e Z[O ! ]SOA— L0 Jeosp, —i 0 lsin
o 1 L 1 L ixamgle I:
or
_ | cosy, s, 0 e rotation g The . o
0 cosp, —ising, 0 e Crazy Thing
Theorem:
[0 =iy, | 1f(2=-1
e [Z v ] . cosp,, — i [ 0 ! sinp,, Example 2: Then: .
01 t 0 CorY .
cosp, —sing, rotation e(t) 14 =1cos¢ +(\ -)sin %
B sing,  cosg, - J
Let: p=w-t be general crank vector or w-axis of rotation Polar-to-Cartesian \
O _1coso—io sing=1cosp—i (0®P)sing unit @=w-¢-crank axis
Example 3: 7 . . . / / \
Any o=wt-axial = lcosy —i (0 )sing —i (0 40 ,)sing —i (0P )sing D, cos 9 4L
rotation , o i .. ~ — : _
| 1O CoOSpY—1 Lo O Sinp—i 01 O pSINP—I 0 —i P sing Y = cos@siny |= B
0 1 0 -1 1 0 i 0 . : : C
P sin¢sin ¢ \ )
_| cose- 1 sinp (=i, —po)sing k Js@%ﬁs@%ﬁ
(i, +po)sing  cosp+ip  sing




, N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
Need to convert this N _H evolution
to a 2x2 matrix ’\P(t)> —€ lHt‘\P(O» Real ly DONE!

operator

) ) , ) _iQr 0 in O . ) For constant

Hamilton generalized Euler’s expansion e =~ = cos{2f —i1s1n{2f so matrix exponential becomes powerful. AB.C and D

| —i[ 4 e ]'t —i—A;D [ Lo }t—iB( 01 j-t—iC[ v ]'t—iA;DL o J , L .
ot _  \ BHC D —e O_ -l 1_ 0 ! _0 0 = o WO T wea)t _ mity't (1 coswt — io sinw-t)
04=07 O0B=Ox Oc=0Oy ®
e '"=1cosp — isiny
PA “A A=-D generalizes to:
. - 2 A+ D
where: ©=| ¢, |FW-=| wp |t= -t and: wy = e : N\
B 2 Ce “=1cosy - io sing )
w
Yc C C Y,
—i[ 1 0 ]SOA (0 —i
0 -1/ _ 11 0 : 0 | =i
€ = [ 0 1 CosY, —1 [ o sm e, Example ] e [z 0 ] C: 1 0 cosep, — i [ 0 — sing, Example -

- | AorZ 01 ' CorY

COS@, — ISy, 0 :[ e A 0 ] rotation _ | cose. —sing,, rotation
0 cosp, —ising, 0 e sing, cosg,,

We test these operators by making them rotate each other ....



4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
Need to convert this N _H '
e I o) S |w) Really DONE! cvolutior
operator
Hamilton generalized Euler’s expansion e " = cosQf —isin Q¢ so matrix exponential becomes powerful. 501; ?'ZZ”ZS

| A  B-iC | A=D1 0 |, ../ 0 1 | .| 0 —i |, .4+D[ 1 0 |
. —i _ t =i t—iB —iC| =i t ' o .
e—zH't — 0 B+iC D —o 2 0 -1 1 0 i 0 2 0 1 _ e—l(wOO'O + weG)t _ e—lwo't(

1coswt—io sin w-t)

O04=07 OB=Ox Oc=Oy ®
e '"=1cosp — isiny
PA “A A=-D generalizes to:
2 e 2 A+ D
where: ©=| ¢, |FW-=| wp |t= -t and: wy = T : N\
B 2 Ce ““=1cosp — i0,siny
fc “c - <
- ¢ J
—z[ 10 ]soA (0
01 |1 0 . 0 |. —Z[Q Z](pc .
€ = [ 0 1 |S8FaT? [ 1 [P Example 1. e "0 10 cos,, —i [ 0 = sing,, Example 2:
N | AorZ 01 00 CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 €™ | sin Q. cosp,

B — — A A A~ . —l.G,A — . . . —
3D axis vector p=w -1 corresponds to generatoro,= 0,04 +0 05 +0cpc of rotation e oY =R(p)=1cosy — i, siny about axis ¥.

Any 2-by-2 o,-matrix may be rotated by any R({) matrix acting twice (fore-and-aft-!) to give: Ul(?'mtated) =R(p)o uR_l (P)=R(P)o, R'(®)
R(SOO) - 0, R™ (900)

cosp, —sing, |[ 1 ] cosp,  sing, 1z (The 3D-rotation 1s by 2, twice the 2D angle . )
0 —1

sing,  cosg, —sing, cosy,
2 s 2 :
cos @, —sin" @,  2sinp, cosy,

. . 2 2
2sinp, cosp,  sin” @, —cos @,

1 0 0 1
= 2 2 g
0 -1 ]COS G I A A 1 A 1
—_ 3 p = —_ w
= O, cos2p.+ O, sin2p; 7B 7B \/ 2 L2 42 B \/ 2 .2 42
Pc oc PATE pTY ¢ We W ATW pTW



4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
Need to convert this N _H '
e I o) S |w) Really DONE! cvolutior
operator
Hamilton generalized Euler’s expansion e " = cosQf —isin Q¢ so matrix exponential becomes powerful. 501; ?'ZZ”ZS

| A  B-iC | A=D1 0 |, ../ 0 1 | .| 0 —i |, .4+D[ 1 0 |
. —i _ t =i t—iB —iC| =i t ' o .
e—zH't — 0 B+iC D —o 2 0 -1 1 0 i 0 2 0 1 _ e—l(wOO'O + weG)t _ e—lwo't(

1coswt—io sin w-t)

04=07 OB=0Ox Oc=Oy ®
e '"=1cosp — isiny
PA “A A=-D generalizes to:
2 e 2 A+ D
where: ©=| ¢, |FW-=| wp |t= -t and: wy = 5 T : N\
B e “"=1cosp — io,sing )
fc “c C
\_ J
—i[ 10 ]SOA (a _
01 |1 0 . 0 |. —Z[Q Z](pc .
e = cosQ, —1 o [sing, Example |: e L0110 oS — i 0 — sin Example 2:
01 I A or7 0 1 ‘ i 0 ‘ CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 €™ | sin Q. cosp,

B — — A A A~ . —l.G,A — . . . —
3D axis vector p=w -1 corresponds to generatoro,= 0,04 +0 05 +0cpc of rotation e oY =R(p)=1cosy — i, siny about axis ¥.

Any 2-by-2 o,-matrix may be rotated by any R({) matrix acting twice (fore-and-aft-!) to give: Ul(?'mtated) =R(p)o uR_l (P)=R(P)o, R'(®)

Rlec) - o, R(e) Rlg.) - o, - R7(e)

cosp, —sing, 1 0 ] cosp,, —sing, 0 1]
0 —1 1 0

sing,  cosg,
2 s 2 :
CoS” ., —sIn” ¢ 2sin @, cosp 9 2 0 ain2
c c c c 2singp, cosy, Cos @ —sin g,

cosp, sing,

—sing, cosy,

cosp.,  singp,

—sing,,  cosp,

sing,,  cosp,

. . 2 2
2sinp, cosp,  sin” @, —cos @,

cos’ 0, — sin’ .  2singp, cosy,
1 0

= cos2p,, +
0 —1 ] ¢

= O, cos2¢p,+ O, sin2p;

0 1

CoS2¢p,,

= —0, sin2p,.+ 0, cos2yp,

(' The 3D-rotation is by 2, rwice the 2D angle ».)




ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive o-exponential time evolution (or revolution) operator U=e-Hi=¢-i®2pt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
Y AT “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) 4-D( 1 o0 0 1 0 —i Notation for
H= = e +B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, Oy +0p Op +O- O, =a)060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, C4=0C 7 }



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic ) A+D( 1 0 ) 4-D[ 1 o 0 1 0 i Notation for
H= = = +B +C .
B+iC D 2 Lo 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+a)00:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 +2B Y 2
2 0 1 o -1 L i 3D Vector space
Ot component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, C4=0C 7 }




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic ) A+D( 1 0 ) 4-D[ 1 o 0 1 0 i Notation for
H= - +— +B +C |
B+iC D 2 Lo 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + ®, O, +w, Op +O- O, :a)060+moo:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 o -1 L i 3D Vector space
Ut component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )z })




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic ) A+D( 1 0 ) 4-D[ 1 o 0 1 0 i Notation for
H= - +— +B +C |
B+iC D 2 Lo 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + ®, O, +w, Op +O- O, :a)060+moo:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 o -1 L i 3D Vector space
Ut component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )z })

. A-D
Notation for DA 5 4+ D
. where: 0=0-t=| w, |t= -t and: @, =
2D Spinor space B 2
COC C

_l( A B=iC }t
—iH B+iC D —i(wNOn + MGt —iWnt —] G —iwnt —i0, .-t —iwn't ) )
iHt _ ! e G V'l _ gTI00T =i @Gt _ mi0g°t ZiC 0 _ =ity (lcosa)-t—zcwsma)-t)




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

H:AB—iC:A+D10+A—_D10+301+Co
B+iC D 2 0 1 2 0 -1 1 0 i

.

Notation for
2D Spinor space

=W,0,t0eGC = a)ol +00

= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i .
A+ D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c :
2 0 1 0o _L 1 i 3D Vector space
0 component 2 ’ ’
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: 4 (Asymmetrictdiagonal)| B (Bilatemlfbalancedﬂ C (Chira

A

[*circular-complex...)

The {0/, 64, 05, Oc } are the well known Pauli-spin operators {G;=09, =0y, 6Gc=Cy, G4=C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}

(Often labeled {Jv, Jy, )z })

: A-D
Notation for “a 5 44D
, where: 0=0-t=| w, |t= -t and: @, =
2D Spinor space B 2
_l[ A B-iC }t “c C
. . . oSVt g i -
ot _ o\ B+HiC D — ¢ (@00 T We0)T _ ~igT ~i @Gt _ ;~ilg't ~I0H0l _ lwot(lcosw-t—zo'w sma)-t)
i (3eS)- —iQnt —j O —iQ- Qt Ot
_ Q1+ QeS)yt iyt —i QteS _o 2t lcos o —iG , sin——-
2 2
Notation for 24 A-D
L A+D
where: @=Q-t=| Q, |i= 2B -t and: QO=
3D Vector space
Q. 2C




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic ) A+D( 1 0 ) 4-D[ 1 o 0 1 0 i Notation for
H= = +— +B +C .
B+iC D 2 0 1 2 0 -1 1 0 i 0 2D Spinor space
= w0, O, + w, o0, +wp Oy +0, Op =Wy0,+0eG6=w0yl+00,

= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c :
2 0 1 0o _L 1 i 3D Vector space
0 component 2 ’ ’
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: 4 (Asymmetrictdiagonal)| B (Bilateraﬁbalancedﬂ C (Chiral*circular-complex...)

“Crank” The {01, 64, G5, oc } are the well known Pauli-spin operators {61=GCop, 6r=0Cy, Oc=0y, C4=0C 7 }
vector The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=06¢, Ss=Sx, Sc=Sy, S4=S 7}

( W 4-D ) ) (Often labeled {Jv, Jy,J)z})

YA A T
e=| ¢ =W = w t= -1 . A-D

b b B Notation for DA 5 A+ D

fc e C : where: O=0-t=| ©, |t= -t and: @, =

\- /2D Spinor space b B 07 2
_l.[ A B-iC ) t “c C

. . . SeBVt it i FeE it —iG 0t it | ‘

ot _ o\ B+HiC D = ¢ (@00 T We0)T _ ~i0gT ~i @Gt _ =it ;=00 _ =it t(lcosa)-t—zo'w sma)-t)

% s . DeQ). Ot _: 0. —iO,.- -t . . Ot
Crank —e Z(Qol +Q.S)t —e ZQO te I Q-reS = ZQOt(ICOS__le Sln—)
vector 2

4 ) .
O, 2 D Notation for o a A-D A+ D
S _O . — _ where: ©=Q-t=| 't = -t and: €, =
= Op [Fr=| Yy o1t=| 28|t 3D Vector space ! ;g 0
O O 2C £2c
\- J BoxIt (5-Type) Simulation

A=4.0, B=-0.2, C=0, D=4.0



https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

ANALOGY: 2-State Schrodinger: ind:|V(t))=H|V(t)) versus Classical 2D-HO: 0?X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive o-exponential time evolution (or revolution) operator U=e-Hi=¢-i®2pt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
- 2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|\)}-space (complex)

s

|\L> spin “dn”

a8

(SR oo

° ((dn )

N
=

| J,> spin

’ T> spin “

(‘dn )

T
e

| i> spin

&

D |
)

({dn )

N
N

) gin-

’T> spin “

) spin -

Mp )

up )

up )

State vector [W)=|1)(T1%)+] ) (| W)

Life in 2D Spinor space is “Half-Fast”

SIS

Sl -

—_ O
N

R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
U(2):2D Spinor {|")|\)}-space (complex) R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

|\L “ State vector |W)=|T)(T|¥)+|1){l|¥) Spin vector S=|X) (X|S)+|Y)(Y|S) +|2)(Z|S)
spin “dn

B S Sx sin 8 0

/ﬁ v, ) cosz (o / 5 |- . B
2 ‘T> Spin “up ” \P¢ sinﬁ 1 - SZ COSﬁ —1

| S

e
K

y@ 3=180°
L) spin “dn”
| > B ~1 Sx sin 3 1
| COS — —= _ _
?%31 L 2 V2 Sy 0 0
2 \4 = = —_
‘T> spin “up” | ¥, . B 1 S, cos 3 0
sin— — Y
\J 2 V2 X Y-rotation
|\L> Spll’l “dn” by 62622700
B e Sx sin 3
[YyB [0 1Y cos — S |=| o |=
ST 12 Tl 2 |_ 2 Y
’T> spin “up” | ¥, . P 1 S, cos f3
N, ut [
|J,> spin “dn
p Sx 1
= — ¢ 0
’T> \Pi Sinﬁ 0 z
2 Yirotation

_ P (Only “half-way” home after 2r =360° rotation)
with w-phase

Life in 2D Spinor space is “Half-Fast” and needs ©=4m1=720° to return to original state

by ©=3=360°




ANALOGY: Z2-State Schrodinger. in0:|W(t))=H|VY(1)) versus Classical ZD-HO: 0 X=-Ke*X
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive o-exponential time evolution (or revolution) operator U=e-Hi=e-i9uwut
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=e-Hi=¢-i0 -t
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
> NMR Hamiltonian: 3D Spin Moment m in B field



Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-mB=go:B=| 57 X %% =ng[ ) - ) +ng[ = ) +gBy{ N )
g +igBy —gB, 0 -1 1 0 i 0
=gB, 04 + gBy 0y +gBy 0, =0eG=00,
Notation for
N A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, 64=0C 7 }



Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

H-mB=go:B=| 57 X %% =ng( ) - ] +ng£ . j +gBy( N ]
g +igBy —gB, 0 -1 1 0 i 0
=gB, 04 + gB, 0, +gBy 0, =0eG=W00,
Notation for
N A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 63=0Cy, Gc=0Cy, 64=0C 7 }

Notation for
3D Vector space

O-Qt A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

C Fig. 3.4.2 Two views of Hamilton crank vector Q(©,%) whirling Stokes state vector S in ABC-space.

BoxIt (4-Type) Web Simulation: A=4.9, BoxIt (5-Type) Simulation BoxIt (C-Type) Simulation
B=C=0, D=4.0 A=4.0, B=-0.2, C=0, D=4.0 A=4.055, B=0, C=0.1, D=4.055



https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
¥ Spin-1 (3D-real vector) case
Spin-1/2 (2D-complex spinor) case



Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case

See also Alternate treatments & Supplemental references

. J Euler Angle Dial An
Euler Angle Dial ;
B €., ) astronomer’s
Euler Angle machine: CMwB Unit 6, pg 23 T (Polar coordinate) ) diagram
= (Twist coordinate) —
Previously in our own Lectures. 8 & 9

e

)&

QTofCA Unit 3 Ch. 104-B
Group Theory in QM 5093 Lectures 6, 7, 8, and 9-10

Euler Angle Dial

(04
Azimuthal coordinate)

Development has begun on a web based version of this tool, but much
of the App is at present (10/2/2018), in an indeterminate state.

We plan to use Babylon.JS, as a shim to buttress the WebGL (web graphics layer)!
Web based U(2) Calculator - Euler State



https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_6_2012.pdf#page=27
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.9_9.19.18.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_3_Ch._7-10_2018.pdf#page=90
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_7_2.7.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_8_2.9.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_9-10_2.16.17.pdf
https://modphys.hosted.uark.edu/markup/ColorU2Web.html?cInd=5&polAngle=84&aziAngle=68
https://www.babylonjs.com/
https://developer.mozilla.org/en-US/docs/Web/API/WebGL_API

Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)
Euler Angle machine a —ﬂ—>

Sets the (3 dial




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine a —ﬂ—>
Sets the (3 dial

(R(apr))=(R(a00))  (R(0B0))  (R(00y))

coso. -sinax 0 \( cosf 0 sinf3 \( cosy -siny 0
=| smma cosa 0 0 1 O siny cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0 1




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine a —ﬂ—»»
Sets the ,B dial

(R(apr))=(R(a00))  (R(0B0))  (R(007))

coso. -sinax 0 \( cosf 0 sinf3 \( cosy -siny 0
=| smmoa cosa 0 0 1 O siny cosy O
. 0 0 1 ){ -sinf3 0 cosf oo 0o 1,

jog)=R(opr)Jex)  ley)=R(chy)e;) e, )=R(abrle,)

<ex cosocos fcosy —sinasiny  -cosccos 3siny —sinacosy (cosarsin 3 )
(<eA|R(aﬂ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +coso cosy | sinosin 3
—COsY sin siny sin COS
(e, ysinf3 ysinf3 L cosp

Note lab-frame polar coordinates of Z-body vector ‘ ez>



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Euler Angle machine a —ﬂ—>
Sets the (3 dial

Sets the )'d_igl

(R(opy))=(R(x00))  (R(0B0)) ~ (R(007))

( coso. -sinax 0 \( cosf 0 sinf3 \( cosy -siny 0 )
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. 0 0 1 ){ -sinf3 0 cosf oo 0o 1,
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(<eA|R(aﬂ}/)|eB>)= <eY sino cos fcosy +cosasiny  -sinocos fsiny +coso cosy | sinosin 3
<ez \ ( —cosy sin 3 siny sin [3 . cos,BDJ

Note lab-frame polar coordinates of Z-body vector ‘ ez>
...and body-frame polar coordinates of Z-lab ‘ ez>



See also Alternate treatments & Supplemental references

Euler Angle machine: CMwB Unit 6, pg 23
Previously in our own Lectures. 8 & 9

QTofCA Unit 3 Ch. 104-B

Group Theory in QM 5093 Lectures 6, 7, 8, and 9-10
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Euler s state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
Spin-1 (3D-real vector) case
- Spin-1/2 (2D-complex spinor) case



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
» Asymmetry S4 =Sz, Balance Sz =Sx, and Chirality Sc =Sy

Polarization ellipse and spinor state dynamics
The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking



3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state.

o )[
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

i@ /8
. : . - e ?cos—
Each point {£7,E2} defines 2D-HO phase space or analogous W-space given by 2D amplitude array: | ¢ | | % T2, | _ 4 6—%
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, oz g B
4 )
1 I 1 0 a Ir « . Iro 2 2 2 2B 2B 1
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

i@ /8
: : . : e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | ¢ |_| &, *®, |_ , 2 |,
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, z, + 1, 61'% sin 2
4 )
1 I« )\ 1 0 I I N S R & O S S S 2B 2P 1
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General Spin Stateé
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Note phase
or “gauge”
angle v 1s
killed in R(3)
a*a-squares but
lives on in U(2).



3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

i@ /8
: : . : e %cos—
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | ¢ |_| &, *®, |_ , 2 |,
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, T, +ip, i< s B
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

i@ /8
. 2 —_
Each point {£},E>} defines 2D-HO phase space or analogous ‘¥-space given by 2D amplitude array: | ¢ |_| &, *®, |_ , € ooy 4
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, T, +ip, 6%‘% o
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https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.23_11.07.18.pdf#page=93

Polarization ellipse and spinor state dynamics

Note phase or “gauge” angle y is
killed in R(3) a*a-squares but
lives on in U(2).

(a)
Stokes Vector
ABC-Space

R(3)

(b)
Polarization
Xy-Space

UQ)

From:
QTCA

Lect. 9(2.12)
p. 69

Further explanation of polarization geometry

given in Lecture 23 p. 93 to 125

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =S87) Balance Sg =Sx, and Chirality Sc =Sy
> — . .
Polarization ellipse and spinor state dynamics )

The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking




Polarization ellipse and spinor state dynamics (A-Type motion)

Note phase or “gauge” angle + is
killed in R(3) a *a-squares but
lives on in U(2).

(a)
Stokes Vector
ABC-Space

R(3)

X H crank-Q A Vector
for A-D >0

(b)
Polarization
Xy-Space

U(Q2)

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).



The ABC's of U(2) dynamics (A-Tipe motion) [ p=NItSeo
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

> Asymmetry S4 =Sz Balance Sp =S 9 and Chirality Sc =Sy

( Polarization ellipse and spinor state dynamics )
The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking




Polarization ellipse and spinor state dynamics (B-Type motion)

Note phase or “gauge” angle + is A

killed in R(3) a *a-squares but
lives on in U(2).

(a)

< H crank-Q vector

for negativeﬁﬁ2

-B

Stokes Vector L) S(0
ABC-Space )
R(3)
JC)
R
#j ' B IR)
| ‘ A |Y>[ @
il 7 o
] Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).

BoxIt (5-Type) Simulation
A=4.0, B=-0.2, C=0, D=4.0
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The ABC's of U(2) dynamics (B-Type motion)
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and(Chirality Sc =Sy
( Polarization ellipse and spinor state dynamics

P The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking




Polarization ellipse and spinor state dynamics (C-Type motion)

Note phase or “gauge™ angle 7 is C (Chiral-circular-complex-Coriolis-cyclotron-curly...current-carrier...)

killed in R(3) a *a-squares but C
lives on in U(2). — A L]
X)
x(15%) % N\ [X(150°))

(a)
_nS(0 \-B
7 Yo N

Stokes Vector
=)

ABC-Space
R(3)

|X(30°)) s
[x(452)=I(+)) C

; Q
]T#‘ B H crank-Q vector
|X(60°)) l ly) & for C=1

. A wo)

Fig. 3.4.7 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry Sq4 =Sz) Balance Sp =Sx) and Chirality Sc =Sy
Polarization ellipse and spinor state dynamics ))

P The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking




The ABC's of U(2) dynamics-Mixed modes (45-Type motion) | p= %NH S
Q
WH[D (H2) | (4 s _aeD( 1 o R A I A L RN § H=0y1+—e0 )
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 L0 -1 =
gr;)glA = A;D 1 + 2o, + C o. + —A;D o, 5 zA A-D
- =| 2»
Lect. 9(2.12) A+D Q, Q. Q, ’ e
p.60 - 5 Oy +7 o, *T B3 o~ *t ES O, Q-
Tilted-plane polarization AB-Type motion
<1’HAB|1> <1‘|-|AB’2> _[ 4 B |AED[ 1 0 | [ 0 1 | A=D1 0 064+ s +&G
(2H*"|1) (2[H""|2) B D 2 {01 1 0 2 {0 -1 00 Al Tl
Q5 A-D
Crank : Q= Q, |= 25 Eigen—Spin.S:iS'fl f Q) N
QC 0 Note the relative factor of 1/2 sv” B
%' A %) 2B=-2§
(a) CA-symmetry (((a—b) CAB-symmetry N .
(A OJ f . |X(150)> L[] %j)
0D st
S ,—(_B é
X --- 30°| 99
1X(30°)) g# ) o E
\S C S

X(45°)=|(+))

Pdje

Beat dynamics:

L

H crank-Q vector

for negative B=-5
e and pE = -Bv3

VA NQ

BoxIt web simulation: 45-Type motion w/Stoke's plot & frequency ratios

A=4.0, B=0.866, C=0.0, D=1.0

Note: In the Web App the C axis is vertical

)



https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=0.86602540378444&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=1&wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=0.86602540378444&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=1&wantStokes=1

The Great Spectral “Avoided-Crossing”

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Aa 4 +B0‘B:H:[ +; _Z ]

H= [ +Z;4 ]il ) Secular equation: €2 —0-£— (A% + B?) gives hyperbolic energy levels: &= im



The Great Spectral “Avoided-Crossing”

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=[ e ]

H:[ +4A B

B

0.1 -0.995 =(y|

ly)

N\

‘N\ﬂ

X)

Energy
or
Frequency
Eigenvalues

’
’
’
’
’
’
.
’
’
’
: g

) Secular equation: e2-0-e- (A2 + B2 ) gives hyperbolic energy levels: €=+ A%+ B?

0995 0.1 =(x]
Iy

e X)

B -4

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

Positive E

pE

+B
(A=pE)-Axis

<
H+pE -S
-S H-pE

B
A

Acs>B) B J

lB (Applied field)

See also:
QTCA Lect. 9 (2.12) p.61-66

> W)
< [x)
0995 0.1 =

A2

N2 ={(#)]

X 3 =[ B p(<<B)

—

—

X
or
6‘dn,’ |
y

}
/

0.1 0995 =(y|

WON
—
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The Great Spectral “Avoided-Crossing”

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=[ e ]

H= +4A B
B

These on-and-off
resonance effects
are key to:

Laser QCD

Relativistic QED

Quantum computing

0.1 -0.995 =(y|
ly)

N,
N\y‘ﬁ

) Secular equation: e2-0-e- (A2 + B2 ) gives hyperbolic energy levels: €=+ A%+ B?

Encrey 0995 0.1 =(x]
or ly?
Frequency
Eigenvalues . < x)

—

B -4

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

(A=pE)-Axis

lB (Applied field)

%
Positive E
Photosynthesis H+pE  -S Zero
Y { J " +B
S H-pE *PE[=0
and a L P
whole lot (A(<<B) B A B A(>>B) B
of other things... | B D B A )
(>>B) g L . 3 B p(<<B)
DO =
& x
See also: or
“dn,’

QTCA Lect. 9 (2.12) p.61-66
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}
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

W)= w(0)) evolution
operator

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

[ 4  B-ic ) A=D1 0 | .o 1| .0 —il|, .4+D[ 1 0 |
_ —1 . t  —i— t—iB3 t—iC| t—i—— t . o .
e—lH-t — e B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—z(a)oao + WeG)t _ e—zwo-t(

_ _ Icoswt—io sina)-t)
04=07z OB=Ox Oc=Oy

oA = A+D “a A=D A+D
where: =0 -t=| w, |t= 2 -t and: @, = and: ©=Q 1= Qp |-t=| 2B |tand: Q,=
B 2

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

3D crank vector © = Q-t and spin_operator S defines 3D A5 C-rotation with ratio !or 2 between ©, and @,= } ®, or between Sand ¢=2S.

A . @ . A A . @

L e o .6 cos == ISH sin— (—i®p — G)C)sz Example 3:

¢ 0P =002 71O _ 105 —i (0 e @)sin— = Any ©=Qt-axial
2 2 A ~ . 0 O .~ .06 .
(=i®p+0O,)sin— cos—+i0 , sin— rotation
2 2 2
1 ~ A " _ . .
2D angle:¢p =5 © 3D Crank vector: @ =00 =2¢,a=20 2Dspinmatrix : S =% o

O-Qt A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

C Fig. 3.4.2 Two views of Hamilton crank vector (@) whirling Stokes state vector S in ABC-space.



Euler R(oyy) versus Darboux R[@YO]

L Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram
(Twist coordinate)

-

Euler Angle Dial

o
Azimuthal coordinate)

=Y,

Third rotation R@0O)  Second rotation R(030) R(OOy)

i

a  a

Sets the ,8 dial

«

Sets the Qdial

 I—

— 1

R ((x around Z )

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (opymake better coordinates)

! —i . 1 x+ip, | 1 TR
oot e C | opy=sin[(1=0)/2]
i i ) x, =:cos[(y—0)/2
e 2 Sinﬁ e 2 COSE 0 x+ip 2 -__-__[(_’_Y____)___]_
2 2 M) = sin[(Ho)/2]

From:
QTCA Lect. 9 (2.12)

Axis-Angle Dial

(Angle of Crank Rotation)

(See p.5-23 there)

Axis-Angle Scale

0

(—-Axis Polar Angle)

Axis-Angle Scale

¢

(w—Axis Azimuth)

C
2 2
.0 [0
sin——1
2 i

]@

cos® siny

sin@ sin®

e . . 0
cos— —icosVsin—
2 2

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2

=cos( sind sin®/2
=sin@ sind sin©O/2

;)i )éYSin%—i[ (1) _01 }C:)Zsin%
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency o orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

x1=Aicos(wt+pi) = Acos3/2cos[(y+0)/2] aty L
3 AL p| |

-p1 —ffl__]'Sln((Dl‘+p]) . —p,= Acos 3/2sin[(y+0)/2] Ae e

L X2= Agcas(mt—pl)é ‘ /-I-S-I-I-l-B-/i'COS (7/—05)/2]‘ ) i“;V N

-pz—Azlsm((Dt—pz) © ke

o= As1n[3/2s1n[(7/—oc)/2]

Let: (ot+p I —(’y—l—oz)/Z

tan3/2=A/A;  A2=A;2+A? ou=2p; Y=2mt

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ©t,p1)

oty H
= IB X tip;
Ae 2 cos— —i(wt+p;)
2 |_ [ Aje ! }
o=y —i(wt-p;)
i . B A,e
Ae ? sin— X, +ip,




