Classical Constraints: Comparing various methods

(Ch. 9 of Unit 3)

Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces

Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs

Find covariant force equations
Compare covariant vs. contravariant forces

Tuesday, November 11, 2014



Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion

Way_ 1. Lagrangian has the constraint(s) simply 1nserted.
s e ~

1 : : . .
L =3 (mx2 + myz) — mgy Let: ¥ =§ o and: y = kxx
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(a) Constrained motion

Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

X

Way_ 1. Lagrangian has the constraint(s) simply inserted.

oL

o0x

- M
1 .2 .2 l ;.2
L =5 (mx~ +my~)—mgy Let:.y =7 kx~  and:
Lagrangian then has one ding_e_ns,ienjx;‘°'dne momentum py, and one force f..
_ Loz oL
PR L =L (mi? + mked)®) - m gk =2 o=
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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L__ (mx +m(kxx) )— m5 gftx Py = ax ox

=35 (% 2 4 kxR —gkxz)

X

Tuesday, November 11, 2014



Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.
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X =35 (% 2 4 kxR —gkxz) :m(x+k2x25c)

L= =5 (mx + my ) mgy Let: .y =3 for® and:--y

oL

o0x

Tuesday, November 11, 2014



Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.

—
1

2 . .
_|L L=5 (mx + my ) mgy Let: .y =5 kx and:-y = kxx
Y=15 a2 LS
Lagrang1an then has one d1_1_1_1_e_n310n'x""6fie momentum py, and one force f..
= vl k'xz’ oL f oL
=3 (mx + m( x) ) — m5 >8 Py = s X 9y
X =) (x +kox?? - gkxz) = m(x + kzxzfc) = ”"1(1\7230'62 — gkx)
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion Wy |. ] Lagranglan has the constraint(s) simply inserted.

~

L= =5 (mx + my ) mgy Let;,y =3 kx2 and:---j/ = kxx
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L= (mx + m(kxx) )—m5 k.xz’ Py = oL Jr = oL
2 25 *oox X
-2 (x + kx5 - gkxz) _______ = m(X + k2x2)'c) = m(k*xi? — ghx)

S oL e
Lagrange equation p, = f, =57 .

P, = m(x + k2x2 + 2k2xx2");g§
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(a) Constrained motion

Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.
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Lagrangian then has one dimension ¥;” one m
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1 .2 .2 2
L =5 (mx” +my~)—mgy Let: ¥y =5 kx and:

bX @R gy =m(x+kixe) =

Way_ 1. Lagrangian has the constraint(s) simply inserted.

oL
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.

s N
1 .2 .2 l 7.2 .
y= éka L=5 (mx~ + my )— mgy Letg’l,y =3 and: -y
Lagrangian then has Qn’é dimgns}ie—nj@f’%ﬁe momentum py, and one force f..
2k 1, .2 VNI _9dL _dL
Y L =5 (mi” + m(kxx) )—ngkx Px=73% f = .
X =%¢ ()'c2 + k2 xq? - gkxz) ___________ = m(% + kzxzy‘C) _____=__m(k2x)'c2 — gkx)
. 3L T T
Lagrange equation py = fy =5, T e
L 22D 2 .23 9L 20
Py =m(X+k"X"X+2k%xx") =ox = m(k XX —glgx)
. 2 2. T '
p=m(l+k"x7)x = —mk“xx" — mgkx
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.
(a) Constrained motion  Way I. Lagrangian has the constraint(s) simply inserted.
A ~
1

p
| .2 .2 2 . .
L=5 (mx” +my”) —mgy Let:.¥ =3 kx and:—y = kxx
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Lagrangian then has one dimension % one momentum px, and one force f.
Lz P oL oL
=2k 1, .2 VAN By, _ 9= _ 9=
L =5 (mx” + m(kxx)") — myghx Py =2 /s .
2, 22.2.2 2 . . :
> X =2+ kXt — gty = m(k + k2x2) = m(k*xi* — ghx)
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Lagrange equation p, = f, =§f ________ =KX,
p, =m(X+ k2x2 i+ 2k 2 =g£= m(kzj-g)'cz — ghx)
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Ways to analyze a particle m constrained to parabola y=1/2kx?
on (x,y)-plane with gravitational potential V(r)=mgy.

(a) Constrained motion  Way . Lagrangian has the constraint(s) simply inserted.
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Lagrangian then has one dimension ¥;” one m

p
| .2 .2 2 . .
L=5 (mx” +my”) —mgy Let:.¥ =3 kx and:—y = kxx

RPN oL _oL
L =5 (mx” + m(kxx)") — myghx Py =72 x =3
=5 P gk =m(i+ k%) = m(k*xi? - ghy)
Lagrange equation p, = f, :g)% gives oscillator-#= —K (x,%)X...with $pring factor” K:
----------------------- .2
: . . 23T 9L 2 ) . kXt —
p, =m(X+ KX i+ 2k2xx2 =g£: m(kz)gx2 — ghx) X= ; 2gkx
"""""""""""""""" 1+ k“x
2 2Nz e A ) _ .2
m(l+k“x7)x =—mk“xx" —mgkx = —m(kx” — g)kx
12
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Some Ways to do constraint analysis

Way 1. Simple constraint insertion
=) Wary 2. GCC constraint webs
Find covariant force equations
Compare covariant vs. contravariant forces
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My 2. GCC constraint webs.
b) GC

C constraint web |

(a) Constrained motion ,
—kx +0

( Y =
(Y—- \\\\ L
(Y=-2 \\\ V= ékzx2 +Y
\\\
-
NN X
X X\
Cartesian =t3 N—
x=X (x,y) x=X \
_1; > transform to =-2 =X
V= 2kx +¥ GCC (X,Y)

Incorporate the constraint curve y=1/2kx’ into any matching GCC web.

Tuesday, November 11, 2014
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Way 2. GCC constraint webs.
(a) Constrained motion  (b) G

) GCC constraint web |,
B =kx<+0
7= N\\\_ 2
(Y=-1 \\\ = ko1
(Y=- \\\ V= éka +Y
\\\
\\\
NN X
X N\
Cartesian =t3 N—
x =X () T TN
N, transform t =-2 =X
y_ 2kx~~:l:~Y~ ...... _Gflglséo()?’/lmo X: ] 0 :]
Incorporate.the constraint curve y=1 /2kx? into any matching GCC web.
x=q¢'=x T y=1/2kx? +q°= kX?/2+Y

we define shorthand:

X=¢' and Y=¢" to
avoid ertlng queerlndices

Tuesday, November 11, 2014
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Way 2. GCC constraint webs.
GC

S

(a) Constrained motion

constraint web | (c) GCC E-vectors

7= ON\\\ NN
(Y=-1 \\\/ %
(Y=-2 \\\/ \ \\ /
_/y(x:2,y:2k) \\\/ \\\\\
N maps to L
(XZZIzYZO) i<</c \ E\\/ EX
~N | A X
Cartesian = N \\/ /
X=X (x.y) ,‘X:x x=X | P
ransform to..-" v—., 1 =-2 =X =2
Y= ékxz_i_YtGCg(XYS r=y- EkXZ ’ x:_I 0 :]X we define shorthand:

~
~
L
~
~
)
~

Incorporate the Constraint curve y=1/2kx’ into any matching GCC web. X=q' and ¥=¢’ to

x=¢'=X v=1/2kx? +q°= kX?/2+Y avoid writing guee" "
Find: Cox‘ig;ifiant Er 1n columl)jé"'éf Jacobian J matrix
o : \% ) Q
J= aaX ,%X”/ E, = k;lx By = (1) ]
8_23/( = +kz” 8—3 =1

Tuesday, November 11, 2014
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Way 2. GCC constraint webs.

(a) Constrained motion  (b) GCC constraint web |

\

(c) GCC E-vectors

7= ON\\\, \
(Y=-1 \\ X
(Y=- \\ \ /
[y (=2y=2k) \\ \ \\\
- maps to X
(X=2,7=0) >< \ \\/ E
\\\ \\\\ =/ X
xFX
Y Cartesian X =x T \\/ /
X = (x.y) a4 X=X
_ L2y mansformio Ty, Ly o P
Y= RXTL GCC (X.Y) y P we define shorthand:
Incorporate the Constraint curve y=1/2kx? into any matching GCC web. X=¢' and Yzq2[t§
X=q =y e y= 1/2kx2 +q 2 kX224 Y avold writing q..cer
Find: Coiigifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox N Oz 0X 0X
—:1 — = () ’," - = IR X _
| ax oy | |1 0 R k" = ( 10 )
J= et EX = : EY = K .
@:—i—ka:'"/@:i kx 1 oy _ ., oY E :( L 1 )
0X oY Ox Ay

Tuesday, November 11, 2014

17



Way 2. GCC constraint webs.
(a) Constrained motion  (b) GC

S

(c) GCC E-vectors

constraint web |

(Y=0 \\ \\ \\
(Y=-1 \\:\m// X
(Y=-2 \\\/ \ \\ ]
[y (x=2,y=2k) \\\/ \ \\\
()23121?;3)0) ><‘<j( \\/ EX
NN P NN X
A\ N N\ / /
Cartesian = N \\/ /
x=X (x,y) X:x x=X | |
] P =2 Ly =2
y= EkXZ‘FYt’gggOgg%O Y=y- EkXZ o 70 x:]X we define shorthand:
Incorporate t,he"éaﬁ's'train_t. curve y=1/2kx? into any matching GCC web. X=¢' and Yzq2[t§
quf =X e : y: )i /2 kx2 + q2: k XQ /2_|_ Y avold writing q..cer :
Find: Cox‘igifiant Ex in column$-of Jacobian J matrix Contravariant E* in rows of Kajobian K
oz . Oz 90X 0X
—:1 —:Q" R —=1 —=0 X:
= 88X %Y EX - ]gl ) EY - (1) ] 88$ gy =k EY (( . ) )
Y _ Y o z oY gy Y E'={ —kz 1
e +kz % 1 o 9y 1
. . . . . . i 1 o[ X X || 1 o4
Find: 1% coordinate differentials and velocity relations: P il B | I v g 1@
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My 2. GCC constraint webs.
b) GCC constraint web |

L o2g (c) GCC E-vectors
y= ika ( i \ \\ \\
2 (Y=- \\\/
(Y=-2 \\\/ fx?+Y \ \\ /
B (x =2 V= Zk) \\\/ \ \\\
=2k maps to </ %
(X=2,Y=0) >< e \
)X \\\ _ \\\\ =7
Cartesian \\/ \\/ /
X = X (x.y) X_x XZX N~ N
/ =2 __ L
kx2+K___i’gggo(§? YSO Y= —V- kX2 x_j( 0 " we define shorthand:
Incorporate the ééﬁ"s‘tram.t_ curve y=1/2kx? into any matching GCC web. X=q' and Y=¢’ to
x= q -y @ e = 12k +q°= kX2/2+Y avoid writing ¢yee,/" <
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
ox _ (‘9:17 b 0X 0X
J= aa—X %Y Q EX — kl ) EY B ;) ] agl g_yo =K E:j _(( 10 ) )
Yy _ 9y _ o S R oY _ 4. Y _ E'={ 1z 1
0X e oY -1 Oz dy 1 .
c . st : ' SR d S ' . _ 1 0 X [ > ]:[ w1 )| 7
Find: 1%t coordinate differentials an ~V~§~loc\1ty relations: | e 1l Y v T

Find: Kinetic coefficients y4s=mgupfroni-metric tensor g4p or Jacobian square gss=JucJpc=(JJ') 5
E «E  E -E 1 —|— Kx® kx
E +E_ E -E kr 1

/YXX 7X Y

’yYX fYYY

m

Tuesday, November 11, 2014
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My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
- —kx +0 \
— 1 o2 ( - \ \ \ \
Y=2 (Y=-1 \\\/ X
(Y=-2 \\\/ fx?+Y \ \\ /
/2ky (x =2 V= Zk) \\\/ \ \\\
V= maps to — X
(X=2,Y=0) ><</C \ \\\/ E
)X \\\ _ \\\\ =7 A
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t ‘ 12 =2 _ L
hZ"‘K____Z@ZJ;Og Y)O Y —V- kX x_j( 0 x: we define shorthand:
Incorporate the’ c().ﬁ"s'tram.t_ curve y=1/2kx? into any matching GCC web. X=q¢' and Yzq2[t§
x q —y e )/ 12k -I-q2_ X2/ 04Y avold writing ¢ ee,"%¢“
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Oz A RN oX . 0X _ X
| ax Y .- e P “lo oy | E :(1 0)
J= E, = , By = =K v
D s R U ke 2y B =( ke 1)
0X oY Oz dy .

, ; ) , R N . 1 0 X X |_| 1 0|z
Find: 1%t coordinate differentials al\‘l‘d*ygloc\lty relations: | e 1l Y v T
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
m E .k E -E | Txx Uxy 1 —|— kx®  kx 1l E'-E' E'.E" — v — 11 _kf 2

. . B B m| E'«E" E'.E" A m| —kr 14k
B, B, BB T vy ko 1 (Need contra-~ “for HZmilt(?n or’Riemann equations)
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My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
- —kx +0 \
— 1 o2 ( - \ \ \ \
Y 2 ( =-] \\_/
(Y=-2 \\\/ fx?+Y \ \\ /
/2ky (x =2 V= 2k) \\\/ \ \\\
V= maps to — X
(X=2,Y=0) ><></C \ \\\/ E
)X \\\ _ \\\\ =7 A
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t t o L y2 =-2 = =
hz"‘K____Z@ZOg Y)O Y —V- kX T 70 " we define shorthand:
........... 1 — 2
Incorporate the’ oonstram_t__ourve y=1/2kx? into any matching GCC web. X=q' and Y=¢ [t;’_m
x q —y e )/ 12k -I-q2_ X2/ 04Y avoid writing ¢.ce,
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
Ox 3:6 0X 0X
9T _ =01 .~ —=1 —= T =
| 00X (9Y =P _ |1 {0 oz Yy ! B E ( 10 )
J= E, = , By = =K v
W _ g OY s k) U GRS B =( ko 1)
0X oY Oz dy .

, ; ) , R N . 1 0 X X |_| 1 0|z
Find: 1%t coordinate differentials al\‘l‘d‘yo‘loolty relations: | e 1l Y v T
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
- E «.E E <E | Y Vay 1 + K2k ] 1| EY.EX EY.E" |_ A XY 1 _kf 2

. . B B m| E'«E" E'.E" A m| —kr 14k
E +E, E E, Tyx fYYY kﬂ;*l* __________ (Need contra-~ for HZmilt(?n or’Riemann equations)

-----
- -
- o

Find: Kinetic energy: T =1 m(? +3%)=1 L G X2 42500 XV 595 ¥ 2) = m[ (1+K2X%) X2 + kXXY +1 YZ}
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My 2. GCC constraint webs.
G C constraint web |

, (c) GCC E-vectors
- —kx +0 \
— 1 kx2 ( - \ \ \ \
Y=2 (Y=-1 \\\/ X
(Y=-2 \\\/ fx?+Y \ \\ /
/2ky (x =2 V= Zk) \\\/ \ \\\
V= maps to — X
(X=2,Y=0) ><</C \ \\\/ E
)X \\\ _ \\\\ =7 A
Cartesian \\/ \\/ /
X = X (x.y) X X XZX N~ N
t ‘ 12 =2 _ L
hZ"‘K____Z@ZJ;Og Y)O Y —V- kX x__j( 0 " we define shorthand:
........... 1 — 2
Incorporate the’ constram_t__gurve y=1/2kx? into any matching GCC web. X=q' and Y=q [t;’_m
x q —y e )/ 12k -I-q2_ X2/ 04Y avoid writing ¢.ce,
Find: Covarlant Eiin columns of Jacobian J matrix Contravariant E* in rows of Kajobian K
0x 3:1: 0X 0X
9T _ =01 .~ —=1 —= T =
| 00X (9Y =P _ |1 {0 oz Yy ! B E ( 10 )
J= E, = , By = =K v
W _ g OY s k) U GRS B =( ko 1)
0X oY Oz dy .

, ; ) , R N . 1 0 X X |_| 1 0|z
Find: 1%t coordinate differentials al\‘l‘d*ygloc\lty relations: | e 1l Y v T
Find: Kinetic coefficients y4s=mgas frontmetric tensor g4s or Jacobian square gup=JuacJsc=(JJ )5
- E «.E E <E | Y Vay 1 + K2k ] 1| EY.EX EY.E" |_ A XY 1 _kf 2

. . B B m| E'«E" E'.E" A m| —kr 14k
E +E, E E, Tyx fYYY kﬂ;*l* __________ (Need contra-~ for HZmilt(?n or’Riemann equations)

-----
- -
- o

Find: Kinetic energy: T =1 m(? +3%)=1 (&sz +2yXYXY+j7YYY )= m[ (1+K2X%) X2 + kXXY +1 Yz}

...and Lagrangian: L:T—V:m|: (1+k2X )X > +kXXY+ y2 ooy & Xz] V=mgy=mg(Y+kX?/2)

Tuesday, November 11, 2014 22



Some Ways to do constraint analysis

Way 1. Simple constraint insertion
Way 2. GCC constraint webs
= Find covariant force equations
Compare covariant vs. contravariant forces

Tuesday, November 11, 2014
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}

(metric )

. oL
LC S T I B0 55 G 2 GO I O I B 0 . | L
[ Py ]_m[ kX | > 17| oL (1°" Lagrange equations) Py ==

(c) GCC E-vectors
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% YZ2—gv —%k X 2}

(metric )

. oL
LC S T I B0 55 G 2 GO I O I B 0 . | L
[ Py ]_m[ kX | > 17| oL (1°" Lagrange equations) Py ==

(metric “~4p)
Px |_d| [ 1+2x> x| X )|_ 9L (2" Lagrange equations) p, =§jm +F O
py | dt kX 1

(c) GCC E-vectors
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y?—gV —%k X,Z}

(metric ~Y4B) 51 . ‘
Px |_ | 1+k°X* kX || X |_|ox st o Lo L
_m[ . 1 . =] 9 (1%" Lagrange equatmns‘j‘ pm—

(metric ~y4p)
. . S o _dL cov
| e e | e catons, Pus

s -
~< ..
~ -
~
-
~ -
-~ -
-~ e
Sea R
-~ -
~ -
- -
- -
- -

(c) GCC E-vectors
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(l +k°X*)X? + kXXY +% Y?—gV —%k X,Z}
(metric ~y4B) ' : :
.\ (2L -
Px |_ | 1+K°X° kX ( X ): 0x (1* Lagrange equations) LDy =§]fm
pY kX | Y 5? ' k q

(metric “~4p)

: . L Y’ -
A D
o | di - ,

< -~
......
~ -
~ -

~ -
-~ -
______
~aa -
~
~aa
-~

QU IV
~ <t~

Py |- [ eiiw? w4 &), df ertx? oy | X \_[ 3, [ KR ekiy S gey
Py kX 1 Jdtl Y dt kX 1 Y S g
No constraints added yet to these equations (only gravity in L) so covariant force F °¥ is zero(Fy” =0=F,""

Y

(c) GCC E-vectors

Tuesday, November 11, 2014
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Find: Lagrange equations from Lagrangian L=T-V = m[ %(1 +k*X*)X* + kXXY +% Y2 - gy - X,Z}

(metric ~Yap) - . : 2
22 ' 2= .o
Px || X7 kX X 9x (15" Lagrange equations) Doy =Q%m
Py kX 1 Y oY %4

SIS seaa
~ e
~ -
-~ -
-~ -
"~ e ma
-~ -
-~ -
~ -
~ -
- -

Py | ( 1+i2X2 kX ]d[ X] 5( 1+i2X2 kX ]( X )_(gﬁ})_ kK2 XX 4+ kXY £ gl
=m - +m— 0F |=m ;

dt Y

(metric ~y4B) - COV".:

: . d SN .\ _0dL :

[ by | d m[ Lo k2x2 by }( ¥ )]:£g§( ] (2" Lagrange equatzons)\‘ Pui=) +F¢
[ _g ",

by X1 X1 9L

No constraints added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
pX aX ( 1+k2X2 kX ][ X ]_'_m( 2k2XX kX )[ X ]_m[ kzXY2+kXY—gk)( ]:( 0 ): F)?Ov
py ay kX 1 Y kX 0 Y -g 0 F;OV

(c) GCC E-vect;rs

Q A,
\
N
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Find: Lagrange equations from Lagrangian L=T -V = m[ %(1 +k*X*)X* + kXXY +% Y2 - gy - X,Z}

(metric ) 5L ‘ 2
22 ' 22 . N
Px || XS kXX 9x (15" Lagrange equations) Doy =Q%m
Py kX 1 Y 37 g

\“‘ a q m

S ~a.
e g -~
~ - -
~
-
~ . s
~ - e
- -
~ -
- -
- -
- -
- -
-
-

Px |_ | 1+K°X% kX d( x +m"i 1+8°X% kx| X |
Py kX 1 dt Y dt kX 1 Y

No constraints added yet to these fequatign’é (only gravity in L) so covariaiit force F." is-zero(Fy " '=0=Fy"")

QU QI
U I

(metric “~4p)
] . S o _dL cov
[ by | d m[ k22 ke }( e ] {3; ] (2" Lagrange equatzons)\‘ pr== +F

:
:
:

-
.=

-

-
="
-
-

[ Px 5% =m( I+k2X% kX ][ e ]+m( 22 XX kX J[ X ]_m —_}{?Xth!cXY;_gkX =( 0 )z Fy”
. AL v . e v PPt 0 cov
Py —oy kX | kX 0(cancel) i g Fy (c)\GCCE-VT;’O"S,
it fwew w (1) o] (e |\
N g Lo )\
\ 7
N
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y2 - gy - X,z}

(metric ~y4B) 2
Px 1+k°X* kX || X o4 t oL
= m Lo =] 90X (15t Lagrange equatmns) P, =
QL . m a .m
(metric “~4p) 3L
d k22 gy ( be ] oL (2" Lagrange equations)  p,: = +F0
=—\m = . \ .
; oL . 99
al &1 Y 9
TN TR . oL ) Vo
gl 1HEXT R |4 X ) Al 1+ EPX? kX || X || ax |2, FTXXTHRXY S ghX
kX 1 |dt Y dt 5 1 Y g% g/
No constralnts added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
Py~ aX =m( 1+k°X? kX ][ X ]+m( 2IEXX kX ][ X ]_m k> XX + kXY — ghX =( 0 }z Fy”
Py — aY kX 1 Y kX 0 \ Y 1 , _g 0 FeoY
( Cff'jce)/ v (c) GCC E-vecio/ls
55( :m( 1+k2X2 kX J( X j+ m k2H2+gkX _( 0 ]_ F)C('OV \
L e 7 oy
—5% (1 + k2X2)X FhXY + k2XX2+ kX ( 0 ] Fy"
= m = =
g{—; e s aYscIvg 0 FEo
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Find: Lagrange equations from Lagrangian L=T7 -V = m[ 51+ k2X )X + kXXY + Y2 - gy - XZ}

(metric ~Yap) - 2
22 ' =7
Px || XS kXX 9x (1" Lagrange equatmns) pm =Q%m
Py kX | Y 37 \ dq
(metric ~Y4B) - .
. . * v __OL V.‘
_d| [ ek gy ( be ] _ oL (2" Lagrange equations), pm\“—aqm +F,
; oL
dt U kX 1 Y 5y
..... . oL o) o) ..
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1 )d Y a1 Y gg _g,x

-
.=

-

-
="
-
- _—
______
-----
- -

Py~ aX =m( 1+k*X* kX ][ X ]+m( 26°XX kX J[ X ]_m /{?XYz_t]cXY—gkX =( 0 )z Fy”

kX 1 Y Y o _g ------ F;ov

. (cancel):-x (¢c) GCC E-vectors
S " ,’ . N

dL . 2 2 ’ cov \ / X
aX _ 1+k2,¥2 kX X N . k)Q(-I—gkX _ 0 _ Fy \

kX2+g"' B NN E

NS=7

/
=

Py —3% _ . (1 + k2X2)X+ kXY + k2XX2+ gkX _ ( 0 ] | B
py —3% XK+ V4 kX 0 FEo

Use 18 to get contra-(Riemann) equations. (Contra-force F.  is zero until we turn on constraint Y=cons.)
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Find: Lagrange equations from Lagrangian L=T7 -V = m[ 51+ k2X )X + kXXY + y?

(metric )

: oL ‘
2 2 N~ \ L
Px Al 1+k°X° kx| X |} ox (15t Lagrange equatzons) p =2t
Py kX 1 Y o7 A
(metric “~4p) 9L
d k22 gy ( be ] 9L (2" Lagrange equations) pn‘;\:g—m +F%
= — m . ) ' \ q
JL : .‘
a| kX1 Y of
..... . oL o) o) ..
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX1 jdi Y at\  kx 1 Y JL _g,x
No constralnts added yet to these; equatlons (only grav1ty in L) so covartant f
. JdL ..: g N YT co
[ by =5% =m( 1+K2X% kX ][ X ]M{ XK kX ][ X ]_m kXX 4+ XY — ghX =( 0 )z Fy”
o _dL kX 1 Y S N RN W 4 St 0 FCov
Py ~ay deatecly -~ Y
_9dL . 2 o2 ’ Feov
X Tox |_ (sz)( kX_JLX}r . k)fXJrgkX _(O]_ X
a R .. C 7 ! v . 2 S _ -
Py —5v I kX*+s Ol E”
o, B N T A e e
py—3% - < (1+k2X2)X+kXY+ k2XX2+gkX oy _( 0 ]_ Fy
py —3% e s aYscIvg ¢ 0 FE

e v48 to get contra- (Rlemann) gquations. (Contra-force- F

(inverse of Y4B)

- aL RS (inverse of Yup) 5 ‘ Y
l( | kX ] Px ~5% _( X ){ I kX } KX (kX +2) _( 0 }_ Foon
m\ —kX 1+k*X2 by gé Y —kX 1+k*X° kX %+ g 0 .

— gy =%

2
24

( c) GCC E-vectors
A/

\

TS zero until we turn on constraint ¥Y=cons.)
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Find: Lagrange equations from Lagrangian

(metric )

L=T-V-= m[2(1+k2X )X > +kXXY+ y?

— gy -&

2

x|

( c) GCC E-vectors
A/

\

: oL ‘
2 2 9L !
Px Al 1+k°X° kx| X |} ox (15t Lagrange equatzons) p =2k
Py kX 1 Y o7 A
(metric “~4p) oL
di [ 1ek2x? kx| X 13 (2" Lagrange equations pn‘;\:g—m +F O
= — . — K 5 q
dt ORI
..... . oL o) o) ..
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX1 jdi Y at\  kx 1 Y JL _g,x
No constralnts added yet to these; equatlons (only grav1ty in L) so covartant f
. JdL ..: g N N co
[ by =5% =m( 1+K2X% kX ][ X ]M{ XK kX ][ X ]_m kXX 4+ XY — ghX =( 0 )z Fy”
9L o1 ¥ kX 0\ Y e 0 Fe
Py ~oy el -~ Y
. oL .
Pxy ~3x :m( 1+k2X kX J( X )4_ - k2H2+gkX _( 0 ]_ F)C('OV
. a S “~~ . .o ' .~ . 2 ' —_— —
Py =ar A g o) | B
o, B N T A e e
py—3% - < (1+k2X2)X+kXY+ k2XX2+gkX oy _( 0 ]_ Fy
py —3% kXX + Y+ kX g 0 FE
Use 48 to get contra- (Rlemann) gquations. (Contra-force- F TS zero until we turn on constraint ¥Y=cons.)
(inverse of ~y4B) - oL too (z_nverve of Y48) ) X
1 ( I ] Py =ox :( bt H R ] KX (kX +2) :( 0 ]:
. 2 2 . oL Y el 2 2. o) Y
KX 1+k°X Dy —5¢ Y X 1 REX kX +g 0 on
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Find: Lagrange equations from Lagrangian L=T-V = m[ 51+ k2X )X + kXXY + Y?—gV —%k Xz}

(metric )

. oL ‘
p 2 2 Y \ aL
X 1HECXT kXX ) ax (15! Lagrange equatmns) L p =5
QL ) m a - m
p kX 1 Y aY ' ' q
(metric ~y4s) 9L :
. 0L nd : K -\ _dL cCov i
by |_d e kx ( be ) (% (2" Lagrange equations)), pm““—aqm +£,"
; oL
dt \ kX 1 Y V% ‘ :
TN TR . oL ) [
_ | XY R |4l X | Al 14X kY || X || ox |o,,| KX HRXY S gkX
kX 1o )di\ Y dt| kX 1 Y 9t _g/
No constralnts added yet to these: equatlons (only grav1ty in L) so covariait force " is-zerd(Fy” =0=F;""
. oL _.: a _ _ . 2 - 5 N [reov
Px“ox |_ | 1+k°X% kX || X |, | 2K°XX kX || X |_ | KXXTHEXY-gkX | [0 |_| "x
pY —gIL, kX 1 )4 kX 0" Y Y _g 0 F;ov
e e (Cf"jcel)';' () GCCE-vecio/is
. oL . T :
o _9L I Crv2, a B cov
Py oy kX * 1 - Y kX +g' 0 Fy
el S " \
Y P T AN e e
Px—ox | RO, (1+k2X2)X+kXY+ k2XX2+gkX _( 0 ]_ Fy
i oL 2 ’ B a cov
py —9% XX+ Y+ kX g 0 Fy

Use 48 to get contra- (Rlemann) gquations. (Contra-force- F TS zero until we turn on constraint ¥Y=cons.)

(inverse of Y4B)

L . ‘ . (z_z_werve of Y4B) ) 5 d ¥
1 1 —kX pX oxX | _ X .. kX(kX +2) | 0 |_ Fcon
_ 5 s . aL = 7 T (]Céz}z}celaltzonlé) XZ 5 = 0 = v
—kX 1+k°X Py =37 + Z k)’(/,""g con
. 9L . N 3} x ) .
l[ 1 —kX } Px —ox _ [ X )4_ 0 . X . ( 0 ] . Fcon x=0=X
_ 2 2 aL - . S .'2»' - . . 2 - — y
kKX 1+k7x Py —5y Y kX T8 Y+kX tg 0 Fcon
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Some Ways to do constraint analysis
Way 1. Simple constraint insertion
Way 2. GCC constraint webs

Find covariant force equations
_) Compare covariant vs. contravariant forces
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Constraint force components are covariant

Frictionless constraint forces have
. cov
covariant components  Fp

F=FEY + FOE" = FOVX + FEOVY

(F4 are coefficients of normal vectors E4)

General case repeated from p.34

Py 1+ K2X2) X + kXY + K2 XX+ gk
=m
py 3k XX + ¥ + kX P+ g

Frictional force components are contravariant

Frictional or driving forces ha\/?4
contravariant components  Feop

_ X Y _ X oOor Y Jdr
F_FconEX+FconEY_Fcon oX +Fcon Y

(F4 are coefficients of tangent vectors E4)

(c) GCC E-vectors

NP
X q
KA
N EX
FCOV \ / x
| N/
i .
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOv contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=FyE° +F,7E =Fy VX+FY VY F=F E v+ Ey=F_ > +F. 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E,)

Frictionless constraint of mass m by parabola Y=const.
1s normal to parabola (along its gradient VY.)

F(Y = const.) = F*"E* + FEVE”
=0-VX + FOVY

=0-E + FEEY

(c) GCC E-vectors

N g b
=
N A./
General case repeated from p.34 7 EX
_ ) y . cov el P X
Py 1+ K2X2) X + kXY + K2 XX+ gk F& X 4
o |7 T, = o N~
Dy 5y XX +Y+ kX +g Fy
N
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOv contravariant Components Fcon
_ covp X coveY _ cov cov X Y _ ~X or Y or
F;FX ? +fFY lE _EF;X V‘X_|_FY VY F;_FCOJIZ}EX_I;FconEY_f)wn oX +Fcon )4
1 are coefficients of normal vectors E4 F4 are coefficients of tangent vectors E4
o . a (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \
1s normal to parabola (along its gradient VY.) |
_ _ pecovp X Y Y]
F(Y =const.)=Fy, "E” + F}fovE
=0-VX+ F2VY -
— . N
X covpY N |
=0-E° +F,'E
e NF
So constraint requirements in coyarlapt equations %
are Fy/V=0 and F%"#0 . (with: Y=0=Y ). V=0=7V

General case repeated from p.34

Py 5% 1+ K2 X)X + KXV + k2 XX+ gy Fy
= m =
py 3k kXX + 7 + kX 2+ g FE
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces hava
covariant Components FgOV contravariant Components Fcon
_ pcovp X covpY _ cov cov X Y _ ~X or Y or
F;FX ,E +fFY lE _EF;X V‘X_|_FY VY F;_FCOJI;EX_I;FconEY_f)con oX +Fcon )4
1 are coefficients of normal vectors E4 F4 are coefficients of tangent vectors Ey4
L : - (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \ B/
1s normal to parabolaX(along 1;8 gradient VY.) L ¥
. __ Ccov cov
F(Y =const)=Fy "E* + Fy 'E
=0-VX+ F;°"VY .
- Y N EX
X covgpY N X
=0-E° +F,”'E
e N/
So constraint requirements 1n coyarlapt equq.tlons |
are Fi7¥=0 and F°"#0 . (W_l_t__l_l_:___Y: 0=Y ). Y=0=7
"""""""""""""""" P T 2 yyi2 2
(14 K2X2) X+ 0 T2 XX 2+ gl (R B o L
m Lo = Lcov 1+k°X 1+k°X
XX +H0H kX 2+ g by
,\
FINALLY ! We get the Way 1. solution of p.12
Recall: x=X
.2
.. kT —g
General case repeated from p.34 X=X = > - kx
"""" . 1+ k%x
Py 5% (1+k* X*) X + KXVt k> XX+ ghX Fy”
=m SRIEE =
by 2L XK 4T kg R
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ covp X coveY _ cov cov X Y _ ~X or Y or
F=F,"'E° +F,7E" =Fy, "VX+F,7VY F=F Ey+F E,=F_ - +F,_ 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E4) GCC E
Frictionless constraint of mass m by parabola Y=const. (<) \ ”V;tors
1s normal to parabola (along its gradient VY.) L v
F(Y = const.) = F*"E* + FEVE”
=0-VX+ F?VY .
o Y N EX
X covgpY el P X
=0-E° +F,'E
ewenwe N
So constraint requirements in covariant equations %
are Fi7¥=0 and F°"#0 . (W_l_t__l_l_:___Y: 0=Y ). Y=0=Y
"""""""""""""""" P T ) 2 yy2 2
(1+ K2 X)X + 05 K2 X2+ glex R i = AT KTy
m , :" . = cov 1+k X 1+k X
XX +H0H kX 2+ g by
"
F= FEo EY
.............. _).
= m(kXX +0+ kX +g)£ | ] Recall: x=X
2
kit —g
General case repeated from p.34 X=X = > - kx
"""" . 1+ k%x
Py (+ k> X)X + kXVi+ k> XX+ ghX F
=m L =
py 3k kXX +V i kX g FEo
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FgOV contravariant Components Fcon
_ covp X covpY _ cov cov .4 Y _ ~X or Y or
F=F,"'E° +F,7E" =Fy, "VX+F,7VY F=F Ey+F E,=F_ - +F,_ 5y
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E4)
o : - (c) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \ B/
1s normal to parabola (along its gradient VY.) | v
_ _ pecovp X covgpY Y|
F(Y =const)=Fy "E* + Fy 'E
=0-VX + FVY .
o Y N EX
X covpY el P X
=0-E° +F, 'E
wene N
So constraint requirements in coyarlapt equq.tlons %
are Fi7¥=0 and F°"#0 . (W_l_t__l_l_:___Y: 0=Y ). Y=0=Y
---------------- ) 2 1y2 .2
(1+ k> X)X + 045> XX >+ ghX e R S . H;gsz S Sk
m - = cov I+k°X I+k7X"
KXX +0+ kX +g Fy
"
F= FEo E'
.............. _).
- m(k)ﬁ_){‘-l—()ﬁ-"k)_(t_-_k_% [ ] Recall: x=X
e T R )
_ | o g) | (kP o)1+ k2K (—kX] e -8,
1+k2X2 1+k2X2 1 2 2
1+ k“x
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Constraint force components are covariant Frictional force components are contravariant

Frictionless constraint forces have Frictional or driving forces have,
covariant Components FCOV contravariant Components Fcon
_ peovep X covgY _ pcov cov X Y X or Y or
F=F,"'E° +F,7E" =Fy, "VX+F,7VY F=F Ey+F Ey=F_ = +F v
(F4 are coefficients of normal vectors E4) (F4 are coefficients of tangent vectors E4
o : c¢) GCC E-vectors
Frictionless constraint of mass m by parabola Y=const. \
1s normal to parabola (along its gradient VY.) -
F(Y = const.) = F*"E* + FEVE” u
=0-VX + F°"VY 1
N |
—0-EX + FEEY ‘ R\/
. . : : : N
So constraint requirements in covariant equations
are Fy7Y=0 and Fy?" #0 (W_l_t__l_l____Y 0=Y ). Y=0=Y
------------------ 2 yy2 2
A+ k2 X)X +0F kXX 2 akx (R R y=_F H;gsz _ "'X;g kX
m 5 cov I+k°X 1+k°X
kXX +0+ kX +¢2 Fy
,\
F= FEo E'
—m(m+0+"k)_(_2_-_|—_g)[ ];X ]
(—h ) | o1k ( kx .
1+ k> X2 1+ k2 X2 1 .
- . Centripetal
[ Fx ] = {;[ 3 U ______________________ force mkv’+mg L L4y
. . il s
Y MRS ) atx=o (what roller-coaster rider feels at bottom) —° . “°

= kX2 + kXX + Y (= kX? +Y for X =0)
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Other Ways to do constraint analysis

=) Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

. 2 2, .2 2, 22 _ 4
2 v +i2uy ro=zxz=x"+y" = +v°) =u

u=0.3 u=04

u=0.2 .."Q ’
u=0.1 ./. !

+ v4 + 2u2v2

z=x+iy=(u+iv)2=u
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)
4

. . N2 2 2 . 2 2
z=x+iy=(u+iv)" =u"—v~+i2uy ro=z%z7=x
x:uz_-—vz _______________
y=2uv"
r::lf24-v2

u=0.3

u=0.

u=0.

()

~

+y2:(u2+vz)2:u

u=Q0.4

u=0;

+ v4 + 2u2v

=y
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Way 3. Parabolic OCC approach

. 2 2 2 2 2N\2
2 2+12uv ro=z¥z=x"+y" =W +v°) =u

-
-

___________________________ u=0.3
R
X=U ~.\~‘~/t ________ —2:’ > > u=0.2
y=2uv" L 2u =r+x=\/x +y" +x
g u=0.1

4

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)
4
+v' +2u

2\/2
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Way 3. Parabolic OCC approach

. . N2 2 2 . 2 2 2 2 2\2 4
z=x+iy=u+wv) =u—v- +i2uv ri=zkz=x"+y =W +v) =u
__________________________ u=0.3
_o2 e
X=U -~ J/l _________ —2:’ > > u=0.2
ey =2uv T 2u =r+x=+x"+y +x
0.1
— 22 2 2,2 u
F=U"+TV 2y =r—x=4x"+y —x

Complex function z=w? or its inverse w=z/? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|? give relations between Cartesian (x,y) and OCC(u,v)

+v* +2u

y2 = 4u*v? = 4u* (U —x) !

=4t =4 (VP +x) |

Gives confocal parabolics
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

- .22 2 2 22,2, 22
z=x+iy=u+wv) =u—v- +i2uv ri=zkz=x"+y =W +v) =u
__________________________ u=0.3
----- X = u2~£v2 _”____.-—""‘——
. yzzuv """"" =2u2=r+x=\/x2+y2+x

+v* +2u

Gives confocal parabolics

(a_xa_x)‘ ------------------------- du du 2u  2v
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
dy dy Y +2v  2u N v £ 4(u2 +V2)
du Jv ox dy
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
4 2
+v 4+ 2u”v

4 2

2

=z7%7=X +y2:(u2+v2)2=u

u=0.3

2
_____ r

-
- PR
-
- -

- -
-----
-----
- -
—————
—————
- -
_______
- -
- -

----- X = l/tz.,—\ v2
ey = 2uy T 2ut =rx=AlxT 4y
r=uttYT 2yt = p—x=x+y —x

Gives confocal parabolics

) y2 = 4y*y? = 4\/2(\/2 + X)

B I T B w 42
ou dJv :( E E, ):( 2u  2v J ox dy B | —2v  2u
Jdy dy +2v  2u v v B’ 4(u2+v2)
Ju dv a_x a_

. . y . L
Metric giw=E.*E, and g%’ are diagonal. Lagrangian L uses g.,=0u4r. Hamiltonian H uses g*/=0""/4r.

2 2
g :Eu.Eu: Ev.Ev =g, = Qu-+4v- =4r guu —F4EY=E R’ = gvv _ : ;
4u+4v-  4r

guv:Eu.Ev = EV.EU = gvu = O O

gl/lV :EM.EV — EV.EM — gvu
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

z=x+iy=(u+iv)2 =_u___2__.—v2 +12uv r’ =z*z=x2+y2 :(uz+vz)2 =u* +v +2u%?
"""""""""""""""""""""""""""""" u=0.3
..... x=ut=V?
ey = 2uy =2u2=r+x=\/x2+y2+x
2.47,,2 2, .2

Gives confocal parabolics

B T T R o 2 2
ou dJv :( E E ):( 2u  2v J ox dy | [ E* | \ -2v 2u
dy dy Lo +2v  2u N v £ 4(u2+v2)
ou dv 9x ov

. : Y .
Metric g.w~E.,*E, and g*” are diagonal. Lagrangian L uses guv=0u4r. .
L= %l(gabqaq'b) -V=7 (guub'tz + gvv\'/z) —V =2m@* + vz)(bff v -V

g,~E E =EE =g = qu +4v° =4r

guv:Eu.Ev = EV.EU = gvu = O
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. .22 2. 2 2, .2 2, .22 _ 4, 4 2 2
z=x+tiy=(w+iv) " =u" —v- +i2uy ro=z¥z=x"+y = +v) " =u +v +2u’v
——————————————————————————— u=0.3
----- X = uzf:vz
ey = 2uy T 2ut =rx=AlxT 4y
r=uttYT 2yt = p—x=x+y —x

Gives confocal parabolics

) y2 — 4y*y? = 4\/2(\/2 + x)

A R T R W 2
ou Jv :( E E, ):( 2u  2v J ox dy _| E* |_ —2v  2u
2y 2u dv  Jv E 4(u2+v2)
Ju Jv a_x a_

. . y . L
Metric giw=E.*E, and g%’ are diagonal. Lagrangian L uses g.,=0u4r. Hamiltonian H uses g*/=0""/4r.

L= %l(gabqaq'b) -V=7 (guub't2+gvv\>2) -V =21;1(u2;—\>2)(u2+v2)—v
p, T D,

uu 2

2
p,+g p)+V=

1 b 1
H=; (8“p.p)+V=5 (g

-
-
-
-
-
-
-
-
-
-
- -
-
-
_____
-
-~ -
-
-
-
- -
- -
-
-
-
-
- -
-
-
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
> Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)
Z=x+iy=(u+iv)2=_u___2__.—v2+i2uv r2=z*z=x2+y2:(u2+v2)2:u4 22
u=0.3

+v* +2u

-

- PR
-

- -

- -
-----
-----
- -
——————
—————
- -
- -
-
-
-

: ) > u=0.2
ey =2uy T 22Ut =rAx=ax"+yT +x

[ .° el

1 ! ~

"

"

u=0.1

~o
~
~
~
-~
~a -
-~

~eao
~

-~
~
~
~
~
~
~ s
~
~
~

(ox o) W o | T fzu ~"+‘2v~~}
R R I e e e A
dy dy T | os2v 2w v dv E’ 4(u2+v2) U ) yd
N v dx dy

au . 8\/ . . ..:::::.z. . .
Metric giw=E.*E, and g*” are diagonal. Lagranglan L uses guww=0w4r. Hamiltonian H uses g"'=06""/4r.
m .a . b m %) %) 2 22 2 RN
L=7358,949) V=73 (gu +g,v) =V =2m@" +v")u"+v)=-V e

2 2
p, t P
2

uu 2

1 b 1 2
H=; (8“p p)+V=5 (&"p, +8" p))+V =

+V Stark-Coulomb potential

8m(u® +v?)
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. . 2 2 2 . 2 2 2 2 2\2 4 4 2.2
z=x+tiy=(w+iv) " =u" —v- +i2uy ro=zxz=x"+y" = +v) =u +v +2u’v
-------------------------- u=0.3
_ 2o e
v V """ 5 5 u=0.2
ey =2uvT ’:::=2u'2‘~=.f+x=\/x +y  +x
% 5 u=0.1
EE Fr=EuTt Ve 2 V2:r—x:. xzu-tyz_x
y2 — 4u2v2 — 4u2(u2 _\.'X:.)._E ......... . .\\\. .
s 5 o o i Qives confocal parabolics
=4 =4 + v T R
y u-v veovt+x)r o T -
7 o doduw | T fz 25 ]
ou v 2u 2v dx dy | | E* |\ 2v 2w ) o Tw v
:( £, E ): - B 2, 2\ 2
dy dy v +2v  2u v dv E 4(u +v ) SVl e yd
u ov dx dy

du v , i IR .
Metric giw=E.*E, and g*” are diagonal. Lagranglan L uses guw=0u4r. Hamiltgnian H uses g*v=0""/4r.

m .a.b m .2 2 2 2N 22 RS
L=5@g,99)—-V=75(g,u+g,v) -V =2m@@" +v-)u +v-)-V e
pi + pg V=ex+kir
> +V Stark-Coulomb potential

uu 2

1 b 1 2
H=; (8“p p)+V=5 (&"p, +8" p))+V =

8m(u® +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb'l,eﬂiﬁfo u and. v parts.
k ko
Au* +v)E =4 (p>+p2)+4u® —vHe+4k for H=F and: V=gx+—=¢g(u’ —v*)+ ——

r u? +v°
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Way 3. Parabolic OCC approach

Complex function z=w? or its inverse w=z/"? of complex variables z=x+iy and w=u+iv.

Expansion of z and then absolute square |z|° give relations between Cartesian (x,y) and OCC(u,v)

. N 2 2 . 2 2 2 2 2\2 4 4 2.2
z=x+iy=w+iv) " =u’ —v"+i2uv ro=z¥z=x"+y =W +v) =u +v +2uv
-------------------------- u=0.3
_o2 vy e
A= V """ > > u=0.2
ey =2uv ~jj:=2u'2‘~=.Jj+x=\/x +y~ +x
2 2 u=0.1
Fr=EuTt Ve 2 V2:}"—x:. x%:liyz—x
vyt =dutv = 4wt (= X) e LT ,
S, ., 5 ., i (ives confocal parabolics
' =4 =4 + v T R
y u-v vevT4x): o T
2 ox o | fz z}
e Il B B I S l:fx“\" )
dy dy S\ 2y 2u v dv E’ 4(u2+v2) v ) /)
P dx dy

Ju _dv
Metric giw=E.*E, and g*¥ are diagonal.
L= %(g,q°") -V="2 (g, u"+g,v°) -V =2m@*+v*)u*+v*)-V

~a
-~
~
~
~
~
~
~
-
~
~ ~
~ ~
~ ~o
~
-
~
~
~
~
~
~
~
~ o
~

1 ab 1 uu 2 w2 _ plf_l_p\% V:8X+k/l” .
H=;, (& p,p,)tV =5, P, +8 p)+V= S 1 v7) +V Stark-Coulomb potential

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and Sepamb/l,eﬂiﬁfo u an('i,ov"parts.

——
’

u? +°

______ a consStant, Together they sum to zero total energy 0=h,+h,.

S R
» hu + hv

k .
A’ +v)E=4 (p>+p2)+4u* —v)e+4k for H=F and: V=gx+—=e(’ —v*)+

~~~~~~
-~ ~
- ~
~~~~~
Smaa,l ~
.

Lol N
-

Each sub-Haﬁiitqniaﬂ part

_ l 2_ 2) 4 Tl Ty el g
0=, p, —4Eu”+4¢u

omPy
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
== Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L="(g,q") V=" (g i*+g v -V =2m@*+v*)u*+v?)-V
p§+pf V=ex+kl/r
> +V Stark-Coulomb potential

uu 2

1 b 1 2
H=5, &"p,p,)+V=5,&"p,+8"p))+V =

8m(u’ +v?)
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and v/parts.

4(u” +v*E :2%71 (pi +p5)+4(u4 —v e+4k for: H=F and: V=ex+—=e(u” —v>)+ 7
r u - +v
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable iI},tO'/u and \{,"i)arts.

k k
4(u?~ +v7)E =2%% (pj + p5)+4(uft — Vf)8+4k for: H=E and: V = ex + — = &(u” — \/2)+T'—2
\.\ ________ ,:'“ \\\ :' "\\\ ’~\\ r u + V

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

-
~ e
-
-

-
~a
-
-
~ao
~ e
.....
~aa
-
-
-~

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v
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Metric gw=E.*E, and g*’ are diagonal. Lagrangian L uses g,,=0.4r. Hamiltonian H uses g*'=0""/4r.

L= %(g,4°") -V="2 (g, i°+g,v°) -V =2m@* +v*)u*+v*)-V
p5+p3 V=ex+kl/r

I 2 | |
" > +V Stark-Coulomb potential

1 b 2
H=; (“p p)+V=5 ("p, +8" p))+V=

8m(u’ +v?)

For a Stark-Coulomb potential Hamiltonian (H=E) is constant and separable in,to"'u and \{,"i)arts.

N 2
r u-+v
______
______

Each sub-Hamiltgnian pait-#.-4nd A, is a constant. Fogether they sum to zero total energy 0=h,+h,.

2

-
~ e
-
-

k k ;
AU’ +v)E=4 (p7+po)+d* —vHe+4k for H=E and: V=gx+—=e(u’ —v’)+——

-
~a
-
-~
-
~ e
.....
~aa
-
-
-~

102 2 a4 b2 T 2 a4 i
0=, p;—4Eu” +4eu +  5ops—4Ev —4evi+4k = h + h

v

Zero Stark-field (e=0) gives hy, or i, harmonic oscillation if £<0. It’s unstable or anharmonic otherwise.

oh oh . Oh

h
hu=—— =—8Eu+16ew’ = 3 =Pl p,=-=r=-8Ev-l6ev’ V=3

1%

=p,/m
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
=) Vay 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

—

S

NANINAN

\
\
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl :1§ kxz —y= 0 (Back to “Stupid-Parabolic” GCC)

----------------------------------------------------------------------------

Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F o V¢!)
(c¢) GCC E-vectors

——
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl :15 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

----------------------------------------------------------------------------

Imagine this is a coordinate line. Its normal constraining force F is along its ¢'-gradient . (F o V')
“(c) GCC E-vectors

F=AVel = AVG k' ~y) =4 :zg :;{ I—CXJ §§§\
NN
N
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl :15 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

----------------------------------------------------------------------------

Imagine this is a coordinate line. Its normal consteaining force F is along its ¢'-gradient . (F o V')
“(c) GCC E-vectors

F=AVe' =Vl i? —yy=a| & =){ ke ] Qk
! -l \\\
%) N
y N5
Proportionality factor A = Flc 1s a Lagrange multiplier. \\\\t ;
]
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F 1s along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

F=AVe' =Vl i? —yy=a| & =){ ke ] Q\
! -l \\\
%) N
y N5
Proportionality factor A = F “ is a Lagrange multiplier. \\\\t ;
]

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢!(x ,Y) =const. was a coordmate line causing a constraint force F=F CVC
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ —gradlent (FocVel)
oc’ “(c) GCC E-vectors

g A\

F=AVe' =Vl i? —yy=a| & =){ ke ] Qk
! ! \\
dy

Proportionality factor A = F “ is a Lagrange multiplier. \

S

NI

N
N
N

N
N

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

Tuesday, November 11, 2014 68



Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl :15 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

----------------------------------------------------------------------------

Imagine this 1s a coordinate line. Its normal constraining force F 1s along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

F=aVel = V(4 il —y)=4] & :Z,( ke } Q\
! -l \\\
0 N
y N5
Proportionality factor A = F “ is a Lagrange multiplier. \\\\ 1
|
\\/

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

A H ]
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl :15 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

----------------------------------------------------------------------------

Imagine this 1s a coordinate line. Its normal constraining force F 1s along its ¢ —gradlent (Foc Ve
“(c) GCC E-vectors

F=aVel = V(4 il —y)=4] & :Z,( ke } Qk
! -l \\\
%) N
y N5
Proportionality factor A = F “ is a Lagrange multiplier. \\\\ ;
—
\\/

It 1s like a covarlant constraint component F; of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —-mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F "Vc

A H ]

Constraint function y=1/2kx? has derivatives y = kxx and ¥ = k(x? + xi).
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate hne Its normal constraining force F is along its ¢ -gradlent (FocVel)
“(c) GCC E-vectors

oc!
£ - \\\ %
F=AVc = AVE k* —y) = 1 =){ 1 } X

oc! \
B NG
\\/ |
Proportionality factor A= F" is a Lagrange multiplier. N\ // *
NP
N

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

(m ) (z;_}(mk:imj (52

-~
-~
~
-
~
-~
-
-~
~o
-~
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc!
o | o[ & N\
F=AVc =2V ke —y)= A =){ 1 ] X

oc! \
Bl NG
\\/ |
Proportionality factor A= F" is a Lagrange multiplier. N // *
NP
N

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

mx kx 0 mx _ mx Akx | 0
my =4 1 | | mg my mk (> + xx) -2 mg  J--weremees ':
~~~~~~~~~~~ mk(x* + xx) = —A— mg te-e--es
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc’
. \\uP:
F=aVe' =Vl —yy=a] % |=a] & \ X
oc! = N\
dy § X
AN X

Proportionality factor A = F “ is a Lagrange multiplier.

N
N
N

N
N

\k\ \

\
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

mx kx 0 mx _ mx Akx | 0
my =4 1 | | mg my mk (> + xx) -2 mg  J--weremees ':
~~~~~~~~~~~ mk (%% + x¥) = —2 — mg te-e--es
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

oc’
. \\uP:
F=aVe' =Vl —yy=a] % |=a] & \ X
oc! = N\
dy § X
AN X

Proportionality factor A = F “ is a Lagrange multiplier.

N
N
N

N
N

\k\ \

\
It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T mk (%% + x¥) = —2 — mg te------ :
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

ac!
F=AVe' = AV ke? - y)= 1 aa:l =){ ’_"‘1 ] \\i g X
» st/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\1 ;// ‘ X
N~

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T mk (%% + x¥) = —2 — mg te------ :
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gréldient (Fec Vel
“(c) GCC E-vectors

ac!
F=AVe' = AV ke? - y)= 1 aa:l =){ ’_"‘1 ] \\i g X
» st/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\1 ;// ‘ X
N~

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constraint force F
to become mf=F-mg=F-mg with constraint : F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T mk (%% + x¥) = —2 — mg te------ :

1+ k2x2))’c' = (—ki* — 9)kx
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Lagrange multiplier approaches

Lagrange multiplier or A-method. The constraining parabola y=1/2kx’ is defined as follows.
Cl 1 kx2 —y= 0 (Back to “Stupid-Parabolic” GCC)

Imagine this 1s a coordinate line. Its normal constraining force F is along its cl—gradient (Fec Vel
“(c) GCC E-vectors

ac!
F=AVe' = AV ke? - y)= 1 aa:l =){ ’_"‘1 ] \\i g X
» st/ EX
Proportionality factor A = F “ is a Lagrange multiplier. \\\\1 ;// ‘ X
N~

It 1s like a covarlant constraint component F of a contravariant vector E'=V¢!
that arises if ¢ (x ,Y) =const. was a coordmate line causing a constraint force F=F CVC

The Newtonian-Cartesian equations mi = —mg add constralnt force F
to become mif=F-mg=F—-mg with constraint: F=F ch

SRRCELIEEECITEEEED mx kx 0 mx _ mx Akx _ 0
ny =4 -1 ) mg my mk(x t xx) -2 mg )--=--meme- r
T T T mk(i% + x¥)= -1 — mg. e -

. . .o —g
(1+k2x2)x=(—kx2—g)kx X = 1+ k242 kx
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
=y [ agrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

9 H . d.C
o,H | 7| 9,C
Ax+ By _1 X
Bx+Dy | y

Extreme cases occur only at contact points
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC
Jd_H d.C
— 1
d,H d,C
Ax+ By _1 X
Bx+Dy | y
This amounts to a A-eigenvalue-eigenvector equation

A B
( B D ]( i ):A [ ; ] (More about this in Units 4-6)

Extreme cases occur only at contact points

(Perhaps, this 1s why we often label eigenvalues A with a Greek “L”)
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Lagrange multiplier basics

Suppose you need to find maximum of H=(Ax’+Bxy+A4y?)/2 subject to constraint: C=(x’+y?)/2=const.

By geometry you are finding the largest ellipse (1f A>B>0) to centactthecircle C or the smallest.

The contact points satisfy
gradient proportionality equations:

VH=A1-VC

Jd_H . d.C
o,H | 7| 9,C
Ax+ By _1 X
Bx+Dy | y
This amounts to a A-eigenvalue-eigenvector equation

A B
( B D )( i ):A [ ; ] (More about this in Units 4-6)

Extreme cases occur only at contact points

(Perhaps, this 1s why we often label eigenvalues A with a Greek “L”)

Eigenvalues \ are extreme matrix “own’-values (1| M|10) subject Norm-constraint (\|1\)=1

Tuesday, November 11, 2014



Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues

= \[ultiple multipliers
“Non-Holonomic” multipliers
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ o 9g*  9g* ax/ agt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

(o ) [ g
bood o’ oL oc
oL |=| joc pp——=A——
2 9’ ;Laqz aqk aqk
\ J \ J
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Lagrange multipliers also work for constraints c(g*) = const. that cut across GCC lines.
It is only necessary to express the gradient of ¢(¢¥) in terms of the GCC using chainsaw sum rule.

. J
cha_c.éfziEk dc dc_ox! dc  or Bc:Ek.VC

ox’ o~ 0" 3" 3 ax’ gt or

Then the Lagrange equations for each GCC ¢* will share a A-multiplier on its c-gradient component.

a oL \ /'LQQ A
1 _a 1 o) 1
4 g oL Jdc
oL = dc P, ———F=A——
A k
\ J \ J
Two or more constraints ¢ (g¥)=const., ¢*(¢g*)=const.,.-- add two or more terms to the equations.
q
[ aL\(Aacl\(la&\
P15, I 9g' 2 94’ , oL 1 ac’
_ Pk~ =AY —
. JdL |= Lo+ 2 |+, k k
\ )\ J \ y
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Other Ways to do constraint analysis

Way 3. OCC constraint webs
Preview of atomic-Stark orbits
Classical Hamiltonian separability
Way 4. Lagrange multipliers
Lagrange multiplier as eigenvalues
Multiple multipliers
“Non-Holonomic” multipliers
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials General differential constraint relations
1 1
0=dc' =9 dg' + 2 a + .. 0=Cldg' +Cldg* +...
o' oq”
q q
2 dc” 1 dc” 2 2 51 2,2
0=dc :—1dq +—2dq +... 0=C;dq +Cidq™ +...
dq dq
: Constrained equations of meotion
. oL ot . oc? . oL
pl——1=/11—1+/12—1+... pl__1:A'1C11+2’2C12+"'
dq dq dq dq
oL oc' dc* oL
pz—;zlla%+/lza%+... p2—8—2=l1C5+12C22+...
q q q q
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations
oc’ oc’
0=dc' =—dq' +—dq° +... 0=C,dq' +Cldg* +...
dq dq
dc” dc”
O:dczz%dql+%dq2+... O:Cqu1+C22dq2+...
dq dq

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 1aq1 28q1 1 8q1 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laqz 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢? surface functions.

Integral constraint differentials

General differential constraint relations

1,1, 02
. 5 0=C,dq +C,dg~ +...
dq dq

O:Cqu1+C2dq2+...
Bql aqz 1 2

Constrained equations of meotion

_ . oL 1 2
p——=A—t A, —+... p——=AC, +A,C +...
| aql 18q1 28q1 1 aql 11 271
oL . o' . o’ JL ! 2
PRI Y R = A ACE
2 aqz laqz 2aq2 2 aqz 12 2V2

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint.

I guess that means that integrable ones are Zolonomic. (But why do we need the bi ZL2CI words?)

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* - dg~ g’
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Constraints may be determined by differential relations that are not integrable.
Lagrange methods use differentials and do not need integral ¢ surface functions.

Integral constraint differentials

General differential constraint relations
1 1
0=de' =2 ag' + 2 ag? 4. 0=Cldg' +Cldg? +...
1 2 1 2
dq dq
2 2
O:dczza%dq1+aiqu2+... O:C12dq1+C22dq2+...
dq dq

: Constrained equations of meotion
. oL, dc' . oc . oL
p——=A—+A,—+...

aql aql aql Dy —a—qlz /'LlCll +2,2C12 +...
) oc! oc? . oL
Pz_gz%g‘Flzg‘lﬂu p2—$=/11C5+2,2C22+...

If a differential can’t be integrated to give a constraint function 1t’s called a non-holonomic constraint

I guess that means that integrable ones are Zolonomic. (But why do we need the bi ZL2CI words?)

A requirement for integrability (or “holonomicty”) 1s that double differentials are symmetric.
0°c” 9°c”

dq’9g* - dg* g’

Force components F/ =§9: = ¢? must satisfy reciprocity relations to be gradients of a ¢’ function.
q

Integral constraint differentials General differential constraint relations
oF B 9%c’ B aFJ?/ doC!  mayor 8C}/
aqj a E)qjaqk B aqk aqf may not be aqk
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