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Analysis of 1D 2-Body Collisions: Reflection groups

(Ch. 2 to Ch. 4 of Unit 1)

Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, ['Etrangian, and Hamiltonian mechanics in Ch.12
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cés, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/m>=7 and (M;=100, M>=1)
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Review: Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Multiple collisions calculated by matrix operator products

el (17X OF [ENSOF algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products

COM
V

coMm
V

T-Symmetry & Momentum Axioms give: yeow _ V" +V" _my, +mzvz( 1 )=
2 m, +m, 1

Gives vV in terms of vV. ..

IN IN
vFIN 2VCOM _ vIN 2 -V,
1 1 _ m,+m,
FIN COM _ . IN N N
2
m, +m,

/60
10

\7

N—

10 20 30 40 50 60 70 80 90 100

|



Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
——)  What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Q: What 1s the second solution and to what simple process would 1t correspond?

Example with friction
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Bouncelt Superball Collision Web Simulations
with Low force constant & Zero drag
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

— “Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Review:Multiple Collisions by Matrix Operator Products
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2" quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

———— (;cometry and algebra of “ellipse-Rotation” group product: R= C+M



Review:Multiple Collisions by Matrix Operator Products
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Ellipse rescaling-geometry and reflection-symmetry analysis

—- Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
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Ellipse rescaling geometry and reflection symmetry analysis

o p L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\m, , V,=v,-m, ,symmetrize: KE =;mv, +;m,v, =, V" +; V,

vlFINl i om—my 2m, v, V1F1N1 / /ml 1| m-my 2m, V, /\m,
- becomes: =—
v2F]N1 M 2m1 my, —m vy VZFINI / ,m2 2m1 my —my V2 /\, my

M
v my—m, 2.mm V . viiN2 m; —m 2mm V .
Or:[ 1 } 1[ 1 2 12][ 1 M.V . or 1 zﬁ 1 2 1M V1 —CeMeV
2

FIN FIN
V2 1 V2 V2 2 —2 m1m2 ml - m2

M 2 m1m2 m2 - ml

V2

[11]-tangent
slope
-m /m,= -49

s

\‘\3 //fv7;];e

v 1/1

| Collisions for
mass ratio
21 N4 mim2= 49:1

19 ]

17 S

1S 7
13

9
11



Ellipse rescaling geometry and reflection symmetry analysis
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Ellipse rescaling geometry and reflection symmetry analysis
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Ellipse rescaling geometry and reflection symmetry analysis
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
—l How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7



What ellipse rescaling leads to...
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
e R oflections in the clothing store: “It’s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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Symmetry: It s all done with mirrors!
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Symmetry: It s all done with mirrors!
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Symmetry: It s all done with mirrors!
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Symmetry: It s all done with mirrors!

(a)Reflections ,=(,9), -6,4=(, ] (b)ReﬂeoctionS oz=01), -o5=(57}
y=()A y=(?)n]= -0,y y=(1)[<0,%

x=0,3~() x=()
>




Symmetry: It s all done with mirrors!

(a)Reflections ,=(,9), -6,4=(, ] (b)ReﬂectzonS og=(7 0> -05=(57
y=()A y=Oll=-0,y y=()
X=0, -x=(é) X:(f) )
T :
Mirror plane =
— (edge-on) _ 'GA x
6,y

cos¢ sing

(c) O¢ reflection (qu> cosd
of x-vector: X_(cos

Sing




Symmetry: It s all done with mirrors!
(a)Reflections ,=(,9), -6,4=(, ] (b)ReﬂectzonS 05=(; 1) -05=(’
=4 == -0y
=0 n x=(;)
>

_y=(‘(;) (edge-on)
— A,yv
cos¢ sing

(c) O¢ reflection (qu) cosd
of x-vector: X_(cos ...0f y-vector:

Sing

=-0,X




Symmetry: It s all done with mirrors!
(a)Reflections ,=(,9), -6,4=(, ] (b)ReﬂectzonS 05=(; 1) -05=(’
=4 == -0y
=0 n x=(;)
>

_y=(‘(§) (edge-on) =-0,X

=5, v¥
cos¢ sing
(c) O¢ reflection (sm¢ cosd .
of x- vgctor X_(cos¢ ...0f y-vector: ?
Sin °
Fig.
ﬂ"; 5.3a-¢

cos¢ -sing
(d)Rotatzon R+¢ OpO4= (ym(p cost

IGA acts
]St
AAA




Symmetry: It s all done with mirrors!
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Why reflections underlie all symmetry analyses

They work in 1D, 2D, 3D,......ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily



Why reflections underlie all symmetry analyses

They workin 1D, 2D, 3D,.....,ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

** ... wave reflections underlie modern physics
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
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——- (;roup multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry Ds~Ces, (Resulting for mi/m>=3)
——- (;roup multiplication and product table —
Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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(o 1 O _30° |6600> — 120 30 | >
(o T 1 ' reflected state
6 reflec | 1) ‘./
: plane

Easy to make hexagonal (Ds) symmetry group table:
Example 1: Find G 30°0 _60° = ?

Solution: Find O 30°-plane and state-|O0 -4(°)
Operate former on latter to get: 330°|0-60°) =|I)
That gives answer: G 30°0 -50° =1
Rest of O 30° row, follows:

1 —
1 h Nao i Og Og O,

row 120

I 760 r60
O3 ’ O3 | Oy O, o 1 14| 0g ‘ Os O,
Example 2: Find Y 60°:0 -60° = ?

Solution: Do Y s0°-rotation Y60° |0 -60°)=|0-30°)

That gives answer: Y600 _60° =0 -3()°

180°
flipped state /
0=1]1)

O;

reflection plane

5.)=61 \
reflected state
120°> =

\

/

i

I.60"

O +60°

reflection
wlane

| F 60°> =
rotated state
1)

O +30°

reflection
plane

\ reflected state
=0 |1
Gz:O'OO

W

reflection
1> plane

Initial state

O-30°
O +30° | 7 V= /“ G, )= reflection
reﬂectlon rotated state = reﬂecteT itate plane
plane I o0 1 |6600> = 7600> = O el
reﬂectejl tate rotated state
o il g fla>
G +60° -0 T -60°
reflection reflection reflection
plane plane plane



Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
— (C]qssical collision paths with Dg~Cs, (Resulting from mi/m2>=3)

Other not-so-symmetric examples: mi/m>=4 and mi/mz=7



Collisions for
mass ratio
TS & mi:mz= 3:1
30 -+~ “Generic” initial velocity “Symmetric” initial velocity
(L.

. 1 (v;=1.0,v,=0.1) (v;=1,v,=0) or (v;=1,v f—])
' - S =l N |\ 3
I Yt e N na T T SO0 SRt P
. oot - 1‘ _Jﬁ F os ‘
r e B \ . S | g S 1._:]=. -

I . — & Bouncelt

my = 3:1
(vi. v)=(1. 0.1) (v, v2)=(1. 0) (vi, v2)=(1, -1) mﬁﬂfpmts

Corresponding space-space (y;, y,) paths v2vs v and Vzvs Vi

Bouncelt
mimr = 3:1
(v, v2)=(1, 0.1) (v, v2)=(l. -1) s y2vs y1 plots
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Collisions for

mass ratio
mimo>= 3:1
Space-space (V;, y,) paths |
Bouncelt
Web Simulations
(v, v2)=(1, -1) . (v, v2)=(1, 0) mpmy = 3:1
2 vs yi plots

Spéc'e-lsﬁace (v;»y,) paths scaled down by' IA3...

Scaled y down by
IN3=0.577
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...they’re just straight lines going forever.



Initial velocity vi=1, v2=0
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Bouncelt Web Simulation
mi:mz = 3:1
Estrangian plot V> vs V;

(vi, v2)=(0, 1)

Collisions for

mass ratio
mi:mo>= 3:1
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)

— Other not-so-symmetric examples: mi/ma=4 and mi/m;=7 uuu—



Geometric “Integration” (Converting Velocity data to Spacetime)

(a)
2o 22 %
/
/
1.0 /
7
— /B ng-Z(]Z)
// .5 \ 1.0
/// Vy]
A Bang-31>0)
a 1.0 )‘X
/CZ;Q_"L‘,”/:_ Ba lg-](OI) 5
(b)
Height y

Bang-l(OI)

Bang-3 (20)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) I 1 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 1= ‘/12 + V22 _ x12 + x;
\\ 2KE/M, 2KE/M, a a;
ang-7( 1) > . .
A\ \ . Ellipse radius 1 Ellipse radius 2
;\f a,=2KE/M, | a,=+2KEIM,
_{yBang-12)
A ,4(1,)\ \ = J2KE/7 = J2KE/
Bang;ioo)\ Bang\m\) Vi =+8/7 = /8/1
2) \ B =1.07 =2.83
-ég Zg-l( 1) 7
Fig. 4.7a-d
in Unit 1
D
(d)
y Bang-3p0)  Bang-5 20) Bang-§20)
Cellifg aty7 Collisions for
mass ratio
~ Bang-213) mp:my=7:1
Bang-4(12) ang—6(12)
Bang-Z(]Z) Floor at y=0

Bang—](oj) Bang—7(01)

Time t



Start at

“Gameover
collision”

occurs
way
down
here! %

V(E)/,’

7
7/

(fIA(),—I,()i

7

m2 Velocity axis
14 ym2

(12)

ml
Velocity axis

Vym 1

7
7/

Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3(20)
velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)
Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang-4(12)
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)
Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)
velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)
Step-5: Extend v(5) line to collision point y(6)=(?,?) and draw Bang-6(12)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)

m,-Height

yQ'QXiS, Bang-5.5p  Ceiling aty;=7.1

“oang=o 70

[ A 3p 100]

LA v Suipa)

00
I'L=

Bang-l(()])

ol Floor aty»=0.0 mJ_Helght

/" Heights Vs

‘ y; & y,-axis

Bang-3p0)  Bang-5 5
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V. & V. ,axis 6.0
so|-H )12 5.0
4.0 . 4.0
30 Bang—/Q/(]2) Bang-4(12) Bang-6(12g0 : Ve
. . : ang-
20| 20 poetay N 1
Loy 1.0 Bang-2(13) Time
P 0 b
= ; T'l.me Bang-l(()]) Floor at y=0 XS
ang' (0]) .
L f=aXx1s
Bang-3 (20) Bang- 5(20)

floor is penetrated
bym, .

Collisions for
mass ratio
mipmo>=7:1



Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)

— Other not-so-symmetric examples: m1/m ;= «ueiiiapidisiuma



First part of Exercise 1.4.1 has pen-ball initial values v,(0)=-1=v,(0) Collisions fOV

The ¥/,-¥',-path 7 mass ratio

2
for this problem vand 12 . — .
appears to repeat mijp.m?; 4 . ]
steps 1to 4 in 18
steps 11 to 14 \ \ \
4 .

N,

15™ bounce
is off ceiling
(not like 5 bounce off floor)

h
-

]

But, the y -y -steps 1 to 5
are only a scale model of
steps 11 to 15.

Step 4 hits floor but

step 14 hits ceiling.

©o



TTTTING Collisions for
mass ratio
mipmor=4:1




4\,\..\1\- ST T v Collisions for
/?\/\/\\\\ o mass ratio
\\\\\ 9 D 8‘J
& mi:mz=4:1
4and 14 12()°
U m_
N
Q m—m, m, 3
QD cosf = = =—=0.6
\\\\ metm, M 5
gi\\j 5 2
A 0 =53.13°
m, l+cosf sin’w >
= =———=tan"«
m, 1-cos@ cos’o

o =0/2=26.565°

m, l+cos@ 8/5
m, 1l—=cos@ 2/5

-120° 0
-60\/&




The V,-V,-path 3
for this problem

repeats steps 0 to 12
(more or less!)

10,23....

V2 axis

8,21

1,14,...

2nd part of Exercise 1.4.1 has pen-ball initial velocity values v,(0)=1 and v,(0)=0

Ceiling (y, = 7.0)

Y, axis

Floor (y, = 0)

5,18,..
12,25,..,
6,32,\.

9,22,..

\
v2 vs vi plot \4

v [
|
AR

y; axis (y, = 0)

Bouncelt Web Simulations
mi:mz =4:1 (vi, v2)=(1, 0)

— 8

1y
151y

\

- — -

|
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'

P

.t!

Y

[ i—— §

-

105

P |

v2 vs v1 plot

at: x,(0)=1.5 and x,(0)=3.0

Collisions for
mass ratio
mi-mo>=4:1


https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

e e R R RN R R R R R



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

~

IIIIIIIIIIIIIIIIIIIIIIIIIIV



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

-----ll------?



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

‘,IIIIIIIIIIIIIII<5IIIIIIIIIIl’



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

IIIIIIII-IIIIII'IIIIIII‘



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114

v2 vs v; plot
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Estrangian plot
mi/m2=4/1
collision
sequence
shows symmet

(sort of)

c.o.m. lines
(cons. of mom.)
have slope

NmaANmi=-2/1

COM line
has slope
NmaNmi=1/2

Kf‘arﬂ[ llm9|00 \/\\ s

g T




O = acos[(m ;-m,)/(m ,+m,)] = acos[99/101]=11.4°
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Collisions for
mass ratio

mi:m2= 100:1

Bouncelt Web Simulations
mi:mz = 100:1 (vi, v2)=(1, 0)

Vo vs Vi Estrangian plot
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