Group Theory in Quantum Mechanics
Lecture 16 ;.2s.13

Local-symmetry eigensolutions and vibrational modes

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4)

Review: Projector formulae and subgroup splitting
Algebra and geometry of irreducible D¥ji(g) and projector PHj; transformation
Example of Ds transformation by matrix D (r")

Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)
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* Review: Projector formulae and subgroup splitting
Algebra and geometry of irreducible DV"ii(g) and projector P*j; transformation
Example of D3 transformation by matrix D (r")

<
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW
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x =y 8% ph = I 20K,
g I g,u classesKg
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

OKgxg H h c oM Hlo)— vl (o) — o~ -1 u_ oy Eﬂlu*K
Kg:%—]? Characters: )(g:TrD (g)—x (g)_% (hgh ) P _dasseSKg ey 4L

g.u

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

‘L[, ml n/

ot , , (M) °G
g=[2 ) ZD,’;izn'(g)Pn‘én'] P, =3 D (')
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

OKgxg H h c oM Hlo)— vl (o) — o~ -1 u_ oy Eﬂlu*K
Kg:%—]? Characters: )(g:TrD (g)—x (g)_% (hgh ) P _dasseSKg ey 4L

g.u

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

u g(“)OG u .
Pl — anm(g )g

mn OG g
s 3 5D (g)PY AN
g= AL E) Ymn [Pn‘;n: - ZDgn (g)g for unitary D,’jm]
g

Friday, March 29, 2013



Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

o U u
K X A
Kg = }uj pr P Characters: Xy = TrD (g) X (g) X (hgh ) ( P class%s](g OG% o Kg J

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

Use P¥ -orthonormality

Wopl _ SsHuU u 0
p.. P =0""0, P ) JORLE v (o1
P.=—=2D,, 12 |8
(" Projector conjugation ) mno oG i

g

G / (|m><”‘)T:‘”><m| (1) o
=Y Y ID* (g)PH, IR ARy .

g [u’ I mn(g) mn] (Pn‘jn)T=P,ﬁ‘m ) Pn‘;n_ . %Dgn(g)g forumtaryD,’;‘m

-
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

o U m
K X ) "
K, :% ;’u g pH Characters: ;(2‘ = TrD“(g): %#(g): %H(hgh 1) ( Pu:czasgsng OG%g K, J

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHog+... PHprpr

Use P¥ -orthonormality

Wopl _ SsHuU u 0
p.. P =0""0, P ) JORLE v (o1
P.=—=2D,, 12 |8
(" Projector conjugation ) mno oG i

g

G / (| m><”‘)T:‘”><m| (1) © .
=YD ZD.U, , PY |, 14 G :

g [u’ = = nln (8) mn] (Pn‘jn)T=P,ﬁ‘m ) Pn‘;n: o %Dﬁn (g)g forumtaryD,’;‘m )

-

‘H >:%1>: A fDZ: (g)‘g> for unitary D,ﬁlm

Application of irreducible projectors PHmy orm norm°G g

mn
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

o U m

Ko X R

_ g8 pH : — H — M — M —1 w_ M
K, _% " P Characters: x* =TrD* (g)= 1" (2)=x (hgh ) ( P _claSSZeSKg yer AL J

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

Use P¥ -orthonormality

Wopl _ sHu u 0
p.. P =0""0, P ) yORE: v (o1
P.=—=2D,, 12 |8
(" Projector conjugation ) mno oG i

g
oo , (m){ol)" =[] w e
_ p p (oG |
g [E ’% nszn(g)Pmn] _ P! =— %Dzn (g)g for unitary D
nm /

‘H >:%1>: A E(Z;DZ: (g)‘g> for unitary D#m

My norm  porm°G; o

Application of irreducible projectors PHmp
Vs
8 Zn>: ZjDz’m (g)

.U,>
m'n
m

irep expressions:

<'ln€1’n gin>: Diﬁ'm (g)

Y
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

o H
Z K Zg ]:P)H
TR

(@)
classes K G

T
Characters: y{ = 7rD" (g)=2"(2)= x“(hgh_l) ( pt= Z : )(” K J

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

Use P¥ —orthonormality

PH‘L’ZLI’I Pn'lfn - 6##5n m mn u TARNE u ~1
(" Projector conjugation ) Pmn B °G %D ( )g
s , (m){el)” = m)(m w o
ZZZD'UH P.U” _f“ G * .
[z ot | AT (e ot e

‘u >_P,/;1Ln >_ A oz(:;D#* (g)‘g> for unitary D#m

Application of irreducible projectors PHmy worm  norm°G g

. >:§Dz’m(g)

8| L) (41" —< Lol
irep expressions. Just T-conjugates T-irep expressions:
u Lo\_ npH Tlo pu*
<l'nlq’n 8 mn> D‘u (g) <mn 8 m’n>_ Dm'm(g )_Dmm'(g)
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Group Center: Class-sums kg , characters x*(g) , and All-commuting Projectors [PW

o H
Z K %g ]:P)M
TR

(@)
classes K G

T
Characters: y{ = 7rD" (g)=2"(2)= x“(hgh_l) ( pt= Z : )(” K J

Group operators g , irreducible representations D*(g) , and irreducible projectors P*mn
[PH = PR+ PHy+.. PH e

Use P¥ —orthonormality

P}filn Pn‘lfn = 6" ‘u5n m m n u TARNE u ~1
(" Projector conjugation ) Pmn B °G %D ( )g
o , (m){el)” = m)(m w o
Y 2 ZD.U, , P.U, ) _ / G * .
[z ot | AT (e ot e

‘u >_P,/;1Ln >_ A E;D#* (g)‘g> for unitary D#m

Application of irreducible projectors PHmy worm  norm°G g

. >:§Dz’m(g)

8l L) (41" —< Lol
irep expressions. Just T-conjugates T-irep expressions:
u Lo\_ npH Tlo pu*
<l'nlq’n 8 mn> D‘u (8) <mn 8 m’n>_ Dm'm(g )_Dmm'(g)
, 1|p4  PEIT) (1|p% |1)
Bra-Ket normalization: <“,, H >=< L= gHES —SHHS . 5, ift D is unita
ML norm. norm*. " norm. mmn'n (f ry)
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Review: Projector formulae and subgroup splitting
* Algebra and geometry of irreducible DVi(g) and projector PV transformation
Example of D3 transformation by matrix D¥j(r")

<
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Algebra and geometry of irreducible D"ji(g) and projector PV transformation

L oPl =644 DL, (<)Y,
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

PL oBll = 5KUDN, ()BY, P Pl = RE

Y

P.U
nn
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation
(All-commuting [PV
P4 oPH =§HHDE (g)PH P/ oPH =PH g i pH

s zero unless
W= since

Pu’gPu:Pu’Pug
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation
(All-commuting [PV
P4 oPH =§HHDE (g)PH P/ oPH =PH g i pH

s zero unless
W= since

Pu’gPu:Pu’Pug

PP, = Dh, (2) P,
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting [PV

’ ’ ’ 4 /
P! gPH =GHEDE (g)PH, P¥, P! =PH Toug b pH
U ol AU u is zero unless
P8 = D (g )Pmn W=p since
/ /
This gives a general D" ji(g) transformation matrix formula [P+ glPh =[P [PHg
<P’5,j, g P}ﬁc> = <1‘ Pj‘.fm,gPlﬁc‘U / normf, norm,ff
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting [PV

’ ’ ’ 4 /
P!, Pt =GHEDH (g)PH P¥, P! =PH Toug b pH
U ol AU u is zero unless
P8 = D (g )Pmn W=p since
This gives a general D" ji(g) transformation matrix formula [P+ glPh =[P [PHg
<Pn"j,j, Y Prf;c> = <1‘ Pj‘.fm,ng{‘U / normﬁf normlf

(0[PY B2, B [1) o o

Jm mm nn n
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting W)

’ _ SK g L _pt ! u
Pnlj’m’gl)iga = 6" uD#fz’n (g )Pn‘Lat’n Pm’m’ann - Pm’m’Pug IP¥ Pnn
U ol i is zero unless
P8 = D (g )Pmn W=p since
This gives a general D" ji(g) transformation matrix formula PR glh=[PH]PHe

<Pn‘;]‘g P,fl;c> = <1‘ Pj‘.f,;i,gPlﬁc‘U / normf,,norml’j

____________________ =(1|PY P oPH P 1)/ norm norm

3 -

= D“ : ( g)5“ H <1‘P]“m,Pn‘;nP’5€‘l>/ norm#,normf
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting W)

’ _ SK g L _pt ! u
Pnlj’m’gl)iﬁa = 6" uD#z’n (g )Pn‘Lat’n Pm’m’ann - Pm’m’Pug IP¥ Pnn
U ol i is zero unless
P8 = D (g )Pmn W=p since
This gives a general D" ji(g) transformation matrix formula PR glh=[PH]PHe

P}ﬁ{> = <1‘ Pjﬁ.f;a,gP’ﬁ( ‘ 1> / normﬁ‘,,norm“

‘LL/
<Pm'j’ S k

= <1‘ P]“mPn‘;mgP]fl; P,ﬁ,( ‘ 1> / normf.,,norm,‘;

3

"l T4 T
’@Pnk‘l> / norm’; norny;

~
~~
~~
~
~
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u u
nkc 1> / norm’; ROYMY

~
e
~
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting W)

’ _ SK g L _pt ! u
Pnlvdt’m’gPiﬁa = 6" uD#z’n (g )Pn‘Lat’n Pm’m’ann - Pm’m’Pug IP¥ Pnn
U ol i is zero unless
P8 = D (g )Pmn W=p since
This gives a general D" ji(g) transformation matrix formula PR glh=[PH]PHe

<P}f;] Y P}ﬁ;{> = <1‘ P}f%gP}ﬁ(‘U / normﬁf,normlg

= <1‘ P]”mPn‘;mgP,flfq P]ﬁ,\7 ‘ 1> / norm;‘,,norm,i‘

— D#m ( g)5 H “<1‘Pj“m,P“ P‘H 1> / normf.,’norm“

3

T mnon k

........ -
-

W u
| 1> / norm’; norny

~
~a.
~

= Dz'ant’n (g)<1‘P;fk

W u
1> / norm’, norny;
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Algebra and geometry of irreducible D"ii(g) and projector PV transformation

(All-commuting W)

PniLat’m’gPiﬁq =" uD#fz'n (g )Pn‘L;’n Pnlvat'm'gPlﬁa - Pn‘Lat'm'Pug 1P P}/;t
U ol AU u is zero unless
P8 = D (g )Pmn W=p since
This gives a general D" ji(g) transformation matrix formula [P+ glPh =[P [PHg
Iy uo\ _ v opH s u
<Pm,j, Y Pnk> = <1‘ Pj'm’ank‘1> / norm’, Normy
N =(1|PY, By, 2By Pl [1)/ norm norm;
Dk (s pit pH i —
= Dmn(g)5 ______ i <1‘ ijPm ;LiPnk‘1> / norm’, normy
=D ( g)5 Hu <1P]“nP}5€[1> / normf.,,norm,’:
= D}ﬁ,n (g)<1‘ Pj‘fk 1> / normﬁf norm,f
W H H v | w_ |2
<Pm,j, o Pnk> =D, (g)5],k normy’ = 4|—
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Review: Projector formulae and subgroup splitting
Algebra and geometry of irreducible DVi(g) and projector PV transformation

* Example of D3 transformation by matrix D¥ji(r") ‘
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Example of D3 transformation by matrix D (r")

r' P£1> = rlPlEl1 1>/\/§ =r'(1 —15 r' —15 r’ —15 i —15 i, + i3)‘1>/\/§ given: norm_E1 =

Ly

P

o \o

1

3
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Example of D3 transformation by matrix D¥ji(r!)
P11 > >/\/_ r'@ —5 r' 12r —12 i 1§i2 +i3)‘1>/\/§ given: norm_E1 =
1 A .
= (l’ ) I'2 21—§ 13 ) 11+12)‘1>/\/§

r1

s

OG:

6

3
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Example of D3 transformation by matrix D (r")

£y
> P ‘ >/\/_ r'(1 _i r 121' _12 i _1§ i, +i3)‘1>/\/§ given: norm.E1 =

/6_
¢ No N3

l‘

(1) T ('fl—lzr2 121 LR DACRNGE
| o | 2
L 1
I N /Y ERE
1 2 ) 1 . 1. 2
—r — = (- 1+l‘ —5 I = 11+12_§l3)‘1>/ 3= Na
1 1
1 J3 -3 V3
1 !
5 1
. -
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Example of D3 transformation by matrix D (r")

1‘ >/\/_ r(l—jr IEI‘

r

R )=

Pil )=7

\\

S

[

| |
NI— NI— I— N

[

_

N—

= (

1 1 .
r—r—zl-zi;—

1 _
jj;'—(

1

1+

1
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/\/g (0+3 r—\z/_r

—\561 \[12+0)‘ >/\/§—

1 .
)

1

Li+iy)|1)A3

i -

i, +i, )‘1>/\/§ given: norm.E1 =

-
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Example of D3 transformation by matrix D (r")

> P ‘ >/\/_ r(1 _i r lir _lj i —1§ i, +i3)‘1>/\/§ given: norm.E1 =
1 g 1s 13s |4

Yy T el 11+12)‘1>/\/§ ( )

r

—~~
[
I

(NSRS Ll S [l

(— 1 +r —15 r —l—i1 +1, —15 i3)‘ 1>/\/§ =

1 3 |1
NE : L3

[
I
NI
~

S .

\

~——
~
S
+
.l;_l;
.|>+_
l\)+»—a
_|_
=
&
~
QI
1
o

ooooooooooooooooooooooo

Friday, March 29, 2013



P

riry

(r —151' —151——

>—rP >/\/_ r(l—ir —r —liil—lzi2+i3)‘1>/\/§
Lij+iy)| A3/

E| _ o _\/E_JT
norm —\/—— —=,|=
' 3

’

N\
_/

& =

— i
() 21372 _1§ A |
1 1
-2 | -2
SRE 5 Loy 1| =L
2 1 1 . P 2 2
=r —= 1+r——r —5 1, +i,—5 1y)|1)N3 = —==—=
_1§ \/g ( 2 271772 2 3)‘ > _1§ \/5 201 1
A 2
_1 1 _1
2 (. 2
s NEREASD A .y
product 0ftﬁ_lS°that < ﬁl r Pﬁ1>=(—% —; +41‘ +711 1_ )/\/_\/_— 3/3— 1/2—D 1)
Do L ( 0
......................... 1
3
1
‘ > DA =0+ ¢ =P e =P 4P i, +0)[1)/3= X
-2
1
T2
L0 )
® product 0fthlS°that < > (0+5 "‘411 "'411 "‘;"‘0)/\/_ =5 /\/_ _\/_/2_D L ()

o[ &

T o

NSl S Ll S L S

_|_

/
-
N—

Friday, March 29, 2013

29



£y
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis

<
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Details of Mock-Mach relativity-duality for D3 groups and representations

“Give me a place to stand...
and I will move the Earth”
Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty gO Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R.S.,..vs. Body-fixed (Intrinsic-Local)R.S.,.

Lab Based Operations z-Crank docs Body Based Operations
operations R S
R(000) or R(00y) all I\,)9, ..

commiute with y-Crank docs

p f", ” operation
‘ o “Mock-Mach™
N i f relativity principles

| (g —
.y BN
A ¥-Counk ot S 1>:=§'1 1)

Z-Crank does
operations

R(-000) or R(00-y)

S R(0B0)

...for one state |1) only!

...But how do you actually make the R and R operations?
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ]
i, | 1)=[i5) N

wave packet moyes

with lab axes fixed

1)
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D 3—deﬁned

local-wave i
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, | 1)=li,) N 11

1)=r

2 : 1)
(After iy ) wave packet moyes |l‘>\ P

1)=|r)

wave packet moyes
with lab axes fixed

1)

(After 113 )

with lab axes fixed

2
P
N
1 1
1
\
4
[
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

i, blD)=liy) i,

12 Wave packet moyes
with lab axes fixed

1)

i1,

D=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

2 . .
1 r< r |]@|3
r |1 r i 1; 1)
2 . .
r r 1 PRENY
PIIENE r2
Gip]is 1, @
iy iy iz|r2 1| r
iy |iy i (r 2|1
(After i1l )
I1i2=l‘
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i1,

=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

1 |2 rli

r?|r 1

iz i,
iy ;13
i3 1) Iy

Friday, March 29, 2013




local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

ib|D=li,) &,

12 Wave packet moyes
with lab axes fixed

1)

i

1
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

oy (AfierT) )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

i1,

D=r

wave packet moyes

with lab axes fi

1>—Il‘>

ed

1 |2 rli

r?|r 1

iz i,
iy ;13
i3 1) Iy
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

ib|D=li,) &, ii,

12 Wave packet mo es
with lab axes fixed

1)

D=r

2 (After iy ) wave packet moyes

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

Oy (AfierTs )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

After Tz
(veiwed in /

lab frame)

1>—Il‘>

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=l‘
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local -wave i
3
bases

Lab-fixed (Extrinsw-Global) operations&axes fixed

1>_ 1 > i1,

12 Wave packet mo es
with lab axes fixed

1)

=r

2 (After iy ) wave packet moyes

1>—Il‘>

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

Oy (AfierTs )

i[1)=i))

wave packet fixed ¥
while lab axes moVve

ii i))
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

1 |l r

r?|r 1

iz i,
iy ;13
i3 1) Iy

i1i2=r
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local -wave i
3
bases

Lab-fixed (Extrinsw Global) operations&axes fixed

L b|1D=[ip) i, i,

12 Wave packet mo es
with lab axes fi

1y S

i

1
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i)

“

12 1)=

wave packet fixed
while lab axes moVve

i N
wave packet fixed
X while lab axes move

i)

!3

(veiwed in /

lab frame)

After Tﬁz

1 (¢ r il@ij,
ro |1 i ;i
2| r 1|, iz i
Gi)|i; i 1@r2
iy iy iz|r2 1| r
iy |iy i (r 2|1
r
1)=r 1>—|r>
wave packet moyes (After i1ip)
with lab axes fixed
i3
il
.but, THEY OBEY THE N
SAME GROUP TABLE. =T
implies:

)
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D 3—deﬁned

local-wave ;
3
bases

Lab-fixed (Extrinsic-Global) operations&axes fixed
y [ . ° ] e o
i, 1W2a\1>—‘12> N 11

ve packet moyes
with lab axes fixed

1)

1)=r

wave packet moyes

1)=|r)

with lab axes fixed

i i
Body-fixed (Intrinsic-Local) operations appear
to move their rotation axes (relative to lab)

i2 1>:

wave packet fixed
while lab axes moVve

i)

“°

1>:i1

I

ot o]

N T e
| 1)=i, [i)
wave packet fixed ]3
X while lab axes move :

After Tﬁz

(veiwed in /

lab frame)

LG

..but, THEY OBEY THE
SAME GROUP TABLE.

...and Mock-Mach principle g|1)=g|1)

1 (P r il@ij,
ro |1 i ;i
2| r 1|, iz i
. . . 2
(ID iz i, 1@r
iy iy iz|r2 1| r
iy |iy i (r 2|1
r
(After i1 )
L
i1i2=r
implies:

ip)=T [1)=12[1)

After?ﬁz
(veiwed in

lab frame)

Friday, March 29, 2013




Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local |PW)-basis
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Compare Global vs Local |g)-basis vs. Global vs Local |P\W)-basis

D3 global

group
product
table

2
r

i; i i)

r
r?

r2
1

iy i i

i (iy i

i
i

iy

r
1
r
i3 i
i7 (i3

i, I

1 r r
1 r
r r? 1

Change Global to Local by switching

...column-g with column-g

....and row-g with row-g T

Just switch r with I‘T=l’2. (all others are

D3 local

group
table

vy

self-conjugate)

W W

£

1’1'2

i; i (0

1 r
rZ 1

i2® i]
@ i] i2

i

;)

i (3
i) i

i, i,

1 r r?
1 r
r r? 1
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Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis

Dy BCA)%PfszgC Pfy ng P;]/Ey
D, global pliph o ]
Dyglobal 4]+ v i i 3° P - P
group r|1 ey i i projector S Pfy '
product e 1k 0 g product Pﬁx S P)é?x Pfy L
i |y 2|1 r r? table
table Pfy R Pfy
e B PP
® i2 il - 1‘2 1 Y o Y

PP)= gmnﬁb P

Change Global to Local by switching "« « c ud
...column-P with column-PT

.’.

. ' E withpE=pE
....and row-P with row-pT  |(Justewiich By, withp/7E, )
- - 'f‘= 2 (all others are

Just switch £w1th/r r, ol eonuaate) ;{ﬁ% Pfyz pL Pyb; Pij Pfy
T AT N IO IO

1 |r i i, (4 D, local A A,
D, local 5 ; : 3 By - Py - -
3 qr Lo @ projector r Eoo pE o
group rr? 100y i i P)g B E By E
table  <3i; |1, @ 1 r 2 pl'OdllCt <ny ' ' OE P ([)Z P
i, (i) i, (12 1 r table Pfx o P 0 By O
iy li, i, |r r? 1 Pfy'i'iol’fxiol’fy

FR =8, By
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Compare Global vs Local |g)-basis
Example of RELATIVITY-DUALITY for D ~C,

To represent external {..T,U,V,... }switch g :;_\gT on top of group table

R(D) =

RO(r) =

RO =

G ) _
R (1])_

N

-1

RG(i2):

-1

RG(i3):

0y
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Compare Global vs Local |g)-basis

Example of RELATIVITY-DUALITY for D ~C, ﬁ# Y
— v 1|r" r|i; b (iy
To represent external {..T,U,V,... }switch g :;\gT on top of group table el 1) i i
RO(1) = RO(r) = RO(?) = RO )= RO ) = RO(i ) = r/lr 1] (0 i
1. 1. 1. S R A B W 2 ) i1@§i21rr2
o1 1 . | 1 . | .. 1 1
A 1 . 1 . o1 R
o1 . 1. : 1[1 . 1 1
. N | 1 1 . 1 .
A . o1 - |
RESULT: J
Any R(T)

commute (Evenif T and U do not...)

with any R(U).
...and T-U=V if & only if T-U=V.

To represent internal {..T,U,V,... } switch g\:“ng on side of group table

glg-table

rr

RG(D)=

RO(r) =

RG(fZ) —

RG(i]) RG(f2): RG(ij): <#1

|
Joo o

2li; b

rZ 1

iZ@ i]
@ iI i2

i (3
iy i

i, 1

1 r r?
r°1 r
r r? 1
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Details of Mock-Mach relativity-duality for D3 groups and representations
Lab-fixed(Extrinsic-Global) vs. Body-fixed (Intrinsic-Local)

Compare Global vs Local |g)-basis and Global vs Local \P(“)>—basisé
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Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders’

A
+Dj§(g)P
I O R
I N

A
g = BleP

'_1----
._Q(x..

P for GLOBAL ¢ operators in D

Q( (g)PXX
El- |1
K2

. 1

"Dy (g)ny + Dyx(g) PyX * Q,y(g) Pyy
. +Q(y . S +l%'x L T +l%’y o .o
. . o1
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Compare Global |PW)-basis vs Local |PW)-basis

Matrix “Placeholders”

A Al
P g = D!eP
1
g(x% o I
: y : : . . . . . .
E
) - D XX ny 4,
D . ) _Q(x .
yXVY _E
. D XX ny '
D YXDYY
A
— 4, D
g = D/eP
jie)
Q(x l?,;lz II .
* y : * . . .
E
. . D, . ny L Q’jl _
y ])XX e ny x| .
Dy . Dy, .
- Dy . D,

+A2PA
Dyy(g)
S . N R
e 2 % I

P for GLOBAL ¢ operators in D

Q( (g)PXX
El- -1 -] .
K2
. 1

P, for LOCAL

E
By P Dyy(g)l’w
.+Q(y. .+Q'X R .+l%’}’. - .o
. . |1

E -l
E D E
D.( g)PXX * Q(y(g)ny * Dy(© Pyx
N El- - 1 .. . E - 1 . El- -« - ..
.o +Q(X N +Q{y . -1 +Z%IX ......
...... C1).

g operators in D,

r &=L
* D, (8 Pyy
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Compare Global |PW >—baSlS vs Local |PW)-basis
Matrix “Placeholders

Y
l}oﬁ(g)/.12

-0
o pE

A
Q‘;‘(g)ﬁ :
. pE

E
D

g

XX ny )

D

XYY g
. . D

g

XX

D

XXE
x - D

. D

¥X

— Ql(g)P

XX ny
D
Yy

¥X

E
Dyy | 4

Yy -

: Dyy

ny ZQ(X .o

.

Q%g}P

Dyz(g)P

P for GLOBAL g operators in D

--+A2~----
1By |

+A2
Byl ]

+ Qx(g)PXX I, (g)ny + 0@ Pyx + 0@ Pyy
.+Q(X..... +Q&y. .+l%'X..1...+1%’Y...
.1
m o TV
P,..for LOCAL g operators in D,
E _E _E
b E
+ zfx(g)PXX Pyt oePx - B ePy
. E |- - 1 .. . E |- 1 . El- - - -1 - FE |- D ..
2 U T B o S B[ L] L
- . . R
...... 1.

Note how any global g-matrix commutes with any local g-matrix

a b A - i B A -i B - a b
c d |l A - B - At - B||lc d :
a b||C D C D a b
c d C D C D c d
aA bA i aB bB Aa Ab i Ba Bb
cA dAi cB dB Ac Adi Bc Bd
aC bC i aD bD Ca Cbi Da Db
cC dCicD dD Cc Cdi Dc Dd
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* Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)

<
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Hamiltonian and D; global-g and local-€ group matrices in |PW)-basis

For unitary DW: (p.8-11 or p.33 Le% 15)

OG %
[PW)-basis are projected by P~ = i—G > D ( g) g = P}fnj acting on original ket |1)
g

Friday, March 29, 2013
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
OG sk
[PW)-basis are projected by P~ = i—G > D ( g) g = P}fnj acting on original ket |1) to give:

Y
1
L

Friday, March 29, 2013
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

() °o¢;
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(u) °G *
no\_ p _ H
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Pn‘,fn‘1> = Z DH ( )‘g> subject to normalization:

norm . °(;-norm g
u >:< P#m’Pn'Latn‘ >
mn

norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) *
‘ in>: Plﬁn‘l> = 2 DH ( )‘g> subject to normalization:

norm . °(;-norm g
U >:< P#m’Pifatn‘ > wu <1‘Pi‘;ln
mn

’

1)
mm

2
I’ZOVWZ norm

s
mn
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(.u) °G ‘u* : . . .
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

g(u)
°G

Friday, March 29, 2013
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(.u) °G ‘u* : . . .
‘ mn>= Pmn‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

i
mn

Left-action of global g on irep-ket

b= & Dl (1) )
mn " mm mn

Y

g(u)
°G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

[PW)-basis are projected by P~ = %Z D“ ( )g = P}fnj acting on original ket |1) to give:
u u 1 g(.u) °G ‘u* : . . .
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization.
(1 1 )= U Pﬁfm’”a‘n‘ ) _gung P ‘21> _ 55 5 where: norm=xJ{1[PX 1)
norm* norm

i
mn

Left-action of global g on irep-ket
t V=5 Db ()4, )

Matrix is same as given on p.11

<i’n in>: Dll;ti'm (g)

Y

Y

g(u)
°G
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

u u 1 AN u* g . S
‘ mn>= P ‘1>n0rm = z, ( )‘g> subject to normalization:
<,LL', |u >:< P#m’Pn‘L/an‘ > , <1‘P#n‘1> _SHES S where: norm:\/<1‘l)l~l ‘1> _ A
m’'n’ | mn norm m m norm2 mm-nn n °G
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
u
gk, )= %Dﬁfm(g)\ L) ‘ > “19) e
" ¢ Use
Matrix is same as given on p.11 _ P“ g‘ > / , Cj\;[;f;‘u%‘;lco};
A and

e
mn

4 =Dk (2)

Y
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:

g
(1) °G *
1 : . :
‘“ >= P~ ‘1> __ ! Yy D* ( )‘g> subject to normalization:
e W fnorm ©( - porm o
: 1|p¥ PH |1 1|P5 |1 : T
<“, - >:< nm m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“ ‘1> =
mmn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
H\_S pH u [°G
g mn>_ Z,Dm’m (g)‘ m’n> ‘ > ‘ >
m K('u Use
Matrix is same as given on p.11 _ P“ g‘ > / Cj\iﬁu%‘;lco};
u uo\_ D“ ( ) f(‘u ) and
m'n| 8| mn |~ Pmwm\8 —P'“ _1‘ > °G < inverse

g(/«l)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

(n) °o¢;
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
, 1|P4 |1 , A
<“, > < ‘ n'nt’ m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“‘l>:
m'n’ | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.11 _ °G Mock-Mach
s P - compute g! right action-------------------. = P;‘qL/,tng 1> f) commutaiion
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
P g = Z > P P .D, (g ) =P* o ‘1> °G_ <
m'=1n'=1 o)
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11)

(1) oy
[PW)-basis are projected by P~ = % > D“ ( )g = P}fnj acting on original ket |1) to give:
g
1 g(ﬂ) °G *
H\_ pl _ DX : e
‘ mn>— P ‘1>n0rm = % ( )‘g> subject to normalization.
, 1|P4 |1 , A

<“, > < ‘ n'nt’ m”" > , < ‘ ””‘ >:5““5 , O, Where: normz\/<1‘P“‘l>:

m’'n’ | mn m m 2 mm nn nn OG

norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g )= gp 1) [
" ¢ Use
Matrix is same as given on p.11 _ °G Mock-Mach
s P - compute g! right action-------------------. :P;‘:ffng 1> f) commutaiion
<i’n g in>: DII;?L’m (g) u E o u pl u ol T ‘u | °G < inc\Z/ZIie
P2 =3 X PmannD , (g7 =P o7'|1) | =~
m'=ln'=1 . PCH)
i I 1
= 2 Pnﬁiﬁ' D, (&™)
n=
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
[PW)-basis are projected by P* = % > D“ ( )g = P}fnj acting on original ket |1) to give:

g
1 g(.u) °G * . . .
‘“ >= | ‘1> = Yy D® ( )‘g> subject to normalization:
e W fnorm ©( - porm o
: 1|p¥ PH |1 1|P5 |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mmn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
H\_S pH u
)= 208 e ) o ) 2B,
m K('u Use
Matrix is same as given on p.11 ol = °G Mock-Mach
== - e compute g! right action-------------------. —Pmng 1> f) Comm“;am”
<l::lti,l’l g in>: Dl‘f"t’l,m (g) P'LL | . zz‘u gz‘u P'LL P‘u D —1 ...:....ﬁ." —1 1 °G < inil/ere
mn- m'n’ "(g ) _Pmng ‘ > )
m=ln'=1 - ou é
g‘u .:. u | . °G
_ YU SV Z D; A1) =
B ,21 Pmn" Dnn'(g ) n'= (g . > ()
=l ] LR
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
‘u O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
: 1|P¥ PH |1 1|P~ |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket ffm> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.11 _ °G Mock-Mach
s P -~ compute g™l right action----------------e. = P;‘qultng 1> P commutation
<i’n & in>: D#i'm(g) u _ o U pU b T ‘u | °G inil/ZIci‘e
P Z > PmannD (&) =P* o ‘1> o
m'=ln'=1 %" . . ou o
i I _ U, —I\pl : °G
. _1 —_ D ’ P ,n 1 -
T B
—1 e m e é ‘u __________________________
—1
n=

65
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
‘LL O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
, 1|P¥ PH |1 1|P~ |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm nn nn OG
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.11 _ °G Mock-Mach
s P -~ compute g™l right action----------------e. = P;‘qultng 1> P commutation
<i’n & in>: DII;?L’m (g) u E U u pl u N ‘u | °G < inc\Z/ZIie
P g = Z > PmannD (&) =P* o ‘1> °G <
m=1n'=1 " : p ()
i I _ U, —I\pl : °G
_1 —_ D ’ P ,n 1 -
L T
—1 e m e é ‘u __________________________
—1
n=

Local g-matrix component

_ -1 *

66
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Hamiltonian and D3 global-g and local-g group matrices in |PW)-basis

For unitary DW: (p.8-11) »
‘u O
[PW)-basis are projected by PH = % D D“ ( )g = P}fnj acting on original ket |1) to give:
g
g(ﬂ) °G *
H >= P* 11 L - > D “ subject to normalization:
, 1|P¥ PH |1 1|P~ |1 : A
<“, s >:< nm m”" > ) < ‘ ””‘ >:5““5 , 0., Where: normz\/<1‘P“‘l>:
mn | mn m m 2 mm- - nn nn °G
norm* norm
Left-action of global g on irep-ket Zn> Left-action of local & on irep-ket ffm> is quite different
oM
g4, )= Dk, (2) 4 ) g, )-gps 1) [
" ¢ Use
Matrix is same as given on p.11 / Mock-Mach
s P -~ compute gl right action----------------o. = P;‘qultng‘ > P commutaiion
<i’n g in>: Dll;t?’m(g) u E . o u pl u ol T ‘u | °G < iniZIie
P Z > PmannD (&) =P* o ‘1> o
m'=ln'=1 %" . . ou o
i I _ U, —lI\pl °G
_1 —_ D ’ P ,n 1 -
b oy | Eee R
s S é ‘ZL __________________________
—1
n=
Global g-matrix component Local g-matrix component
ool \_ pu _ 1 *
<m’n g‘ mn>_ Dm'm(g) <‘7L?tm’ g‘in>: D;‘flln’(g ):D#n(g)
67
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Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

[PW)Y-base
ordering to

< concentrate

) ) ) ) )
pli(g)|
p2g)) - -
p.(8) D,
D, (g) D,
b, (g) D,
D, (g) D,

Global g-matrix component

<gfz’n 8

4= Dl (2)

global-g
D-matrices

D3 local-g group matrices in |PW)-basis

Local g-matrix component

(e
mn

o[t )= Dl (a7 = D (2)
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Ds global-g group matrices in |PW)-basis D3 local-g group matrices in |PW)-basis

R (a) =R (2] - R ()= (27" -

P§1> |ny‘;2> P)fcl> P)fc1> P§1> PyEy1> P)f}> ‘Py‘i2> P§1> PyExl> Pf;1> ‘PyEyI>
ph(g)| D™ (g)
A %k
D™ (g) ' ' ' . ‘P(M)>_base ' D™ (g) E* E*
E E .
p.(e) D, | - - ordering to - - Ip, (e) - | D, (g)
Ey Ey concentrate Ep* E*
D D . . < . . . D D
x (g) yy - - glObal'g — xx (g) — Xy (g)
p.(g) D, | D-matrices : - |bp, (g - |D, (g
E E E* E*
D, (g) D, D, (g) . (2)
here

Global g-matrix component

<gfz’n 5 gm>: Dll;le'm (g)

Local g-matrix
Is not concentrated

Local g-matrix component

_ —1 *
(1, |el%,)= D (=D o)

Friday, March 29, 2013

69



Ds global-g group matrices in |PW)-basis

R (e)=TRC ()7 -

D3 local-g group matrices in |PW)-basis

R (2) =18 (2) " =

Rl [eR) [eR) [eD) [e) [RD)
Dig)|
D™ (g)
b, (g) D,
D, (g) D,
b, (g) D,
D,.(g) D,
R"(g)=TRO(g)T" =
P§1> ‘nyf P)§1> P§1> Pf)}> Pfy1>
D4 (g)
D™ (g)
D& - |,
Dxil Dxl;l
(&) - |D,(e)
D, D,

Global g-matrix component

<gfz’n 5 gm>: Dll;le'm (g)

) ) ) e
DAI*(g) .
‘P(M)>_ba58 DA2 (g) E* E*
ordering to ° - D, (g) - nyl (¢)
concentrate Ep* Ep*
< ) . ) D . D
glObdl-g E* = (g) B - (g)
D-matrices ' ' D, (g) ‘ D, (2)
E* E*
D, (g  (8)
here
Local g-matrix
is not concentrated
here

global g-matrix

<«——Is not concentrated

Local g-matrix component

_ -1 *
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Ds global-g group matrices in |PW)-basis

R () =10 )1 =

D3 local-g group matrices in |PW)-basis

R (g)=1r° ()1 =

) ) e ) ) )
XX yy xx yx Xy Yy
D" (g)
D™ (g)
E E
Dxx1 (g) ny1
E E
Dyxl (g) Dyyl
E E
D, (g) D,
E E
Dyxl (g) Dyyl
R"(g)=TrR"(2)T" =
PA1> PA2> PE1> PE1> PE1> PE1>
XX yy XX Xy VX yy
D" (g)
D™ (g)
E E
D, (g) D, (g)
£y £
D, D,
E E
D, (g) D, (g)
E E
Dyxl yyl

Global g-matrix component

<gfz’n 5 gm>: Dg'm (g)

I I A
DAI*(g) .
[P -base o (¢) E* E*
ordering to ' ' D, (g) ' nyl ()
concentrate E* E*
< ) ) ) D . D
global-g o o (8 X >
D-matrices - ' D, (2) ‘ D, (2)
Ef* E*
Dyxl (g) Dyyl (g)
R (s)=Te° (27" -
ST L B L) B LD B L) B L)
DAI*(g) .
[PW)-base - p™(g)| .
ordering to e X
concentrate ' ' D. (g) D, (g)
local-g , , Dyil (g) Djl (g) |
D-matrices o P
and ' ' ' ' Dxx (g) ny (g)
. E* E*
H-matrices . . . -~ | D, (g) D, (g

Local g-matrix component

_ -1 *
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Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamilt? local-symmetry eigensolution
Moleculdr vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin (. . . & i) H matrix in
, 0 2 h hoh 0w ,
|g)-basis. S, [PW)-basis:
T B ohoh
(0]
G r. r; 7 l l l
_ > Ty b B
H) = y o=
( G 2—‘1 gg l l l 7 r r
&= i3 2 fo 1 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py) [PO)RD) [PD)PD)
H matrix in  ( ) H matrix in W )
. o 4 b R W ,
|g)-basis. ) [PW)-basis: | H H.El H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
( )G g=1% i, iy L, r, 1o (H), (H), ' - | H, H
L, I i ry, F x; xyl
B L b h Ty \ ; HyEy' )
H,, =(P. |H|P})
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D3 Hamiltonian local- H matrices in |PW)-basis

P) |Py) [PO)RY) [P
H matrix in  ( ) H matrix in W )
. o 4 b R W ,
|g)-basis: ) [IPW)-basis. .| H : H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
(1) z DL n o o (H), =T (H), | |BD H.
L h B I Ty 7 xb; jyl
B L b h Ty \ ; HyEy' )
H:b:<Pn‘l1la PIZ?>
1
4= [P )= Pl 1)
) °G *
po\_ Lt u
mn> ‘ >n0rm - OG norm % Dmn (g)‘g>

subject to normalization (from p. 11):

,/ (thch will cancel out)
°G  So, fuggettabout it!
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [Py) [Po)[Ry) PR

el L -
N P e s
I I BN R B D

b h B T Iy 7 - jyl

S I B \ ;HyEy']

H,, =(P"

P! )=
¢r0]ector con]ugatzon

(m)nl)" =[]

P‘UH nb >

(norm)?

e e A ()

subject to normalization (from p. 11):

,/ (thch will cancel out)
°G  So, fuggettabout it!

Friday, March 29, 2013 76



D3 Hamiltonian local- H matrices in |PW)-basis

H matrixin | )
|g)-basis:

(0]
(H),= X 1,2-
g=1

H., = (P[P = (1 PLHEZ 1) = (1 PR
Mock-Mach
commutation
rr=rr

(p.31)
1 g(#) °G *
l”lm>_ ‘ >n0rm - °(} - norm %Di‘fnln (g)‘g>

subject to normalization (from p. 11):

,/ (Which will cancel out)
°G  So, fuggettabout it!

H matrix in

PO -hasis:

P2) [P, SRS
( A A
H
s
o
L
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) |y [PL)EL) [PL)RD)
H matrixin - ( . . . i & i ) H matrix in (ga | . . . )
@) -basis: 0o H h 4 L L PO
g)-basis. N A IPW)-basis. | H H.El H.El
°G o1 T, I i i _ 3 ' ' oy
H) =Yrg= H),=T(H).T'= BB
( )G g=1 g il' l'3 l'2 ro 7"] ’/,2 ( ) P ( )G . . H - H yy
L h B T n x; xyl
. L L L Koo ) e : : : H; HyEy' )
H,, = (P, [H|B) = (1P, HE) |1)= (1| HE, P 1) =5, (1| HE; |1

Use P¥ -orthonormality
P4 PH =§HHs , pH

mn mn nm mn

(p.18)
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D3 Hamiltonian local- H matrices in |PW)-basis

P:) [P) [PL)RD) PO
H matrixin - ( . . . i & i ) H matrix in (g )
, o 2 h h b h .
|g)-basis: L PO -hasis: .| H
T T B hob CR—
°G By 1y ¥y by Iy xx Xy
_ 2 " T b B - -
H) =Yrg= H),=T(H).T'= BB
(H) z DL n o o (H), =T (H), | |BD H.
L, 1, I o, 1, 7 N xy‘
. B oL L hnT ) e : : : H; HyEy' )
°G
= (o[ H[P;) = ([P HPA[1) = (1 HPL P4 1) =5, (I1HPA 1) = 3 (1|H] ), (o)
(norm)? (norm)? (norm)?  g=|
1 g(u) °G *
fo\_ph _ D"
subject to normalization (from p. 11):
norm = \/ (ajp* (whzch will cancel out)
So, fuggettabout it!
Coefficients D ( g)l are zrreduczble representatzons (zreps) of g
g= 1 r L 1 13
) 1 1 1 1
D" (g)= ! 1 1 1 | 1
p(e)= | [ R R R R B
1 - 2 2 2 2 2 2 2 2 1 0
D (g)= ( 1] B SN B NER [0 —1j
’ 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Hmat]/'ix ln ( rr ..... rl ..... l ..... l\ Hmal‘rix l-n
o) -basis: oo 2 h ko B POy porsis
g)-basis. o o b d D IPW)-basis.
G v 1, r, I, 1, 1 _
(M)g=2rg= = 7 * ° (W), =T(H),
g= L L i, Fyo1
L 4§ 3 o
. b L L onnon )
L =(P" Pﬂ>_§1|P“ HP"|1)=(1/HP" P*|1)=5 (1/HP"|1)
(norm)? (norm)? (norm)?
(u) °G
u\_ pu Lt u
mn>_ Pmn‘1>n0rm °G - norm z’ ( )‘g>

subject to normalization (from p. 11):

norm = \/ 1‘

e

(which will cancel out)
So, fuggettabout it!

P) [Py) [PO)[RD) [P
(o \
H
o
Tt = Ey Ey
h= w
w Hy
| Cn
G u .......... G )
- 2<1|H| g>pab (g) = ngDab (g)
et pr

Coefficients D ( g)l are zrreduczble representatzons (zreps) of g

g= 1 r 1 1 i

) 1 1 1 1
D'l(g)= 1 I I -1 -1 1
p"(e)= | R b R RI: B

1 . 2 2 2 2 2 2 2 2 1 0

D! (g)= ( 1 ] B | I B [ 0 -1 J
Y 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

) |Py) [PO)RS) [PL)P)
H matrix in / r0r27-1111213 \ H matrix in ( A . )
~ 3 : L (W) _ . .
|g)-basis. Womon s h b [PW)-basis. .| H -
(H) OZG | monon b B R (H),=T(H), T | | «
= vV g = = T T = E E
G =18 L L I, Fy 1o i ¢ ' - | Hy Hy,
L h B Ty 1 o xyl
B oR2oh 2 Ty L ' ' ’ H; HyEy] )
OG: a* .......... G )
H:b = <P1¢1La H Piflt)> :jll_l)mePrflL) 1> = <1| HPcfthrf;? 1> — 6mn<1| HPcf;) 1> = 2<1| H| g>'Dab (g) — ngDab (g)
(norm)? (norm)? (norm)? g=1. ............ o=l

H" =1, D" D)+ D" (r'"r, D (r*)+i, D" i)+ i,D" (i,)+ ;D" (i,)=r, +1,+7, +i, +i, +i,

D™ (g)=
D" (g)=

. 0 J
pi(g)= | \ - 0 -1
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D3 Hamiltonian local- H matrices in |PW)-basis

) |Py) [PO)RS) [PL)P)
H matrix in / e \ H matrix in ( HA . . . . . \
basis: ;7’0 Hh n 4 b 13:_ PN posis-
|g)-basis. A [PW)-basis. g : :
(H) OZG B BT T R A R H), =T(H)_ T’ | e
= = :T T = E E
g= 'g® L Iy I, 1, 1 I ( )P ( )G ' | Hy H,
L 4 3 TN ' ' ‘ ' H)Z ijl
BRI, S S A TR LE
°G i,
1, = ([P = (1P RS 1) = (1B B2 1) = 5 1|H%> 2;@19% (9)=30] (2

g=1
H" =5, D" ()+rD""(r"+r, DV (r*)+i DV (i)+i,D"(i,)+,D""(i,) =r,+r,+r +i,+i,+i,

H" =5, D" (D)+r,D""(r')r, D" (r)+iD " (i)+i,D " (i,)+i,D " (iy) =1, +1,+r, -i,-i,-i,

g(ioeﬁ"lcierfts fom ( g)rl are-irreducible representations (ireps) of g

r 11 12 13
y 1 1 1 1
D" (g)= 1 I I [ (| .
1 -1
D" (g)= NG NG L IR
1. 2 T2 2 2 2 2 2 2 1 0
D, (g)= -1 N R I Bl 0 -1
X,y
’ 2 2 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

P2 [By) [R2)BS) BBy
H matrix in / rr ..... rl ..... l ..... l \ H matric in ( HAI
-basis: ooz b s PO -hasis: H
8 | Nty o hoh b | A 5
(M) =% rg=| > 17 2 5 H), =T(H) T i
= = :T T = Ey E|
G g:1rg ; A (H), =T (H), w Hy,
hoh B n o7 y jyl
S I B \ ; yEy'
°G o,
H,, =(P},[H[P}) = (1|P} HP}|1)= (I|HE} By |1) = 5, (1 HE}|1) = 21|H|g>Dab g)=2.1.D, (2)

(norm)? (norm)?

norm

H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i )+ i,D"(i,)+ i,D""(i,) =1, +1,+r, +i,+i,+i,
H" =1, D" (D)+rD""(r")+r, D" (r*)+i,D " (i,)+i,D " (i,)+i,D " (iy) =1, +1,+r, -i,-i,-i,
H' =rD. (W)+rD. (M +r'D.(r)+iD. (i)+i,D.. (i,)+i,D. (i, =11y iy -1y A )2 |

g(;oeﬁ”lcierlzts fom ( g)rl are irreducible representations (ireps) of g

r i i i
) 1 I I
D'l(g)= I -1 1
D" (g)= 5 [ -8 510 ;
2 2 2
D/ (g)- R N 5o [0 _1j
’ 2 2 2 2 2 2
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [By) [PeD) [RI)e)
Houavivin (555 H i i | \
|g)-basis. .’”1 e G i L [IPW)-basis. | H -
(H) _yegs| 2T R B H),=T(H) T' i
—g:rg— o L Ty T ( =TT A B
o B Ty xb; jyl
B b \ , , : : H; HyEy' )
1, = (B2 )= (P P2 )= (o e 1) = (o g )= 21|H|g>Dab =300 ()
nOl’m norm nOI’m """""" g_l

H" =r, D" D)+ rD"(r')+r, D" (r*)+i, D" (i )+ i,D"(i,)+ i,D""(i,) =r,+r,+r, +i,+i,+i,

H" =r,D"D)+rD " (r')+r, D" (r*)+iD " (i)+i,D " (i,)+i,D " (i,) =t +F,+7, -i,-i,-,

H =D, ()+nrD. (F)+5 D, (") +iD, (i) +i,D.. (i,) +i, Dxx (i) =(2ry-1y1; iy #2020
H,, =1, ()+ 1D ()45 D P +i,Dy i)+, ) +i,D, (i) =N3(r4r; iy, )2 =HE o

g(ioeﬁ”zcierlzts D! ( g)r1 are irreducible repre

r’

itations (ireps) of g

Il
e
o
X\
I [
[E—
| [S—)
[En—
I [
[—

D
D
D

—_——~ T T
Qe o0 0
~— N
Il
7~ N\
L
-
N——
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D3 Hamiltonian local- H matrices in |PW)-basis

Pr) [Py) [PO)[PY) [PO)PY)
H matrix in / rr ..... rl ..... l ..... l \ H matrix in ( T . A
o) basis: oo 2 b Lk PN psis-
B Nt o hohh P bass —-£ - H.El
°G | rn o on o i oy i | o I
H) =Xrg= . (H),=TH).T'= BB
( ) g= Loy Ty T ( ) =T . e A
b h B T ’2 jy]
B b \ . . : : H; HyEy' )

H, = (B},

H|; )= (1P HE) |1) = (1 HP, B D =5, (1 HE 1) = 21|H|g>pab =300 (8)

Hormy o I Aot -
H" = rODA1 (1)+ rlDA1 (r+ rl*DA1 (r )+ le (zl)+ 12D (12)—|— 13D (13) =1, +1, +r1 +i,+i,+i, g

H" =nD *(1)+r1D YD D )LD () D ) =n A i i _
H. = 5D, ()+ 1D, (") + 5 Dl (F)+i, Dl (i) + iy D (i) 13D (i) =(2ry-1i 1y =iy iy 42,2
H, =rD, (1)+rD (r1)+r*D (r2)+iD (i1)+i2D (i2)+liy(i3) =3 (-1 47" -, +i, )2 =HyE

H —rOD (1)+r1D (r)+rD (r )+zD (zl)+12D (12)+1Dyy(z3) @1’0—1’1—1’1*+i1+i2 13)/2

g(ioeﬁ”zcierlzts D#,l . ( g)r are zrreduczble represeilalt S (irqlzs) of g /

D" (g)= -1 1
-1

D (g)= 5 ¥ [1 0

D) (g)= & 0 £
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) |Py) [PL)RD) [RL)ED)
H matriv in / 7«0r27-1111213 \ H matrix in ( HA .
_basis- : 5 N -pasis.
|g)-basis. nomon i b IPW)-hasis. .| H S
(H) OZG I R T VR A T (H), =T (H),T" | B
= 2 g: :T T — ki £
¢ g1 ® oy Ty 1 ’ ’ | e B
i b Ho Hy
B b b - . . . ; HyEy'
- a* .......... L ) :
HY = (P2 [ (B ) = (1P HPA 1) = (1] HPX B 1)= 5, (/HPA [1)= S (U HIg)D” ()= 37" (s)
(norm)? (norm)> (norm)? g:1‘ ............ o=l

H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i )+ i,D" (i,)+ i,D""(i,) =+ +r, +i,+i,+i,

H' =5, D" (D)+r,D "(r')+r, D" (r)+i D" (i)+i,D " (i,)+i,D " (i) =1, +1,+r, -i,-i,-i,

E|

H, =rD,()+5rD, (r+5rD, (r)+iD, (i) +i,D, (i) +isD, (i3) =211 iy +20,)/2 -

XX

Ej

H,, =5,D, (D+1D, (41 Dy (r)+iDy (i) +i,D,, (i) + 3D, (i) =N3(rir iy +5,)2 =H
Hy; — ”oDy; (1)+ ’EDy§ (r')+ ’E*Dy; (r?)+ ilDy;; i)+ isz‘y (i,) + igDy; () =211 -1 A,y 20, )2 oo

E E

H,  H, 1| 2r-rr -i-i,42i,  N3(-r+r"-i +i,)

E E * . . * . . .
Hy; Hyy1 2 \/5(—1"1 +1-1 4, ) 20 -1 L -2,
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D3 Hamiltonian local- H matrices in |PW)-basis

Py) [Py [PL)RD) [PL)PY)
H matrix in / rr ..... rl ..... l ..... l\ H matrix in ( T . A
|g)-basis: 02 s PO -hasis: H
| noty oL | . .El H'
°G o1 T, I i i | _ 3 ' ' oy
H) =Y rg= H) =T(H) T = b g
( )G g:17’gg i, iy L, r, 1o (H), =T(H), ' - | H, H
b h B Ty 1 - jyl
B oR2oh 2 Ty \ ; HyEy] )
°G§ * .......... G *
H:b = <P15a H Plflt)> = 1 PcfthPrflL) 1> — <1| HPcfthn/.Hl} = 5mn<1| HP;;)|1> = 2<1| H| g>§Dab (g) — zrgDab (g)
(norm)2 (norm)2 (norm)2 g:1‘ ............ =1
H" =, D" (D)+ 1D (r)+ 1 DY (r))+ i, D i)+ , D (1,)+ isD" " (i3) =1y +5+1; +i, +i, +i, =1, 421 +2i , +i,

H" =5, D" (D)+rD "(r')yr, D" (r)+iD""(i)+i,D " (i,)+i,D " (iy) =1, +1,+F, -i,-i,-i,

E|

=r.D._()+rD. (r+r D (r)+iD. (i)+i,D. (i,)+iD. (i;) =r,-r-r -i-i,+2i,)/2

XX

H,=nD,()+nrD, (")+1' D, () +iD,, () +i,D,, (i) +iD,, (i) =N3(-r+75 -i+i,)/2 =HE

Xy

H, =rD, ()+nD, (rY+r D, (r)+iD, (i)+i,D, (,)+i,D, ;) =2r-r-r +i+i,-2i,)/2

Hﬁl Hh‘l x . . . \/— * oo .
. wo | 1 21, -1-1; -1,-1,+21, 3(-r,+1, -1,+1,)

E E * . . * . . .
Hy; Hyyl 2 \/g(—l”l +1-l 4, ) 201 -r L -2

=l Iy, Tl
=0

=y -1 Fl 1

local constraints ri=r;*=r>

* . .
For:ry=r and:i, =i,

0 Fo-h=lp-1

and 11=I>

_[ 1<l i, 0 ] Choosing local C>={1,i3} symmetry with
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D3 Hamiltonian local- H matrices in |PW)-basis

H matrix in
|g)-basis:

G

(H)G - 21rg§ -

g:

H:b = <Pn/'1l

V 0o 1
.’”1 "o
noh
i
i, i
i, i

2

|H|P% )= (1P HPY,

(norm)

i H matrix in

t PO -hasis:
B 4 b
Iy I I _

H) =T(H

S (), =T(H),
7”2 7"0 I"I
2 T
1) = (1/HPE A 1) = 5, (1] P 1

(norm)?

H" =r, D" D)+ r D" (r')+r, D" (r*)+i, D" (i)+i,D" " (i,)+i,D" (i,) =r,+r,+r, +i,+i,+i,

H

Ej
XX

Ej

H

Xy

E

H

Yy

(CZZ{l,h}

&

Local symmetry
determines all levels
and eigenvectors with
just 4 real parameters

~

J

Ey
XX
Ey

yx

=i, D" (D)+rD " (+ 7 D)+ i D ()i, D (i) +iD (i)
=r.D._()+rD. (r+r'D_(r)+iD. (i)+i,D. (i,)+iD. (i)
=r,D, ()+nrD, (rY+r D, (r")+iD, (i)+i,D, (i,)+i;D,, (i)

=D, ()+nrD,, (r"+r D, (r))+iD, (i)+i,D,, (i,)+i,D,, (i)

Ey

* . . .
H, 1 21,1 -1 -1, +21,

H 2

\/§ (-r, +r1*—i1 +1,)

\/g(—rl +1-l 4, ) 201 -r L -2

* . .

=21, -1;-1; -i,-i,+2i,)/2

=21, -1; -1, +i,+i,-2i,)/2

=\3(-r 47 i +i,)2 =HE

Py) [B) PO (R
(o )
H
w Hy
T = £ E)
yX Hyy
« H,
& w Hy o
e e S
=Y (1H|g)D,, (8)=>.r.D,, (g)
Ot -
=1, +2]"] +2i12 +i3

=y - -l
=0
=1y -1, i, -l

yy
. rO_rl_112+l3 0
0 Fo-h=lp-1

Choosing local C,={1,i3} symmetry with
local constraints ri=r;*=ry and i;=i>

* . .
For:ry=r and:i, =i,
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R="25, Dt
Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
BY=(1 1 1 1 1 Dk 1 i i, i 1 v i i i
By=(1 1 1-1-1 -D)s |1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shawn before)
cCompnlete Hamiltonia
iy )
Al—block H+ ]i'+ ]ﬁ_ jl_'b_

A ,-block _ %r_%yé_ /

N [—
—
o
)
+
S
Yoy
an
—_
+
NN
|
S~
+
()
) ——

1
\/3 - . . _l _l l. 1 .
Sei-B-i+h)  H S il
A

\ y
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)
@2:{1,13} N HERETE LT LTI
Local symmetry Aplevel: H +21r +2i+1
determines all levels gives: Aplevel H +2r - 21— 4
and eigenvectors with Ex'level‘: H-r- L+ h
just 4 real parameters Efevel: H = 1+ 1-1

_J
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Global (LAB) symmetry ) ,>C, i, projector states — Local (BOD) symmetry

5[0 =1;PGVI) ‘(m)> :P(bm)‘ 1> L) =73122’”)| 1= Ry 1)
=(-1)¢ |(m)> eb € _ lzl()m)i37”| 1>:(_])b |(m)>

i; global ()
anti-symmetry

anti-symmetry /@

i 3 local

i; global (v)

XX
o > 1
1; global 3

(x) symmetry
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Nobody Home

where LOCAL
and GLOBAL

—
N
U

When there is no there, there...

i, global ()
anti-symmetry

o > 1
1; global "3
(x) symmetry
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Hamiltonian and D3 group matrices in global and local |PW)-basis
Hamiltonian local-symmetry eigensolution
Molecular vibrational mode eigensolution
Local symmetry limit
Global symmetry limit (free or “genuine’” modes)
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(a) Local D DCZ(Z ) model  (b) Mixed local symmetry D ; model
Il > 1 cos!5°=V[(1+cos 30°)/2]
,’% N \ , ,’\ / ‘ > —(1/;)V(2+v3) =sin75°

Friday, March 29, 2013 93



Psuedo-scalar mode

Scalar mode

XX

-y
A, V6P

Vector mode
E,
)}J)

Vector mode
L /
yx

(a) Local D oC 2(1 ;) model

0 N
r > , £l /// ks

R\

L

//‘ =
/ ///////
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 Mixed local symmetry D ; model

| 1> cos!5°=\[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

&\
1\\
T

sinl 5°=V[(1-cos 30°)/2]
7| > =(1/2)N(2-V3)=cos75°

Vector x-bend

E)

x(-)

E
x(+)

Vector x-translation

Genuine vibration modes v(-)
[0) [0) /' ’\
| Low-frequency modes 1 | |- 1 .
{ l
fl E ~1E —_
] } P )“L' / \
] y |
) \\‘7’
V12

Vector y-translation
E /
y(+)
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Mixed local symmetry D ; model

cos!5°=V[(1+cos 30°)/2]
\ =(1/2)\(2+V3)=sin75°

\ ) D

, sin15°=V[(1-cos 30°)/2]
r“-| > =(172)V(2-\3)=cos75°

S

lw/\% e
/r/f>// '
k= N

Strong
C; coupling

limit

Scalar mode

Right circular-translation
=y
L(+)

Psuedo- rotation
4,

Yy

: /Left circular-translation
=y
R(+)
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Psuedo-scalar mode

— |A2> 4 2
Yy yy

/V:c>0r mode

E, local
Xy

Scalar mode +1 \r

4, J6P! |1>=|+1|r
XX

XX +1 i
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