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Matrix equations and reciprocity symmetry
General form of 2D-HO equation of motion has force matrix components: «j=k+ky, Ky =k +kx

F _ my Xy _ | ®u K X
F, myX, Ky Ko Xy

: : L . 0F,  J*’V 9’V OF
Off-diagonal force constants satisfy Reciprocity Relations: — —x,,=kj,= == 2

Rescaling and symmetrization

Each coordinate (x.%,) is rescaled (g, =s.x,,9, =s5,x,) to symmetrize mass factors on 4;-terms.

m .. q1 92 . _ K1 A PL)
—— 1 =K tKpp T =41t 9> =Kp191 +Kpq,
51 51 ) m 152
my .. . Ki»S$ K
~2gy =k B, 2 —ijy = —22 g1+ —2q, =Ky19, +Kogy
52 51 52 ;S )
. . . . S m
New constants K;; have pseudo-reciprocity symmetry for a special scale factor ratio: 2= |2
S m
1 1

K128) K1281 —ki,

mj 8 mys,  \/mpmy

12 Jx, - dx, dx, - dx,0x, - Jx, e

. . . K K K m
Diagonal constants Kj; are not affected by scaling. To be equal requires: —L1=-22 or; —L=—1
mom Ko My
_ K _ ki tkp K _ Ky _kytkp
Kyy=—"= ==
ny m ny ny

Caution 1s advised since such forced symmetry may give modes with imaginary frequency.
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2D harmonic oscillator equation solutions

I. May rewrite equation M«|%)=-K-|x) in acceleration matrix form:  |¥)=—A|x) where: A=M"'+K
( A
1 kj+k, ks
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m ~ki,  kytky, X5 —kip Ktk X5
. (eI

2. Need to find eigenvectors |e,) /e, ).... of acceleration matrix such that: Ale,)=¢,|e,)=w]|e,)

Then equations decouple to: |én> = —A| en> = —8n|en> = —a)i|en> where € 1s an eigenvalue

and @, 1s an eigenfrequency



2D harmonic oscillator equation solutions

I. May rewrite equation M«|%)=-K-|x) in acceleration matrix form:  |¥)=—A|x) where: A=M"'+K
( A
1 kj+k, ks
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m ~ki,  kytky, X5 —kip Ktk X5
. (eI

2. Need to find eigenvectors |e,) /e, ).... of acceleration matrix such that: Ale,)=¢,|e,)=w]|e,)

Then equations decouple to: |én> = —A| en> = —8n|en> = —a)i|en> where € 1s an eigenvalue

and @, 1s an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,)are in special directions where |%)=-K|x) is in same direction as |x) J
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k +k —k X
VZE(kIJrklz)xlz_k12x1x2+5(k2+k12)x§=5<X\K\x>=5x.1<.x=( X X, ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours -
(NorthWest)

What direction |X> =|en>
is the same as K|x)?? ‘
Not most directions!

Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k)
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2D HO potential energy V(x,, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)
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Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.

BoxIt (Beating) Web Simulation (A=1, B=-0.1, C=0, D=1) with Comparison Cosine wave (T=2x)



https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=0&wantStokes=0&wantCosinePlot=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=0&wantStokes=0&wantCosinePlot=1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mo el o (Letles ma=( 4 ) 1)) e (400 )

& is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| €1> ; 82>,' " 8n>} called diagonalization gives
<81|M|£1> <81|M|82> <81|M|8n> g 0 - 0
|0 g 0

<82|M|81> <82|M|82> <82|M|8n>

(e.Mle,) (g,[M]e,) - (g,[M]g,) 0 0 - g,

w



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; j[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€ is eigenvalue associated with eigenvector |g, ) direction. o L L BTrierorTorioeroeiiesroerossossoes

A change of basis to {| 81> ) 32>" " 8n>} called diagonalization gives |
0 1 4-¢ 0
det det
<81|M|51> <81|M|82> <81|M8n> g 0 - 0 0 2—¢ 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
5 : R det( 4;8 21 j| dt( 4;8 21 }|
(eMle)) (e |Mle,) - (e, M[e,) 0 0 - g € e
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

M|£k>= 8k|8k>, or: (M—ek1)|ek>: 0

& is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| €1> ; 82>,' " 8n>} called diagonalization gives
(&M[g)) (&[M[e,) - (g|Mle,) g 0 -~ 0
<82|M|81> <£2|M|£2> <82|M£n> — 0 & - 0
(eMle) (elMe) - (eMe) | [0 0 = &

First step in finding eigenvalues: Solve secular equation
detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,)

where:

a0 ()

0 1 det 4—¢ 0
0 2-—¢ 3 0
and y=
4—¢ 1 4—¢ 1
3 2—¢€ 3 2—€

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

0=4-e)2—-€)—13=8—-6c+e’—13=€"-6e+5

det

det det

0=det|M — £ - 1]=det =det

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,:--, a

n

= (1)’ det|MD

0=¢&” —Trace(M)e + det(M)




Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

€ is eigenvalue associated with eigenvector |g, ) direction. o L L BTrierorTorioeroeiiesroerossossoes

A change of basis to {| 81> ’ 32>" " 8n>} called diagonalization gives |,
0 1 4-¢ 0
det det
<81|M‘£1> <81|M|82> <81|M8n> g 0 - 0 0 2—¢ 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 X = and y=
s A N det( 4;8 21 j‘ det( 4;8 21 j|
(eMle)) (e |Mle,) - (e, M[e,) 0 0 - g € e

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

First step in finding eigenvalues: Solve secular equation

n-2

detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O=det|M — & - 1l=det =det

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mle,)=ge,). or (M-gl)e,)=0 M|e>:[ ‘3‘ ; j[ ; ]:g[ ; ) or: ( 4;8 218 ][ ; ]:(

€ is eigenvalue associated with eigenvector |g, ) direction. o L L BTrierorTorioeroeiiesroerossossoes
A change of basis to {| €1> ’ 82>,' .

€n>} called diagonalization gives

SER R

<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0

(eMle) (e/Mle) - (elMe) || 0 & 0 g (4_8 1 j‘ and  y= { e j|
: : : B RS det det

elMe) (eMle) ~ (e/Me) | L0 0 booenE ;e

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

(Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢g,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

_ : _ _ _| 41 XX _ 4—e 1
M|e,)=¢€,¢,), or: (M—gd)g,)=0 M]e) [ 5 j[ ) ] g[ . ) or: ( s ][
& is eigenvalue associated with eigenvector |g,) direction.

Trying to solveiby Kramer's inversion:
A change of basis to {| €1> ; 82>,' " €n>} called diagonalization gives
0 1 4—g 0
det det
<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0
X = and y=
<82|M|81> <82|M|£2> <82|M|£n> — 0 ¢ - 0 4—¢ 1 4—¢ 1
: : : P det 3 9 det s o
(e IMe) (eMle) - (eMg) | 0 0 ) )

) ) ) ) ) Only possible non-zero {x,y} if denominator is zero, too!
First step in finding eigenvalues: Solve secular equation yP oy

0= 4 1) (10 4-g 1
detM—-¢€1|=0= (3 2]8[0 1) ( 3 2-¢ )‘

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

(-1)° (e” +a e va,e" +.. +a, e + an) 0=det|M — & - 1}=det —det

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M|
Secular equation has n-factors, one for each eigenvalue.

detM—-¢el|=0=(-1)"(e—¢,)(e-¢,)-(e-¢,)

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

(Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M’-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢g,1)---(M-g,1) ,
[0 0]:(4 1}_6[4 1)+5(1 o]
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace jth HC-factor by (1) to make projection operators : p, =(1)(M-51) :[ 4 ; 5 215 j:[ —31 _13 ]
p=( 1 )M-gl)(M-gl)
p,=(M-g1)( 1 )-(M-g1)

_ 1 _ 4-1 1 _ 3 1
| p, = (M~ 11)1) [ . 2_1] (3 1]
pn:(M_gll)(M_gzl)'”( 1 )



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

& is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| €1> ) 82>,' "

8n>} called diagonalization gives |,

det 0 I det 4-e 0
<81|M‘£1> <81|M|82> <81|M|8n> & 0 - 0 0 2-¢ and 3 0
X = =
(lMle) (eMe) o (eMle,) || 0 & 0 det( ime 1 j‘ ’ det( ime 1 j|
M) (elMie) - (Mg | [0 0 - Poee P
: . : : : Onl ibl - ,yrifd Inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero i, y} if denominator is zero, too
n - - 4- 1
detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O=detM—e-Tdet| ¢ ! el !0 |=det ¢
" " 3 2 0 1 3 2-¢
where:

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5

@ = —TraceM,:--, a, =(~1)" ) diagonal k-by-k minors of M-+, a, =(=1)"det]M| ) 0= ¢* _ Trace(M)e + det(M) = £” — 6& + 5

Secular equation has n-factors, one for each eigenvalue.

detM—-¢el|=0=(-1)"(e—¢,)(e-¢,)-(e-¢,)

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

(Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢g,1)---(M-g,1) )
[0 0]:(4 1}_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace jth HC-factor by (1) to make projection operators p, = H (M _.gjl) p =1(M-51) ZL 4-5 215 ):[ _31 _13 }
p=( 1 )M-g1)(M-g1) -
. I - - (ﬁ qeneracy claise
p=M=g1)( 1 )-(M-g1) (Assume distinct e-values here: Jix-degeneracy case) b = (M= L1)(1) = 4-1 1 )_[ 31
: E;#E *.. g 3 2-1 31
p,=(M-g1)(M-g&,1)-( 1 ) 9 v B Y (s S R Y A O Y
P32 3 -3 3 -3 P
Each pr contains eigen-bra-kets since: (M-c¢1)pi=0 or: Mpi=cipi=p:M .
Mp,=| 4! 3150 31 |5,
32 31 31 ’



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of Mis in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

& is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| €1> ) 82>,' "

8n>} called diagonalization gives |,

det 0 I det 4-e 0
<81|M‘£1> <81|M|82> <81|M|8n> & 0 - 0 0 2-¢ and 3 0
X = =
(lMle) (eMe) o (eMle,) || 0 & 0 det( ime 1 j‘ ’ det( ime 1 j|
M) (elMie) - (Mg | [0 0 - Poee P
: . : : : Onl ibl - ,yrifd Inator i , too!
First step in finding eigenvalues: Solve secular equation nly possible non-zero i, y} if denominator is zero, too
n - - 4- 1
detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O=detM—e-Tdet| ¢ ! el !0 |=det ¢
" " 3 2 0 1 3 2-¢
where:

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5

@ = —TraceM,:--, a, =(~1)" ) diagonal k-by-k minors of M-+, a, =(=1)"det]M| ) 0= ¢* _ Trace(M)e + det(M) = £” — 6& + 5

Secular equation has n-factors, one for each eigenvalue.

detM—-¢el|=0=(-1)"(e—¢,)(e-¢,)-(e-¢,)

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

(Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M’-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢g,1)---(M-g,1) ,
[0 0]:(4 1}_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace jth HC-factor by (1) to make projection operators p, = H (M _.gjl) p,=M(M-51) :[ 4-5 215 ):[ —31 _13 ]
p=( 1 )M-gl)(M-gl) ™
p, = (M—Sll)( 1 )---(M—Enl) (ASSU.me distinct e-values here: ;//(1:[//4/(’7(///()/7/{? (f/(///»}r’)

£ 2E *.. p,=M-11)1)=
j

b, =(M-e1)(M-&1)}( 1 ) (] Non'cepkcomfmﬂesWifhM’--\MPFEZt ;M 5 ):1{ 3 - ]
3
3

Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or) Mpi=cipi=p:M .

| Moo 4 U [3 1 )s[ 3 1)
&nceMl, M2,..commute with M| P27 5 5 | 3 ¢ |7 7P

J
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

m#k m#k
Multiplication properties of p; :
( 0 if . j#k

pjpk:H(gjpj_empj):pjn(gj_gm):< pkH(ek—em) if . j=k

m#k m#k
m#k

1
-3

M oto| 31
p,=M-11) (3 1]

—M—51=| !
p,=M-51) ( 3

4
3

s

N —

0
0

|

0
0

|



Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ i ; j
p P, :pjl I(M_gml): | I(ij—Empjl) Mp, =¢,p, =pM P, :(M—S.l):( —31 13 )
m#k m#k ° a
. plp2:( 8 8 j

Multiplication properties of p;: 301
pz—(M—l-l)—( - j

( 0 if . j#k
pjpk=g(8jpj—empj)=pjg(8j—8m)=< p.[](e.-¢,) if:ji=k
m#k eV ececcocccce
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk—g ):nﬁ(e o) D=5 4l 303
(Idempotent means: P-P=P) G A b (M-I 13
-1 4l 31



N =

Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ ‘3‘
pp.=p, ] [M-¢,1)=]](p,M-¢,p1) Mp,=¢,p, =pM

m#k m#k

O B B
pl—(MSI)(3

—3) pp.=| 00
152 00

Multiplication properties of p;:

: 301
( ¢ p,=(M-11)=
0 if:jzk P2 : (3 1j
pjpk=g(8jpj—empj)=pjg(8j—8m)=< pkll(ek—em) if :j=k
Last step: H(M—em1)§ p_M-5D) _1f 1 -1
make Idempotent Projectors. Pk:H(gpk—g ):nﬁ(e o) D=5 4l 303
(Idempotent means: P-P=P) e (M—-11) 1( 3 1)
o . P=——— ==
0 if ik Mpk.—e.kpk—pkMs G- 4 31
Pijz S implies :
P if:j=k

MP,=¢ P =PM -
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Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ i ; j
pp.=p,[IM-¢e,1)=]](pM-e,p,1) Mp =¢p,=pM @ :(M—S.l):( —31 13 )
m#k m#k : - _ 0 0
Multiplication properties of p; : 3 i =(M—1.1)=( .- j plpz—( 0 0 )
0 if:jzk D 31
ppc=[1(ep,—e.p)=p11(e,=2.)=1 , TT(e,=e,) if:j=4
mk mk oy A . Factoring bra-kets into “Ket-Bras:
Last step: H(M—gml) : b S M-51) 1 1 -] i : ®( 2 3 )_‘ e,
make Idempotent Projectors. Pk:H(gpk—g )= "’l’ik[(g e ) . (-5 4l 303 _Tl = /yk1 A
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
. 3 1
. Mp,=¢,p,=pM M-11) 1| 3 1 v ) ( : 2 )
0 if i j#k TR TP = =— =k & =
op |0 i dpen M p O 2] ) [ e

P if:j=k MP,=¢ P, =PM



|

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘

N =

pjpk=p,~11(M—8m1)=]1(ij—8mp,-1) Mp,=¢p, =pM plz(M—S-l)z( o )
m# m# : - _ 0O O
Multiplication properties of p;: ; M ( . j P lpz_[ 0 0 j
( . Pp=UM—LD)=
0 if i j#k 301
ppc=[1(ep,—e.p)=p11(e,=2.)=1 , TT(e,=e,) if:j=4
mk mk oy A . Factoring bra-kets into “Ket-Bras:
Last step: . [I(M-¢1) : p_M-5D_1( 1 1) ! ®( , )—\g><8\
make Idempotent Projectors: Pk=H e "_g )= "’l’ik[ (6—c) S (S R G A I P /yk1 Y
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
e =pM L VOoN )
0 ifijek CPCERERAL: p SO S T L ) | o e e
Pij = o implies : . 5-1) 4\ 3 1 % k,
PN
. _ L 3/4
Eigen-bra-ket or s
projectors <y’ » |82>=k2 Y <82|=(3/2 1/2)k y€—
of matrix:
4 1
M=
£
P (M-51) P, - (M -11)
1-5) 5-1)
_1f 1 131
4 -3 3 4 31
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

With example matrix M=[ ‘3‘

N —

pp.=p,J(M-¢,1)=T](pM-¢,p,1)  Mp,=g;p,=pM N :(M—S-l):( 1 }
m#k m#k _ . 0O O
Multiplication properties of p;: I ( . j P lpz_[ 0 0 j
- p = —1- =
0 if . j#k ’ 31
T (TTYEY | (OA RrR i o
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [I(M-¢1) : p_M-5D)_1f 1 -1 _ ) ®( : 7 )_
make Idempotent Projectors: Pk:H(gpk -k "’lik[(g ) T ML U I I I X, =le){e
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
Mp,=£.p, =pM M-11) 1( 3 1 v (a 5)
0 if:j#k VPmER=PAT s p ((MZID L k| | N, e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
P if:j=k MP=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
Eigen-bra-ket or | .
The P; are Mutually Ortho-Normal (ele) (ele,) projectors <y’ ) |82>=k2 A 7 <82|:(3/2 1/2) ey
as are bra-ket (¢;|and|e;) inside P;’s (ele) (e, of matrix:
:( 10 M=(§ ;)
0 1 7 i
p - =51 p, - (M-1D
1-5) (5-D
_1f 1 _1( 31
4 -3 3 4 31
i s 3o
= HER

172

|81>:k1

-3/2



Matrix-algebraic method for finding eigenvector and eigenvalues

pjpk = p]H(M_eml) = H(ij_gmpjl)

Mp,=¢p,=pM

With example matrix M=[

pl=<M—5-1>=( .

4
3

N —

|

-1 1

ok ek -3 ) 0 0
Multiplication properties of p;: I ( . j PPZ1 0 o
- p = —1- =
0 if . jzk ’ 31
pjpk:H(gjpf_gmpf):pJH(ef_gm)=< pkH(ek—e ) ifj=k : :
mk m#k ) A . Factoring bra-kets into “Ket-Bras:
. . o1
Last Step. b H(M—Eml) . P_(M_S.l)_l T % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors.: Pk:H(g : )" "ﬁ(g - L a=5) 4l -3 3 )y 4 koo
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
. Mp,=¢,p, =pM ~1 Vil ( 2 2 )
0 ifij#k P AR p T P L g N e (e
Pij = o implies : 5-1) 4\ 3 1 ) k,
.. 5 b Y
Eigen-bra-ket or | .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y’ ) |82>=k2 A 7 <82|:(3/2 1/2) ey
as are bra-ket (¢;|and|e;) inside P/’s (ele) (e, of matrix:
: - =(4 1 )
=( 0 1 | 3 | 2 | i
Trrenes M-51 M-11
...and the P; satisfy a . 1 = -5 ) P, = ( 5 _1))
Completeness Relation: [ 10
_ P +P,= 11 - 1( 31
1= P, + P> +..+ P, 0 1 =Z 3 3 ZZ 31
=ler) (er]+|e2) (€2|+..+|€n) (€n] =|g Ve | +|e,) (e,
[ . { =
N _3 3 i - 301
4 4 4 4
1 — -1 1
=k1[ _23 ®( % _% )/kl =k2[ ? ]®( g % )/kz
: i 12 2
€)=k
- e N SNP
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Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
» Spectral Decompositions <
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State
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4
3

|

N —

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pp.=p, [I(M-¢,1)=]](pM-e¢,p,1) Mp,=¢p,=pM 1 , sy !
m#k m#k . 3 -3 0 0
Multiplication properties of p;: ; M ( . j PP2Z1 0 0
- ° p = —1- =
0 if:jzk ’ 1
op=TTlem, )= 1= [ie-c.) 1o -
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [T(M-¢,1): b M-5D_1( 1 ), ! ®( : =2 )_
make Idempotent Projectors: P, = H(fpk . )= "’lik[(g - YT =5 4l =3 03 4= k =le){e
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
o Mp,=¢€,p, =pM -1 VLN ( 1 2 )
0 if 1 j#k Pi=EP =P Pz:(M 11)21( - =k| | | ® — =le,)(e]
Pij — _ implies : . 5-1) 4 ‘3 | % k,
Pk lf S = k MP =¢,P, =P M ‘y L 34
d: ooooooooooooooooooooooooooo % Eigen_bra-kel‘ ,
. projectors " 1€, ) =, :;2 < (&)= 172)kye—
. of matrix:
The P; are Mutually Ortho-Normal [ (¢ |e)) (g e,) M={4 1 J
as are bra-ket (¢j|and|e;) inside P;’s > 32 o 3
_(M-51) _(M-11)

14 5=

...and the P; satisfy a _( - [ 3 J
Completeness Relation: PP = 1 0 - i -

1= P/ + P> +.+ P, : 0 1 1 |

=[e) (erl+le2) (ealrtlen) (ea] T =]e))e)+|e) e "‘1[ : ]@’( 2 "[ ; ]"9( b

(Eigen—operators MP, =€ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP =¢P +&P +..+&P




4
3

|

N —

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

PP :ij(M_eml):H(ij_gmpjl) Mp,=¢,p, =pM p,=(M-51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k P>~ B 1
(IR | (R I A -
mk mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 1 |
Last step: | b H(M—Eml) . P:(M_S.l):l 1o-1 ) ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e "_g ] = "’l’ik[ (6—c) -5 4 -3 03 = k, Y
(Idempotent means: P-P=P) LTl L AT T
. 3 1
o Mp,=¢,p, =pM -1 ) ( 3 2 )
0 if:j#k R B s B B A I R S I
Pij — p _ 1 implies : . 5-1) 4\ 3 1 O % k,
k lf‘ -J = MPkZE kPk = PkM : Eigen-bra-ket ?§| [ .
R R o projectors " le,)=t, e (& |=(32 172)/kye—
of matrix:
° Mz[;‘ ;] y 1 302
The P; are Mutually Ortho-Normal - (ele) (ele) —girh— Tl (P ot
as are bra-ket (¢j|and|e;) inside P;’s (ele) (el :l[(l_ g ] 7 =1[(3_1)]
) _3_ ’ -2 (g, 1= -112)rk, ¢ j ]1
i I
| TEEEREY 01 :k[ ¥ ]@( - yk."' =k[ ]@( L pe
...and the P; satisfy a . = la)el I Rl an = el
Completeness Relation: PP = 1 0 R
1= P;+ P> +.4+ P, . 1 41 L !
e e (etrlen (el | e )el+le el MZL . ):11’1 +5P, = 1[1){1]+5[2)(2| =1 Lo +5 L

(Eigen—operators MP, =€ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP =¢P +&P +..+&P
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Matrix and operator Spectral Decompositons

N =

pp,=p,JIM-¢,1)=T](pM-2,p,1)  Mp,=g,p,=pM p1:<M_s.1>:( 1 }
m#k m#k _ . 0O O
Multiplication properties of p;: I ( . j P lpz_( 0 0 j
- p = —1- =
0 if:j#k ’ 31
o= TT(ep, )2 16 2=y [iee.) 1oros o
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [IM-¢g,1):  -51 1 1 - " . ®( 2 )_
make Idempotent Projectors. Pk:H(gpk . ):nﬁ(e - D a-5) 4l 3 3 ) =2 k =le){e
(Idempotent means: P-P=P) LTl L AT T
. 3 1
Y Mp,=¢,p, =pM -1 ) ( 1 2 )
0 if: j#k | pk. g.kpk P, : P2=(M ll)zl 31 —k, ? ® 2 2 :‘82><82‘
Pij = _ implies : . 5-1) 4\ 3 1 ) k,
P if:j=k MP,=¢,P, =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,
as are bra-ket (¢j|and|e)) inside P;’s . (ele) (ele,
. [ 10
0 1
...and the P; satisfy a :
Completeness Relation: PP = 1 0
1= P;+ P> +.4+ P, 0 1 41 LR S
= =1P, + 5P, =1{1){1|+5|2)(2|=1 5
=len)(eilrlen) el eslen(enl T =e)e+]e) el [ 3 2 J A A e I L

(Eigen—operators MP, =€ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP =¢P +&P +..+&P

...and Functional Spectral Decomposition of any function (M) of M
JM)= f(81)P1 +f(82)P2 + "'+f(8n)Pn

.




Matrix and operator Spectral Decompositons : MZ( 4 1 j
. 3 2
po.=p,[[(M-¢,1)=]](pM-¢,p,1) Mp,=ep,=pM  © , _m-s51p=| | !
m#k m#k . 3 -3 B 0 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k - b ) 1
o= TT(ep, )2 I1(E 0= p [T oot o
m#k m#k v o . Factoring bra-kets into “Ket-Bras:
. ) . 11
Last Step- . b H(M—Eml) . P_(M_S.l)_l 1 -1 s % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors. P, = e "_g N "’l’ik[(g e ) =5 4l 3 3 ) 2 koo Y
(Idempotent means: P-P=P) LTl L AT T
: 31
0 if:j=k Mp=ep,=pM @, M-ID_If 3 1) _ || g —( - )=\e><€\
PP, = c implies : T (5= 4 31 )L k, 2
P if:j=k MP,=¢ P =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,
as are bra-ket (¢j|and|e;) inside P;’s (ele) (ele,
_| O
0 1
...and the P; satisfy a :
Completeness Relation: : PP = 1 0
1= P;+ P> +.4+ P, . 0 1 41 L !
=ler) (er]+|e2) (e2|+..4|€n) (En| - =g )e | +| €, ) (e, M:[ 3 9 jZIR-FSPZ:1|1><1|+5|2><2|:1 R +5 5o
. i 3 7 3
(Eigen—operators MP, =¢,P, then give Spectral Decomposition of operator M ) Exanlp lel. oo 301 14355 550_1
50 _150 4 4 50 4 4 _
M=MP, +MP, +..+MP, =g P +&,P,+..+¢P, M —[ 3 2 ]—1 S [P s 0 | ases s

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )




Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p;:

PP :H(gjpj_8mpj):ij(8j_8m)=<

m#k m#k

(0

Mp,=¢p,=pM

pkH(gk_gm) if . j=k

-1
3

1
-3

|

p1=(M—5'l)=(

3 1
p,=(M-11)=
if:j#k ’ (3 1

m#k e eccccccnn .
Last step: | " [IM-¢,1): -5y _1f 1 -1)_ | :
make Idempotent Projectors: P, = 1l ¢ ] = "ﬁ( ] -5 4 -3 03 =
E —€ E —€ .
(Idempotent means: P-P=P) Lo Tl LT T
0 ifj#k Mp,=¢,p, =pM P:(M_l'l):l 31 _ %
Pij = _ implies : . ? 5-1) 4\ 3 1 2 %
P if:j=k MP,=¢ P, =PM °
The P; are Mutually Ortho-Normal - (ele) (ge,)
as are bra-ket (¢j|and|e)) inside P;’s . (ele) (e)e,)
. [ 10
0 1
...and the P; satisfy a :
Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, 0 1 41 !
=ler) (e1]+|e2) (2|+..4|€n) (€n] =|e ) (e )| +|€,) (e, M:[ 3 9 j:1R+5P2:1|1><1|+5|2><2|:1 i
(Eigen—operators MP, =€ P, then give Spectral Decomposition of operator M ) Exanip lels: [ 3o
7 7 7 7
M=MP, +MP, +..+MP, =P +£,P, +..+¢,P MSO:L - ]2150 Soa P
7 7 i
...and Functional Spectral Decomposition of any function (M) of M ' 1
4 1 i 1
. FOM) = £(€,)P. + f(e,)P, +...+ (€, )P, i :[ 3 2 ):iﬁ[ S Jiﬁ[
4 4

Bl AW

o)

N =

o O

Factoring bra-kets into “Ket-Bras:

1 1
2

2

):‘81><81‘

D [—

—)=\€z><82\

Al B W
= B =

5°-1
5943

14+3-5%°
35°-3

Bl o=

A= B =
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Orthonormality vs. Completeness

N =

pjpk:ij(M_eml):H(ij_gmpjl) Mp,=¢,p, =pM plz(M—S-l):( _31 13 ]
m#k m#k _ . 0O O
Multiplication properties of p; : i =(M—1-1)=( .- j p1p2—£ 0 0 j
0 if . jzk ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< p.[](e.-¢,) if:ji=k : :
mk mtk v A Factoring bra-kets into “Ket-Bras:
Last step: [I(M-¢1) : p_M=5D)_1f 1 -1 |_ ) ®( : 7 )_
make Idempotent Projectors: P, = H(gpk "k "ﬁ(g - L a-s) 4l 33 )y - /yk1 =Jetel
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
3 1
Y Mp,=¢,p, =pM -1 Vi ( 1 2 )
0 ifij#k P AR p T P L g N e (e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
P if:j=k MP=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or | .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ ) |82>=k2 v <82|:(3/2 1/2) /ey
as are bra-ket (¢;|and|e;) inside P/’s (ele) (e, of matrix:
: - _ (4 1 )
=[ 0 1 | 3 | 2 | i
) PR (M-51) (M-11)
...and the P; satisfy a . 1= 2=
: 1-5) (5-D
Completeness Relation: [ 10
Fi+F = 11 -1 1( 3 1
1= P;+ P> +.+ P, 0 1 =7l 5 3 =7l 3 1
=ler) (e1|+|e2) (e2|+..+|en) (x| =|g Ve | +|e,) (e,
1 _1 3 1
(" o N = Y i = |
{|x),|y) }-orthonormality with {|e;),|e2) }-completeness -2 2 3 L
(xly)=8,, = (x[1]y)=(x[e )& |y)+{x]e; )(e]y). 1 — -1 1
=k, 23 ®( 2 3 )/kl =k, ? ®( g 2 )/kz
{|e1),|e2) }-orthonormality with {|x),|y) }-completeness K - . 2
(ele,) =6, =(e1e,)=(&]x)(x]e,)+ (] (e, - €10k,
 \&il¢; i il 1€ ARVASEY i| YA€) J = &) (& ny -3/2 = &,)(&,]




Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, 25'kPk = f J
! ! P if:j=k

1=P;+P>+..+P,



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, =5kPk = f J
! ! P if:j=k

1=P;+P>+..+P,

l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4]en) (4]



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if . j#k

PP =0.P =
ik ok {Pk lf]:k

l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k

1=P;+P>+..+P,

1=l|es) (e1|+|e2) (E2]+...+|en) (g4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.

4 )
{|x),|v) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()
\ _/




Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4]en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{1x),]y)}- orthonormahty with {|e/), ]az>} completeness

X
(x[y)=6,, = (x[1]y)= (x|, )(&)|y)+(x|€, )(&,]¥).
(x|y)= 5(x V)= l/f](x)llfj(y)+l/fz(x)l/f§(y)+--

Dirac &-function

{|e1),|e2) }-orthonormality with {|x).|y) }-completeness
<8i|8j> =6,;=(¢ 1‘81>: x><x‘gj>+ £ y><y‘8j>

\ _/

However Schrodinger wavefunction notation ¥ (x)=(x|1) shows quite a difference...



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4]en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{1x),]y)}- orthonormahty with {|e/), ]ag>} completeness

X
(x[y)=6,, = (x[1]y)= (x|, )(&)|y)+(x|€, )(&,]¥).
(x|y)= 5(x V)= l/f](X)I//j(y)+l/fz(x)l/fZ(y)+-.

Dirac é-function
{|81>,|€2>}—0rthonormality with {|x),|v) }-completeness
(ele;) =8, =(el1]e;)=(e|)(x|e;,)+(e[x)(]e;)

(e]e,)=86,,= LAY OV ()Y, WS () + o> j Ay (O (x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...

...particularly in the orthonormality integral.
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Spectral Decompositions
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A Pl’OOfOfPVOjQCtOI’ C()mpleteness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) [T(M-¢,1)
m#k m#k
1=P+P;+..+P, = ZP Z e e, FOM) = f(£)P, + f(£,)P, +..+ f(&,)P, = Y f(e, )P, =Y f(e,) e 2
k & & k m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]l;lk (X - xj )
L( f(x))= kél f(x,)P.(x) where: P, (x)=
m (%))

J#£k



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-e.1 [T(M-e,1)
_ — m#k bn
1=P+P>+..+P, = X P, =3 e 2. FM) = £(£))P, + f(€,)P, +...+ f(£,)P, = 3 f(£,)P, =Zf<ek>mH<8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

5 jl;lk(x_xj)
L(f(X)) = kélf(xk)-};c(x) where: B (x)=-2

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-e.1 [T(M-e,1)
_ — m#k bn
1=P+P>+..+P, = X P, =3 e 2. FM) = £(£))P, + f(€,)P, +...+ f(£,)P, = 3 f(£,)P, =Zf<ek>mH<8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: £ (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) H(M_gml)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(gk) H(S _c )
£, & k m &k & g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: £ (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) H(M_gml)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(gk) H(S _c )
£, & k m &k & g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: £ (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)

One point determines a constant level line,

X1




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-e.1 [T(M-e,1)
_ — m#k bn
1=P+P>+..+P, = X P, =3 e 2. FM) = £(£))P, + f(€,)P, +...+ f(£,)P, = 3 f(£,)P, =Zf<ek>mH<8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: £ (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
_ < N 2 N
1= zlpm (x) x=Xx, P (x) X = lempm(X)
m= m=1 m=

One point determines a constant level line, two separate points uniquely determine a sloping line,

X] X1 X2




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) H(M_gml)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(gk) H(S _c )
£, & k m &k & g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: F (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) H(M_gml)
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£, & k m &k & g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: F (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

H(M—Eml) H(M_gml)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(gk) H(S _c )
£, & k m &k & g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: F (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= glxiPm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values c;=e2=...=en satisty ZPi=1.



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
L=PrePrtctby = 2B =2 e — FOD = F@)P,+ e+t fe )R, = L F€)R = L) Fr—
& & o k m & & iy k m

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: F (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
l N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Pi=1. Completeness is truer than true as is seen for N=2.

P1+P2:};[1 (M—ejl) 1 (M—ejl)
I (sl—ej)

J#l

N _(M-g,1) +(M—511) _(M-g,1)-(M-g]1) —g,1+¢1
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
L=PrePrtctby = 2B =2 e — FOD = F@)P,+ e+t fe )R, = L F€)R = L) Fr—
& & o k m & & iy k m

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N J];Ik(x—xj)
L(f(x)) = kélf(xk)'Pk(x) where: F (x) =~

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
l N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Pi=1. Completeness is truer than true as is seen for N=2.

P1+P2:};[1 (M—ejl) 1 (M—ejl)
I (sl—ej)

J#l

N _(M-g,1) +(M—811) _(M-g,1)-(M-g]1) —g,1+¢1
I1 (82—8]-) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

However, only select values r work for eigen-forms MPy= P« or orthonormality P;P=0Pk.



2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic eigensolutions with example M=( 4
Secular equation ( 3 2 j
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
¥ Diagonalizing Transformations (D-Ttran) from projectors <



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ i[ 13 —31 ]: K, i ®(2—_2) =|e,)(e,]

G-1) 4| 3 1

DO = DO |—
N
—_—
NSO
o
[N}
B |—
~—————
Il
™M
\S}
—
N
™
NS}



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41:2‘)1) _ %( _13 —31 ]— K, i ®(2—_2) =|e, ) e,

G-1) 4| 3 1

Load distinct bras (| and (¢;| into d-tran rows, kets |¢;) and |s>) into inverse d-tran columns.

DO = Do [—
N
—_—
NSIRRON}
o
[N}
B |—
~—————
Il
™M
\S}
—
N
™M
NS}



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

p =(M—1-1>=1[ 31

p:<M‘5'l>:l[ !

1 1

®( — ):‘81><81‘

1 -
—k| A S
- S

—1
-3 3

oa=5 4

= N =
Ne—
®

(5= 4| 31

Load distinct bras (c;| and {(¢| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

al=( 4 4 Med=( 3
(€,,€,) < (1,2) d—Tran matrix

(elx) (&) (
(ea]x) (e]y)

_1
2

DL NI |—

1
2

.

\

J

( )

()
2

‘81> - 3 ?

\ N\ 2 \ 2 )

(1,2) <~ (&,,€,) INVERSE d—Tran matrix

(e) (e | [ 4 40

| <y 81> <y

S

82>:

/\.

N = DNI|—

I
82> 2

82>

N |— N|—

3
\ 2



Diagonalizing Transformations

(D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _M-5D_1f 1 -1 | : ®( 2 ™2 ):
bo(1-5) 4| 3 3 =2 k &)el
E 1
P2=(M—1-1):l[ 31 j i, 2 ] ® ( 2 2 )=‘€2><82‘
5-1) 4| 3 1 ! k,
Load distinct bras (c;| and {(¢| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.
( ( 0 ) ( | \)
(1 1 [ 3 1 _| 2 _| 2
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
N \ 2 J)

(€,,€,) < (1,2) d—Tran matrix

(elx) (&) (
(ea]x) (e]y)

\

1
2
1
2

DL NI |—

\

. : J ..
Use Dirac labeling for all components so transformation is O

(efK]x) - (o[ )
(vK]x) (vK]y)

5

CIEACIR)
(&%) {ea])

s

i )|

4 1
3 2

1
2

DLW D=

1
2

(1,2) <~ (&,,€,) INVERSE d—Tran matrix

(e) (e | [ 4 40

<y 81> <y

DN |—

82>

82>

b

[\OJRSS
N |— N|—

\ J

(&[Kle) (a]K|e,)
(e:|Kley) (e:]K]e,)

05

82>

£,)

(rley) (x
(ve) (o

|

| |

I

1 0O
0 5

1
2

N [— N|—

3
2



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _M-5D_1f 1 -1 | : ®( 2 ™2 ):
bo(1-5) 4| 3 3 =2 k &)el
E 1
P2=(M—1-1):l[ 31 j i, 2 ] ® ( 2 2 ):‘82><82‘
5-1) 4| 3 1 ! k,
Load distinct bras (c;| and {(¢| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.
( () [ \ ]
(1 1 [ 3 1 _| 2 _| 2
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
N \ 2 J)

(€,,€,) < (1,2) d—Tran matrix

(elx) (&) (
(ea]x) (e]y)

\

1
2
1
2

b

DL NI |—

\

(1,2) <~ (&,,€,) INVERSE d—Tran matrix

(e) (e | [ 4 40

<y 81> <y

DN |—

82>

82>

[\OJRSS
N |— N|—

\ J

Use Dirac labeling for all components so transformation is O

(efK]x) - (o[ )
(&l (&l ] | OIK[x) (K]y)

PRl
R

Check inverse-d-tran is really inverse of your d-tran.

{<el|1> (&1]2) N (&) (1le.) N (eltle) (eilife,)

CIEACIR)

1

2 4 1

3 2

DLW D=

<82|1> <82|2> <2|81> <2‘82> <82|1|81> <82‘l|82>
{3 } '[—23 J - (9]

I

(&[Kle) (a]K|e,)
(e:|Kley) (e:]K]e,)
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|
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . 1 1 _1
Given our eigenvectors and their Projectors. p _M-5D 1/ 1 -1 | | > ®( > )_‘ e,
-5 4l 3 3 ) 2 PR

1
I)QZ(M_l.l):l 3 1 :k2 ?
G-1) 4 3 1 !

Load distinct bras (c;| and {(¢| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

( 1 ) ( 1 A
lal=( 4 =4 Med=( 3 3 )f Y 2 fled=] 3|
U2 .2 )
(€,,€,) < (1,2) d—Tran matrix (1,2) <~ (&,,€,) INVERSE d—Tran matrix
( A ( A
@lx) (el _ 3 <3 () ey _ 5 3
(&7} (&) \g 3 ) ey (e) \ -3 %)

Use Dirac labeling for all components so transformation is O

[<elx> (&) Num (4[]} ][ (W) (les) ] (e1[Kle,) <elKez>}

(&lx) {ealy) | [ OIKE) OIK]) L Ola) Ole) ) | (&lKe) (oK)

GG ] - Gy

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”

{ (&%) (a]») N () (xle) H (el1e) (&1l ) »
N (e (ile,) ]

el @h) [ Ol Ole) )7 (el <e2|1|ez>} [ (elx) (alv) N (e) {ea) T: (er) (e |
{ —i] { ; 5} _ [1 0} (&fx) (&) (le) Ole) <x‘82>* (v]e,) Ola) Oley)

DLW D=

N D=



¥ 2D-HO eigensolution example with bilateral (B-Type) symmetry <€

Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase



Analyzing 2D-HO beats and mixed mode eigen-solutions

i : i : K — Kip Kip | | kitk =k _( 10 —lj Det(K)=10-10—1= 99
—kiy  ky+kpp

Ky Kby | L -1 10 _ _
:x=x] :y=x2 Trace(K)=10+10=20

The K secular equation K2 —Trace(K)K + Det(K)=K*> 20K +99=0= (K -9)(K —11) = (K-K,)K—-K,)

Eigenvalues K, and squared eigenfrequencies my(€;)? K, = a)g (81) =9, K,= a)g (82) =11,



Analyzing 2D-HO beats and mixed mode eigen-solutions

i : i : K:[ Ky Ky J_[ kj+kip  —kp ]_( 10 —lj Det(K)=10-10—1= 99

K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

: X=X V=X )
The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11)=(K-K{)(K-K))
Eigenvalues K, and squared eigenfrequencies my(€;)? K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,

K=Ky Kp 10-11 -1 1+l Kiu-Ki  Kp 10-9 -1 1 -1
Kip  Kn-K -1 10-11 ) { +1 1 p K,  Kp-K -1 10-9 -1 1
2= =

P S = —
! K, -K, 9-11 2 K,-K, 11-9 2




Analyzing 2D-HO beats and mixed mode eigen-solutions

i : i : K — K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
Ky Ky ~kiy Kyt -1 10 Trace(K)=10+10 =20

| — —

The K secular equation K2 — Trace(K)K + Det(K) = K2 — 20K +99 =0 = (K =9)(K ~11) = (K — K, (K = K,)
Eigenvalues K, and squared eigenfrequencies my(€;)? K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
b Kip  Kp—-K -1 10-11 ) { +1 1 K Kn-K -1 10-9 -1 1

e K -K, 9—11 2 K, K, 11-9 2
1/2 NG
:[ e J(uﬁ 12 )=[e) e :( _11//% ](1/\/5 142 )=[es) (e

Eigenbra vectors: <81|:(1/x/§ +1/\/§), <82|=(1/\/§ -1/J§)



Analyzing 2D-HO beats and mixed mode eigen-solutions

—kip  kyt+kyp

i : i : K—[ Ky Ky J:[ ki+kip =k ]:( 10 -1 j Det(K)=1010-1=99
K, Ky 110 _ _

: X=X, :y=x2 Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K) = K2 — 20K +99 =0 = (K =9)(K ~11) = (K — K, (K = K,)

Eigenvalues K, and squared eigenfrequencies my(€;)? K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 p K Kp-—K -1 10-9 -1 1
! K,-K, 9-11 2 2 K,-K, - 11-9 - 2

1/42
== \/_ (1/\/5 1/\/5 ):‘81><81‘ —— 1/\/5 (1/\/5 -1/\/5 ):|£2><82|

1/42 132

Eigenbra vectors: <81|:(1/x/§ +1/\/§), <82|=(1/\/§ -1/J§)

Mixed mode dynamics
x0) = &) (ex@)e @+ |ey) (ey]x(0))e @

x1(2) 1/42 it —1/+2 —im,t
= 0 1 0 2
[ X, (1) J [ 1/:2 J<EIIX( e +[ 1/:2 ]<€2‘X( e



|

Ky
Ky,

Ky,
K,

H

ly=x2

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigen-projectors P,

|
|

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§

Mixed mode dynamics

K —-K,
Ky,

Ky,
Ky - K,
K, -K,
1/\2
1/\2

10-11
-1

Eigenvalues K, and squared eigenfrequencies my(€;)?
-1
10-11

=

J( N2 142 )=e) e

I +1
B

2

|

x@®) = &) (g]x©)e ™ + |ey) (&,]x(0))e
t . _ .
| V2 (1| x(0))e " + 12 (&;|x(0)) e~
Xy (1) 1/42 1/2
. ia i .a+b i -2
100% modulation (SWR=0) ¢+’ _ i e > +e 2
2 2
e—ia)lt_l_e—ia)zt _l_(a)1+602)t —i(wl_wz)t i(a)l—(gz)t
x(0) | 2 e 2 e 2 +e 2
X5 (1) ol _ iyt 2 —i(wl_w2)t i(wl_wz)t
> e 2 —e

kl + k12

_kl2

—ki2

Analyzing 2D-HO beats and mixed mode eigen-solutions

10 -1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

H

|

_ .2 _ — 2 _
Ki=wi(g)=9, K,=w0i(&)=11,
Kn=K K 10-9 -1 1 -1
P K Kp=K )\ -1 10-9 ) (-1 1
2T K,-K, - 11-9 - 2

|

1/42 )

1/:2

i }(1/\/5 12 )=|e;) (e

1
}[15-”!!"-4/ Beat
wl= 3 M2 L A cos(wpopty
wi=33166243 | 1 SRR no
el I a0
sl exanin ;

,; Carrier
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BoxIt (Beating) Web Simulation

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —1) Det(K)=1010-1=99
K, K ~kiy Kyt -1 10 Trace(K)=10+10 =20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)
Eigenvalues K, and squared eigenfrequencies my(€;)? K, = a)g (81) =9, K,= a)g (82) =11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-Ki Ky 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 P _ Ko  Kp-K ]\ -1 10-9 ) [ -1 1
b K,-K, - 9-11 - 2 2 K,-K, - 11-9 - 2
1/
\/_ (1/\/_ 1/\/5):‘81><81| —— 1/\/— (1/\/_ 1/\/5):|82><82| f- 4_/_—Beat
1/42 ~1/42 _ 1{1* T cos(@r-01)t/
wl= "3 Fll ! ’ 2712
we=3ilecess L1 fie. -'
Eigenbra vectors: (g| :( /N2 +1/42 ) (&, =( /32 -1/42 ) @;ﬁ e, a
. . €2 I_--_'-_--- i ..-.. <8 |X(O)>
Mixed mode dynamics P jl/ ol B\ e
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Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Videos of Coupled Pendula aided by Overhead Projector

Launch embedded videos
using your browser/App
or

View on YouTube  YOU m < view on YouTube = View on YouTube  YOU m

Stronger coupling on the left, illustrated indirectly by a darker looking spring on screen



(Controts ) (Resume ) (Reset T=0 ) ( Erase Paths )

Speed O—p

) x10°

x1 =-0.683
pl/w =-0.726
x2 =-0.057
p2/w = 0.054

x1(0) =1.000

p1(0)/w = 0 000'

x2(0) = 0.000"
p2(0)/m 0 003

A=1000

‘B=-0100

COOOO
D1000

™7

0.5/

X2 Phasor

E =0.500

-U.
B ; -_1"5‘

._ __==25

BoxIt (Beating) Web Simulation (4=1, B=-0.1, C=0, D=1)
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B
‘ | |
1 | ﬁ
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n
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| | |
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BoxlIt (Beating) Web Simulation (4=1, B=-0.1, C=0, D=1) with frequency ratios
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Approximating decimal frequencies w=a using successive levels of continued fractions.

a=n,+

Pi (n=3.14159265...) converges rather quickly by cf.
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A, —n,
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=3+ 11 :352:3.14159292
n~.=INT(A;)=1
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nO:INT(AO):l 5
Gzl+—:T=2.OOO
nlleT(Al)zl 3
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2
1+
n2:INT(A2):1 1
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1 3

ny = INT(4;)=1 1+



2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase <

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

¥ 2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K)=713-27=91-27=64
Trace(K)=T7+13=20



Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,
Eigen-projectors P,

K,,-K, K> 7-16 —3\/5 9 +3\/§
K,  Kp-K, -3J3 13-16 ~ 33 3

P = =
! K, -K, 4-16 12

4 1/2

&Y
:ﬁ—lz[ NeIE ](ﬁ/z 12 )=le e



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
Ky Ky —K, 33 13-16 B +343 3 K, K> - K, -3J3 13-4 33 9

P = = P, = =
! K,-K, 4-16 12 2 K,-K, 16— 4 12

[3 fg] [ 1 —ﬁ}
) :[ﬁ/z ](ﬁ/z 172 )=|e )ey = _ﬁ4 : =[J§//22 ](—1/2 V312 )=lex e,

4 1/2



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies my(€;)>

Eigen-projectors P,

K -K, Ky, 7-16 -3/3 9 133
K, Ky - K, 33 13-16 ~ 33 3

P = =
! K,-K, 4-16 12

- 4 1/2

[ 3 ﬁ]
L[ V312 ](m 1/2)=le el

Eigenbra vectors: <81|=(\/§/2 1/2), <82|=(—1/2

Kn—-K Ky 7-4 33 3 33
K, Kyp-K 33 13-4 33 9
2= K,— K, - 16—4 - 12
L5 )
- _*/54 ) :[ :/;//22 ](—1/2 V312 )=[e;)(e,|



2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
3 [nitial state projection, mixed mode beat dynamics with variable phase <



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,

Eigen-projectors P,

K,,-K, K> 7-16 —3\/5 9 +3\/§
K,  Kp-K, -3J3 13-16 ~ 33 3

P1: =

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P2: =

K, —-K, 4-16 12 K, K, 164 12
i 7 L5 7]

NEI 3 3 -
:f:[f’//j ](ﬁ/z 172 )=|e )| = y =[J;//22 ](—1/2 V312 )=|ey)(e)]

Eigenbra vectors: <el|:£ V3712172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

x(0) = L) ¥ sl E R
1-x(0)=(P, +P) 0 i ®(2 2) 0 + S ®(2 2 )



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,

Eigen-projectors P,

K,,-K, K> 7-16 —3\/5 9 +3\/§
K,  Kp-K, -3J3 13-16 ~ 33 3

P1: =

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P2: =

K, -K, 4-16 12 K,-K, 16—4 12
&N R

NEI 3 3 -
:f:[ \/15//22 ](ﬁ/z 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

3

(f) (Note projection onto eigen-axes)

1-x<0>:<P1+P2>( (1) j=

ng‘
\ST R %)



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,

Eigen-projectors P,

Ky —K; K 7-16 33 9 433 K- K, K, 7-4 33 3
P - Ky Ky —K, B 33 13-16 B +343 3 p_ K, K> - K, ~ -3J3 13-4 ~ 33
b K-k, B 4-16 B 12 2 K, -K, - 16—4 - 12

- 4 1/2

57
—L=[ V312 ](\/3/2 172 )=|e )| = y =[ :/%//22 ](—1/2 V372 )=|er)(e)|

Eigenbra vectors: <el|:£ N3/2 172 ) <82|=(—1/2 \3/2 )
Spectral decomposition of initial state x(0)=(1,0): 0as 4 X2
Dl:l

= 1

H=3
1 V3 1 82> >
PRO=® R )= ) o =
v =lA
= 21 (f) (Note projection of x(0) onto eigen-axes) ( (({ ‘ :
_\/5 ~ 1\ k12=-5.11951524 -1
(q‘(t)_TCOSZt’ 0, (1) == cosdt xO=1", L)/ 32
g2(0)=-1/2.-



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,

Eigen-projectors P,

...........

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
P - Ky Ky —K, B 33 13-16 B +343 3 K, K> - K, -3J3 13-4 33 9
b K,-K, - 4-16 - 12 P, = K, K, B 16—4 B 12
[ 3 \/§J 1 3
31 J3/2 -3 3 —-1/2
:f:[ A (V372 172)=|e))e| = y =[ﬁ/2 ](—1/2 V312 )=|ey)(e)]
Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2) af 4 op A
Spectral decomposition of initial state x(0)=(1,0): " SN
:g g: :Eu:u o
(VL VY VY T .

1-x(0)= (P, +P2)( (1) ):

E E
= 21 (f) (Note projection of X(0) onto eigen-axes) XE{
2 : fAL AL AR AR j\
/ P LRI Lﬁ
3 k12 = -5.1961524 |1 E E :5 ;: :5 E: :E E: :E E: :5 E:
q,(t)= £cos2t, ¢, (1)=—=cos4t x(0) = 1 \ K22= 13 S AR TR U
3 2 0 e SNUEVEZEY IS B A
Using Cos4t = 20052 2t—1 derives a parabolic frajectory! q2(0)=-1/2--4 BoxIt Web Simulation

1 ) 1 4 ] Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals
9> (t) = —E 2cos” 2t + E = _5[% (l‘)] + 5 for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies wy(€;)* K, =0} (e/)=4, K,= N (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
~ Ky, Ky - K, ~ 3J3 13-16 ~ 33 3 Ky, Kyn-Kk 3J3 13-4 3J3 9
i K, K, B 4-16 B 12 = K, —K, B 16-4 B 12

N i

NER -3 3 -
:f:[ \/15//22 ](ﬁ/z 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

1. %0V = (P +P 1) i 1 BpxIt Web
-x(0)=(P, +P,) 0o |- 2 0 Simulation
/3
= 21 (f) (Note projection of X(0) onto eigen-axes)
3 /
3 k12 = -5.1961524 |1 :
ql (t) = £ cos 2t’ q2 (t) =5 ¢C08 4t X(O) - 1 \ ]{E% _ 1".'3 I PafHUtVV';j}iff]:J?]ili::;heb shev was a Russian
2 2 s ' |‘—; C]/(O) :\/3/2 R g mather);atician. His na)rlne can be alternatively
" transliterated as Chebychev, Chebysheff,
Using cos4t=2 COS2 2t—1 derives a parabolic frajectory! q2(0)=-1/2--- Chebyshor, Tchebychev or Toheeychef or

Tschebyschev or Tschebyscheff. Wikipedia

Born: May 16, 1821, Borovsk
Died: December 8, 1894, Saint Petersburg

1 1 4 1
g, (t)= —52cos2 2t + 5= —5[% (t)]2 2 Example of a Tschebycheff Polynomial order 2
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