Introduction to Orbital Dynamics
(Ch. 2-4 of Unit 5)

Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

: : : Review: “3 st Hell”
Effective potentials for IHO and Coulomb orbits (fevéfm; Ch.sgel(}f,lgo]jq ’

Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations «—

\ (A mystery similarity appears)
Quadrature integration technique/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry

Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry
Detailed hyperbolic geometry



A running collection of links to course-relevant sites and articles

Physics Web Resources “Texts” Classes
Comprehensive Harter-Soft Resource Listing Classical Mechanics with a Bang! 2014 AMOP
UAF Physics YouTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Learnlt Physics Web Applications Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics

Neat external material to start the class:

AJP article on superball dynamics AMOP Ch 0 Space-Time Symmetry - 2019

AAPT summer reading Seminar at Rochester Institute of Optics, Auxiliary slides, June 19, 2018
These are hot off the presses: Springer AMO Handbook - Ch 32 - Harter-Reimer-2019

rln Ir .. A0 |n d D QD | II | C |n d rI|Z |n fMXW”, mn'K mI‘-N I’-L er '21
nthetic three-dimensional atomi ictures assembled atom by atom - Berredo-Nature-Letters-2018

Slightly Older ones: “Relawavity’ and quantum basis of Lagrangian & Hamiltonian mechanics:

Wave—particle duality of C60 molecules

2-CW | r wave - Bohrlt Web A
Lagrangian vs Hamiltonian - RelaWavity Web App

Older Links from Lectures 14-20 Older Links from Lectures 21-23

http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.htmi

otical | "~ One Pl -

Advanced Atomic and Molecular Optical Physics 2018 Class #9, pages: 5, 61

htrt1 ://\ihrl]W\.I:' n -er-mnti \r/1 ”|r_] i m\/,\r,] ” /nh-,in 4 ug—gm(_icnhwnkin.html BoxIt Web Simulations

Pure A-Type w/Cosine
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html Eureg:rr ewﬁ(éosme
https://modphys.hosted.uark.edu/markup/TrebuchetWeb htmi ?scenario=MontezumasReven o =m——
https//modphys. Lark, P Pure B-Type w/Freq ratios

= - . H . _ : .

The trebuchet Chevedden ci Am 1995 #AQ%‘Z '?"II?\’/;—e Ae:i; Iibrio fgt;% 4 bt o
‘Simple’ Pendulum Sim: https://modphys.hosted.uark.edu/markup/PendulumWeb.html . : ’ y

Pure B-Type: A=4.0, B=-0.2, C=0, & D=4.0

Pure C-Type A,D=4.055, B=0, C=0.1

Mixed AB-Type w/Cosine

Mixed AB Type A=4.0, BU2=0.866..., CU2=0, & D=1.0 w/Stokes & Freq rats
Mixed AB Type A=5.086 B=-0.27 C=0 D=2.024 w/Stokes plot

Mixed ABC Type A=4.833 B=0.2403 C=0.4162 D=4.277 w/Stokes plot

‘Cycloid’ Pendulum: h ://m hys.h .uark.edu/markup/CycloidulumW
Google search on: "Satelite view of Patricia" (Image
PhySICS GlrIChanneI Fun W|th Vortex Rings in the Pool

httos://modphys.hosted.uark.edu/markup/CoulltWeb.html?scenario=SvnchrotronMotion2

Mechanical Analog ‘o EM Motion (YouTube video) - https:// /hTd5FTJ-vRk seent mg‘fﬁaﬁ‘ig;ﬁﬁeaAgfaz,zgoEizo'375 C=0.625 D=0.05 wiStokes plot

Coullt Web Simulation: w '

Coullt Web Simulation: Bound-state motion in hyperbolic coordinates #:;:Lgﬁ?t % %;2;57 e 93

Oscilllt Web App: Simulations of various types of resonance: 18, 27, 31, 35, 38, 39 ColorU2 for t!he Web - in development

%t[tnﬂlt}fhaft fize ora/ Group Theory for Quantum Mechanics - 2017 Lectures: 6, 7, 8,
p://nobelprize.org

and the combined 9-10
Quantum Theory for the Computer Age Unit 3 Ch.7-10, page=90
Web based 3D & XR (xe{A,M,V}, R=Reality) https://www.babylonjs.com/

Web based 3D graphics WebGL API (Graphics Layer modeled after OpenGL)
Wiki on Pat Chebys!

continued ~

Analylt Web Application, posted 10/22/2018 in our testing area:
https://modphys.hosted.uark.edu/testing/markup/AnalyltBJS.html



https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://www.scitation.org/
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_32_MolSymm.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Wave%E2%80%93particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_%E2%80%93_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/LearnItTitlePage.html
https://modphys.hosted.uark.edu/testing/markup/AnalyItBJS.html
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.youtube.com/watch?v=72LWr7BU8Ao
https://youtu.be/_jntDtULxDc
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=SynchrotronMotion
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=SynchrotronMotion2
https://youtu.be/hTd5FTJ-vRk
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=Coulomb-Stark_Bound_Hyperbolic
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=18
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=27
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=31
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=35
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=38
https://modphys.hosted.uark.edu/markup/OscillItWeb.html?scenario=39
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
http://nobelprize.org/
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-9-2.12.18.pdf#page=61
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=0&wantStokes=0&wantCosinePlot=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=3.158&BU2=-0.158&CU2=0.0&DU2=3.158&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.4&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=-0.1&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0026&wantBoxLines=0&wantRationalPrint=1&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=2.5&BU2=-0.86603&CU2=0.0&DU2=3.5&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.0&BU2=0.86602540378444&CU2=0.0&DU2=1.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=1&wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=0&wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=4.833&BU2=0.2403&CU2=0.4162&DU2=4.277&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=0&wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=0.325&BU2=0.375&CU2=0.825&DU2=0.05&xInitial=0.204&yInitial=0.486&pxInitial=0.269&pyInitial=0.0&wantBoxLines=1&wantCosinePlot=0&wantRationalPrint=0&wantStokes=1
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.9_9.19.18.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.23_11.07.18.pdf#page=93
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_6_2012.pdf#page=27
https://modphys.hosted.uark.edu/markup/ColorU2Web.html?cInd=5&polAngle=84&aziAngle=68
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_7_2.7.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_8_2.9.17.pdf
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_9-10_2.16.17.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_3_Ch._7-10_2018.pdf#page=90
https://www.babylonjs.com/
https://developer.mozilla.org/en-US/docs/Web/API/WebGL_API
https://en.wikipedia.org/wiki/Pafnuty_Chebyshev

A running collection of links to course-relevant sites and articles (Continued)

Physics Web Resources “Texts” Classes
Comprehensive Harter-Soft Resource Listing Classical Mechanics with a Bang! 2014 AMOP
UAF Physics YouTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Learnlt Physics Web Applications Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics

Older Links from Lectures 24

Jerklt Web App: 2-, 2+, Amp500megai147-, Amp500mega296, Amp500mega602, Gap(1)
MolVibes Web App: C3vN3
Wavelt Web App:

Dim = 3 w/Wave Components;

Static Char Table: 6, 12, 12(b), 16, 36, 256

Quantum Carpet with N=20: Gaussian, Boxcar

ntum Revivals of Mor illators and Farey-For metry - Li-Harter-CPL-201

QTCA Unit_5 Ch14 2013
Lester. R. Ford, Am. Math. Monthly 4 1
John Farey, Phil. Mag.(1816) Wolfram
Harter, J. Mol. Spec. 210, 166-182 (2001
Harter, Li IM 201
Li, Harter, Chem.Phys.L rs (201

Links to supplement Lecture 25

OscillatorPE Web App: IHO Scenario 2, Coulomb Scenario 3
RelaWavity Web App/Simulator/Calculator: Elliptical - IHO orbits



https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=2-
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=2+
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=Amp50Omega147-
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=Amp50Omega296
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=Amp50Omega602
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=Gap(1)
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=false
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry_-_Li-Harter-cpl-2015.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14_2013.pdf
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
http://mathworld.wolfram.com/FareySequence.html
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
http://www.sciencedirect.com/science/article/pii/S0009261415003784
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/markup/LearnItTitlePage.html
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMinor=0.75

Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

¥ Lffective potentials for IHO and Coulomb orbits

Stable equilibrium radii and radial/angular frequency ratios

Classical turning radii and apogee/perigee parameters

Polar coordinate differential equations

Quadrature integration techniques
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg4 conserved for 1sotropic potential V=V(p)

2
m 2, m 2 _m .o m o0 m .o U . _B_T_ 21 _
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg4 conserved for 1sotropic potential V=V(p)
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg4 conserved for 1sotropic potential V=V(p)

2 : u
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Total energy E=T+Vel(p)=T +2H >+ V(p) conserved for constant parameters m and k of T and V(p).
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT oy ¢=——
I'=—g p'+—g O " =—p+—p°0"=—p°+ where: p, =—=mp“¢ = const= [ 2
27PP 20 2 5 2 2 2mP2 ¢ a(]) For ALL central forces mp
Total energy E=T+Ve(p)=T+ . V(p) conserved for constant parameters m and k of T and V(p).

2mp2
Effective potential for IHOscillator V'(p)=ky2/2

2
B=14+r(p)= 35"+ s et
m



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
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27PP 20 2 5 2 2 2mP2 ¢ a(]) For ALL central forces mp
Total energy E=T+Ve(p)=T+ . V(p) conserved for constant parameters m and k of T and V(p).

2mp2
Effective potential for IHOscillator V'(p)=ky2/2
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
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I'=—g p'+—g, 0" =—p+—p°¢0"=—p~+ where: p, =—=mp“¢ = const= [ 2
27PP 20 2 5 2 2 2mP2 (P a(]) For ALL central forces mp
Total energy E=T+Vel(p)=T +2u >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/
2 2
. 1 m . u k
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT oy ¢=——
I'=—g p'+—g O " =—p+—p°0"=—p°+ where: p, =—=mp“¢ = const= [ 2
27PP 20 22 2 2 2mP2 ¢ a(]) For ALL central forces mp
Total energy E=T+Vel(p)=T +2H >+ V(p) conserved for constant parameters m and k of T and V(p).
mp

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

2
E:T+Veﬁ(p)=%p2+ = 2+%kp2 F

2mp

R || AW / e TET
:p+(forE:-0.65) 0= Veﬁ”( ) ‘uz k
3 1 (p) =
2mp* P

w=085 This plot shows

negative values of
V(r)=-k/p (attractive)
for positive k.

(Web Simulation. OscillatorPE - IHO) Web Simulation: OscillatorPE - Coulomb



https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2

Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M o M .o M 9.0 M.y U oT o=—"—
T=—g p+—g O0"=—p +—p Q" =—p+ where: p, = — = mp~¢ = const = |1 2

2°7PP 2% 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+Vel(p)=T +2H
m

>+V(p) conserved for constant parameters m and k of Tand V(p).

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

2 2
E=T+Veﬁ(p)=%p2+22p2+%kp2 Ef E= +V€J7(p):%p2+ w_k

Stability radlus psmble for circular orbits: force or Vel derivative 1s zero.
- o[ vrp) ok IS

: ' dp .
psa 2 p p
" Pstable

Radial oscillation frequency for orbit circle 1s square root of 2nd Vef-derivative divided by mass m.

2vreff , [
stable 2
p mpg able
stable

m dp

av (p)
dp




Orbits in Isotropic Oscillator and Coulomb Potentials
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)
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Effective potentials for IHO and Coulomb orbits
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Polar coordinate differential equations «—
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Quadrature integration techniques /
Detailed orbital functions
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Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m .2 m 0 m .o m .0 M .- U oT ¢:—
T=—g p+—g 0" =—p +—p¢-=—p°+ where: p, = — = mp~¢ = const = |1 2
27PP 279 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+Vel(p)=T _|_2H
m

>+ V(p) conserved for constant parameters m and k of T and V(p).

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

2 2
. ! i
E=T+v"(p)=2p%+ a +—kp? 2 E=T+vVY a2y H__x
(p) 2 P 29 P 51‘5 M(:;Z)g) 5 D 2mp2 p
[ . . _ |1 Pstable -

Lops r/ |1 5 F.Wm3 ...........

This plot shows

negative values of
V(r)=-k/p (attractive)

w=04
=0 apogee P
m .» .

Classical turning radi p+ for bound orbits are where radial kinetic energy r) 1S Zero.

perigee P+




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m .2 m 0 m .o m .0 M .- U oT ¢:—
T=—g p+—g 0" =—p +—p¢-=—p°+ where: p, = — = mp~¢ = const = |1 2
27PP 279 2 2 2 2mP2 ’ ¢ For ALL central forces mp

2
Total energy E=T+Vel(p)=T _|_2H
m

>+ V(p) conserved for constant parameters m and k of T and V(p).

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

2 2
: : =29

This plot shows

negative values of
V(r)=-k/p (attractive)

I Hu 004ap0g€€ N perigee P N .
Cla331§:al turmng radil p+ for bound orbits are where radial kinetic energy ,/ ‘1S Zero.
0=-E TR kp 0=—E L H ko

2mp* 2 2mp2 P



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M o M .o M 9.0 M.y U oT o=—"—
I'=—g p'+—g, 0" =—p+—p°¢0"=—p~+ where: p, =—=mp q) const = |1 2

2°7PP 2% 2 2 2 2mP2 ’ a(P For ALL central forces mp

2
Total energy E=T+Vel(p)=T +2u
m

>+V(p) conserved for constant parameters m and k of Tand V(p).

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

g - .

by (p) =t LK
uw=29 2 2mp p

This plot shows

negative values of
V(r)=-k/p (attractive)

w=04

perigee P+

 &u-0 apogee P> -
Cla331§:al turmng radil p+ for bound orbits are where radial kinetic energy > P ‘is zero.
0=-F TR kp 0=_F P
2mp* 2 2mp2 P

2 2
0=‘u——Ep2+§/o4 or else: Oz‘u—L—EL+k

2m 2m p4 p



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M o M .o M 9.0 M.y U oT o=—"—
I'=—g p'+—g, 0" =—p+—p°¢0"=—p~+ where: p, =—=mp q) const = |1 2

2°7PP 2% 2 2 2 2mP2 ’ a(P For ALL central forces mp

2
Total energy E=T+Vel(p)=T +2u
m

>+V(p) conserved for constant parameters m and k of Tand V(p).

Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/

g - —

by (p) =t LK
n=29 2 2mp p

This plot shows

negative values of
V(r)=-k/p (attractive)

w=04

perigee P+

3 wu=0 apogee p= _—
‘ Cla331§:al turmng radii p+ for bound orbits are where radial kinetic energy > P ‘is zero.
0=-F TR kp 0=_F P
) 2mp* 2 X , 2mp* P ,
OZM_—EP2+EP4 or else: 0=H—L—EL+E O=_—+kp+Ep20 orelse: 0= d —E
2m 2 2m p* p? 2 2m 2mp* P



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum pg conserved for 1sotropic potential V="F(p)

2 .U
m 2 M 2 M., M 2.0 M., U oT oy d=—"—
I'=—g p'+—g, 0" =—p+—p°¢0"=—p~+ where: p, =—=mp“¢ = const= [ 2
27FP 2290 2 5 2 2 2mP2 d) a(P For ALL central forces mp
Total energy E=T+Vel(p)=T +2H >+V(p) conserved for constant parameters m and k of Tand V(p).
mp
Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/
2
Pl BT (p)= R e
B =29 2 2mp P

i Pstable

Lops r/ Lo s

|Ip+ ( for E:0(§5 TRPTTETET L

] - — 04
apogee p\Jergee P+ 5 Mo apogee PN

This plot shows

negative values of
V(r)=-k/p (attractive)

.
Lp 0

perigee P+

Classig:al turning radii p+ for bound orbits are where radial kinetic energy f—jlplls Zero.
0=-F —— 2+lkp2 0=_F LMk
) 2mp” 2 X , 2mp* P ,
1 1 —
0=‘u——Ep2+E/o4 or else: Oz‘u———E—+E O:—+kp+Ep20 orelse: 0= i _E
2m 2 2m p* p? 2 2m 2mp* P
E+\E*~ku?/ E T\ E*—ku?/
PJ_rz = \/ allall or else: ! = +\/ M

k P’ e im



Orbits in Isotropic Oscillator and Coulomb Potentials
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I'=—g p'+—g, 0" =—p+—p°¢0"=—p~+ where: p, =—=mp“¢ = const= [ 2
27FP 2290 2 5 2 2 2mP2 d) a(P For ALL central forces mp
Total energy E=T+Vel(p)=T +2u >+V(p) conserved for constant parameters m and k of Tand V(p).
mp
Effective potential for IHOscillator V'(p)=k,»2  Effective potential for Coulomb V(p) =i/
2
Pl BT (p)= R e
B =29 2 2mp P

i Pstable

Lops r/ Lo s

|Ip+ ( for E:0(§5 TRPTTETET L

] - — 04
apogee p\Jergee P+ 5 Mo apogee PN

This plot shows

negative values of
V(r)=-k/p (attractive)

<
af

perigee P+

Classig:al turning radii p+ for bound orbits are where radial kinetic energy f—jlplls Zero.
0=-F —— 2+lkp2 0=_F LMk
) 2mp~ 2 5 ) 2mp2 P )
1 1 —
0=‘u——Ep2+E/o4 or else: Oz‘u———E—+E O:—+kp+Ep20 or else: 0= —E—E
2m 2 2m p* p? 2 2m 2mp* P
/ \
, E+\E—ku®/m | _EF JE =k /m |kt [KP+2E 1 m | ktk+2Eu Im

P+ = or else: = or else:
k pi2 ‘u2/m \pi 2F pi%/m

Note: p>— p similarity: E—k and k—2F (See p.60)




Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
3 Polar coordinate differential equations _

reorn | AN
Quadrature integration techmcwe/ (A mystery similarity appears)
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 22 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+V/(p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
myp_po Ly p=_t 99 ULy L
2 2mp2 2 mp2 dt 2 2mp2




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p+—g, 0" =—p°+—p¢"=—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 22 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+V/(p)= T+2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
myp_po Ly p=_t 99 ULy L
2 2mp2 2 mp2 dt 2 2mp2

dp dt _do ¢
dt dp dp p mp*p

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M 9 M., M o9 M .o oT 5. ¢=——
I'=—g p'+—g, 0" =—p+—p°0"=—p~+ where: p, = —=mp ¢ =const = [ 2
2°7PP 220 2 5 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
m . 1 : m.,
EpzzE— H 2——kp2 ¢ = H Ed‘z’ —p2=E— o z—k/p
2mp” 2 mp>  dt 2 2mp
. dp [2E p* kp*  d9dt _dp_o _ _dp [2E * 2%
P= dt \ m m*p? m dt dp dp P mp*p P= dt \ m m*p>  mp

(Time solution begins: p. 79)
(Time solution ends: p. 88)

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

7 oT o=——
where: p, = —=mp (p const = |1 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+Vel(p)=T +2
m

2mp

>+ V(p) conserved for constant parameters m and k of T and V(p).

(p,¢) equations for IHOscillator V(p) =kp?/2 (p,¢) equations for Coulomb V(p) =-k/p
2 2
Myr—p_ K —1kp2 p=_t 99 ULy L

2 2mp2 2 mp2 dt 2 2mp2

dp [2E 1 kp® . dp _¢ _ u _____ ‘ . dp 2B u* 2k

S A I P=%a "\ 2pr mp

______________ ‘_'“‘______________‘_\_,"' d¢— :Ltdp B o .

gpottdp 1 v dp mp’p gpotdp _Km_ ¢ dp

mpzp m 5 ZE_ ‘le _kp2 szp m 5 2E_ ‘le _2]37

.............. m m p2 m p m m2p2 mp

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M 9 M., M o9 M .o oT 5. ¢=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
27FP 250 22 2 2 2m,02 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
ﬂpz_ . au _lkpz _ ‘LL Ed(P ﬁpz_E_ ‘U _k/p
2 mp2 2 mp2 dt 2 mp2
c_dp_ 2E__ut _kp® do_9_ u dp_ [2E 2 2%
P dt m. mfp* m dp P mp*p P dt m  mPp* mp
--------------------------------- ( dp
dq)_ﬂﬂzﬂ dp i -—2=du dq;_ﬂﬂ_ﬂ dp
mp*p m g2 jp?  Let —=u so:{ P mp’p mo o lp 2
______________ m e T P dp:_d_’;‘ P _mzpz " mp
L u

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
u

2 :
m 2 M 9 M., M o9 M .o oT 5. d=—"—
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
ﬂpz_ . uuz_lkpz _ ‘LL Ed(P ﬁpz_E_ :uz_k/p
2 mp 2 mp2 dt 2 mp
c_dp_ 2E__ut _kp® do_9_ u dp  E 2 2%
P dt m. mfp* m dp P mp*p P dt m  mPp* mp
--------------------------------- ( dp
d¢_ﬂﬂzﬂ AP oo o =du d¢_£ﬂ_£ dp
mpzp m. . [2E ‘u2 kp2 Lett —=u so:4 P mpzp m. g ,uz 2
I P du P IR
.............. m m’p m dp:——2 m m°p mp
_ g u _d
do=" du | dg=" -
" D2E ptut kS "2E  ptul 2ky
m m* _mu2 m m? m

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
u

2 :
m 2 M 9 M., M o9 M .o oT 5. ¢=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
27FP 250 2 5 2 2 2m,02 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
1 :
ﬂpz_ . uuz__kpz _ ‘LL Ed(P ﬁpz_E_ :uz_k/p
2 mp 2 mpz dt 2 mp
c_dp_ 2E__ut _kp® do_9_ u dp  E 2 2%
P dt m. mfp* m dp P mp*p P dt m  mPp* mp
T i Aoy, d ’
dq;_ﬂ_/’_ﬂ P —, T au d¢_E_P_E P
mpzp m 5 ZE_ ‘le _kp2 Let: ;:u SO: « p J mP2P m o) 2E_ Hz _2]37
______________ i alp? o m dp:——g P m2p? - mp
U —du” - - u u —du :
dp=" S o dg =1
mRE  ptut ke 1 dx = Zudu M DE  ptu 2ky
I Let:x:u=—2 so:<du_ dx . m2 T
m mu P =
| 2vx

(Finding p = p(¢) trajectory equations)



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)
u

2 :
m 2 M 9 M., M o9 M .o oT 5. d=—"—
T=— + — =—p+— =—p°+ here: p, = —= = t=
R T T A O
Total energy E=T+Vel(p)=T +2u >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
1 :
ﬂpz_ . uu __kpz _ ‘LL Ed(P ﬁpz_E_ ‘U _k/p
2 2 2 2 o) 2
mp mp-  dt mp
p:@_ 2F 1’ _kp2 _______ ao _¢ _ u p:@_ 2F is 2k
dt m. mfp* m dp P mp*p dt m  mPp* mp
................................. ( d .
dplidp 1 AP SS=d T ludp p
mp'p M o lap 2 kp? Let: PR P ; mp'p Mmoo ap 2 2
- _ y _ B
______________ o lp? o m dp=—= P 2p2. mp
U —du” - - u u —du :
do=— = rd = 2ud dp=—
; \/ZE - 'uzu‘% — ko Let: x = uzzi SO: 1 ) Z’ ) ; \/2E — ‘uzzflz — 2k
A T X = > . dy = X m 2 m
moomt o mi p = .
dp="~ a GO s dr
m 2, ¥ m 2E  [Px  2kx
2\/;\/2E_'ux_:k ----------------------------------- R LR LR, 2\/)_6\/ —‘uz—‘
m g2 mx m  m m



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 u
m 2 M iy M., M 2.0 M., U oT oy o=——
T=— +— =— P +— =—pP°+ here: =—= = { =
R T T A O
Total energy E=T+Vel(p)=T +2u >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
2 2
m .o H 1. 2 d m .o H
Ep =F— 2——kp = “25 0 E'D =F - Z—k/p
mp mp-  dt mp
c_dp_ 2E__ut _kp® do_9_ u dp  E 2 2%
P dt m. mfp* m dp P mp*p P dt m  mPp* mp
................................. ( d .
dplidp 1 dp e G=d T tudp p p
mpip Mo ap r kpt Let: Pk £ J mp*p moyp 2 2
: - - u - - -
ok i lp? o m dp=-= e Rl i2p? < mp
U —du” .- - u u —du g
do=— = rd = 2ud dp=—
n hE il ke SRR B L " g2k
. - X=u S 809 du = dx " 3 "
moomt o my p SRR s
. . Ll X —¢ .
do = had —dx : E E do = Jad cg’x :
m 2 X m 2E 2x 2k
2\/;\/ S 2x B T 2\/’_6\/ T t;z —
" m e (Finding p = p(¢) trajectory equations) E
u =dx u =du.
dp = . = dg = .

m* m.m Note: p?— p similarity: E—k and k—2F



Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations «—

\ (A mystery similarity appears)
3 Quadrature integration technique/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
\/—('uzxz_zEx+k) Let.x=u _? \/_(‘utﬂ -|-2ku—2E]
m m m m? m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz
¢(z)=D]

\/—(Az2 + Bz + C)

(Finding p = p(@) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
[ miec) VA )on) VA Yo -o)

(Finding p = p(@) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2 +Be+C) VAT 2=z )(x-x) VA Yz -2)(z-2)
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
Defining o and (3:
e =o0xp

(Finding p = p(@) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 u
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (-2 )(x-x) VA (2 -2)(z-2 )
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/Bz T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az?+Bz+C=0.

(Finding p = p(@) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ,u_x2_2_Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V( p) :kpn repeatedly enj oy the integral Qb( z ) below. (Introduced briefly in Unit 3)
dz dz dz
¢(z)=D]

D D
=—=] =—=]
\/—(Az2+Bz+C) VAT (-2 )(x-x) VA (2 -2)(z-2 )
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/Bz T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az?+Bz+C=0.

JA

D

12—

=sin

¢(z)=]

dz
VB~ (z- )
(Finding p = p(@) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (-2 )(x-x) VA (2 -2)(z-2 )
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/Bz T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az?+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p-...

JA

D

12—«

— sin JB*—44Cc  JA B

dz
\/,32 —(z—a) p 2(@) = - sm?¢ -
(Finding p = p(¢@) trajectory solutions)

¢(z)=]




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2ﬂ >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

D D
=—] =—]
\/—(Az2+Bz+C) VAT (-2 )(x-x) VA (2 -2)(z-2 )
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .

Defining o and (3: c 42 —B .. \/Bz T aAC
7, =at 3, where: a=—"—== ,and: f="t—"—=
B 2 2A 2 2A

Solution based on quadratic roots of Az?+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p-...

\/Z dz N 0/ 2

Y2 50y =] —sin1 222 _VB-44C VA B

D JB - (z-a) P W)= s - o
2(9) = B - Sin%¢ -

(Finding p = p(¢) trajectory solutions)




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“® = const = [I 2
2°7PP 220 2 5 2 2 2mp2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u >+ V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) equations for IHOscillator V'(p) =kp’/2 (0,0) equations for Coulomb V'(p) =-k/p
—d —d
= % 2 : IR 9= % 2 -
— ‘u—xz—z—Ex+£ hetx=w'=—7 — ‘u—u2+%u—2—E
m2 m m p m2 m m
Some radial V(p)=kp" repeatedly enjoy the integral ¢(z) below. anuoduced bricsty in Unit 3)
dz dz dz
¢(z)=D]

B D _ D
[ emiec) VA o)) VA Jo-al—o)

Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+(3). Solve integral ¢(z) for z(¢) .
4tz —-B

- B* —4AC
zy =0t 3, where: a= = ,and: f= e Tl \/
B 2 2A 2 2A

Solution based on quadratic roots of Az?+Bz+C=(. Variable z may be p or u=1/p or p° or x=1/p-...

\/Z dz 12— 2

YA o) =] —sin 1224 VB -4AC VA B

D N B W= s - o
[ z2(¢) = B - Sin%¢ — Oﬂj C

radial-polar-coordinate orbit function \



Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations «—

\ (A mystery similarity appears)
3§ Quadrature integration techniquq/
Detailed orbital functions

Relating orbital energy-momentum to conic-sectional orbital geometry

Kepler equation of time and phase geometry



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=—"—
I'=—g p'+—g, 0" =—p+—p°0"=—p~+ where: p, = —=mp ¢ =const = [ 2
2°7PP 220 2 5 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
dgb:% 2 —dx d¢=ﬂ —du
m 2
2 |- ,u_x2_2_Ex+£ Let:x=uz=L Let: u=l - ‘u—u2+%u—2—E
m2 m m p? p m2 m m
dz dz dz D dz D 1 Z— U

=D]

_ D _ D
[ 5rc) VAT ede o) VANe 96 o) VA [P (eap VA P




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

2 .U
m 2 M iy M., M 2.0 M., U oT oy o=——
IT'=—g p+—g. 0" =—p +—p ¢ =—p°+ where: p, = —=mp“¢=const=[I 2
27FP 250 2 5 2 2 2mP2 ¢ a¢ For ALL central forces mp
Total energy E=T+Vel(p)=T +2u ~+V(p) conserved for constant parameters m and k of T and V(p).
mp
(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
do :% —dx o= M —du
2 m 2
- ,u_x2_2_Ex+£ Let:x=uz=L Let: u=l - ‘u—u2+%u—2—E
m2 m m p? p m2 m m
=D dz dz dz dz D Gin~! -

7! 7! = _
\/_(Az2+Bz+C) JA \/_(Z—Z+)(Z—Z_) JA \/(Z+—Z)(z—z_) JA \/ﬁz—(z—a)z T
Roots z+ are classical turning points (perigee z_=a—[3 , apogee z=a+3).

VB2 —4AC oA

—B :
o=—/, fB= Z=0+ psin
2A P 2A P




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

" m _m .o m 2-2:ﬁ-2+

Total energy E=T+V/(p)= T+2 ~+V(p) conserved for constant parameters m and k of T and V(p).
m
(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
d(b :i% > —dx d(bZE —du
i m )
Eg\/_(‘uzxz_zEx+k) Le‘[:x=uz=L Let: u=l \/—(‘uu2+2ku—2E]
: m mwem p’ P m* m m
dz D dz D dz dz D . 71—«
¢=D]| = =] =—] =—=sin ——
; \/—(Az +Bz+C) VA i ~(z-z,)(z-2) YA J(z.—2)(z—= J_ JB JA
: Roots Zi are classzcal turmng pomts (perigee z_=a~— 6 apogee z= a+ 6)
: R VB* —4AC oA
e R S . , B= z=0+ Psin
: ; 2A
2 ..' N 1




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

I'= Egppp
2

_g¢¢¢ = —P

Total energy E=T+Vel(p)=T +2
m

_pz(ﬁz

m .
=—p"°+
2P

2mp

12

2

where: Py =

oT
99

—=mp (/5 const = |l
For ALL central forces

1

mp*

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
: —d c T T T Sy T :
de = u do ::E du :
L m 2 m: 2
2 |- ,u_x2_2_Ex+£ Let:x=u2=L Let: u=l = ‘u—u2+%u—2—E :
NAm omoom p’ p md |
dz ‘D dz D dz dz - D 12 ~o :
6=D] L[ - 2] =i 28
: \/—(Az +'Bz+C)' JA \/ z z+ Z Z_ ) JA \/(Z+—Z)(Z Z_ \/— \/ﬁ \/1_4_ p :
: Roots Zi are classzcal turmng pomts (perigee z_=a— 6 apogee z ﬂoHrﬁ) :
' JB? - 4AC oA E
= =0+ sm S 3 !
"""""""" ..'"""""""""""'E ﬁ 2A ﬁ . E
2 : .z' ' ' :
A:&. B:_Z_E zk D:_LE A:,LL_ B:2_k C:_Z_E :_EE
m’ m m . 2m; m* m R



Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy T in polar coordinates: Orbital momentum py conserved for 1sotropic potential V=V(p)

I'= Egppp

2

_g¢¢¢ = —P

Total energy E=T+Vel(p)=T +2
m

_pz(ﬁz

m .
=—p"°+
2P

2mp

12

2

where: Py =

oT
99

—=mp (/5 const = |l
For ALL central forces

0

1

mp*

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,0) orbits for Coulomb Vip) =-k/p
: —d c T T T Sy T :
L m 2 1 2
2 |- ,u_x2_2_Ex+£ Let:x=u2=L Let: u=l - ‘u—u2+%u—2—E :
N mem p’ p m> o m )
dz ‘D dz D dz dz - D 12 ~o :
6=D] L[ - 2] =i 28
E \/—(Az +'Bz+C) ‘ \/— \/ z z+ Z 7_ ) \/_ \/(z+ —Z)(Z 7_ \/— \/ﬁ \/1_4_ p 5
: Roots Zi are classzcal turmng pomts (perigee z_=a— 6 apogee z ﬂoHrﬁ) :
' JB? - 4AC oA . E
= =0+ sm S 3 !
""""""'"'""""""""""""': ﬁ 2A ﬁ . E
2 1 .2~ v : :
A:&' B:_Z_E :k D:—L A:,LL_ B:2_k C:_Z_E :_ﬂi
m’ m m . 2m; m* m U
E —k
o= 5 o = 5
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Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

7 oT o=——
where: p, = —=mp (p const = |1 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+Vel(p)=T +2
m

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
i —dx o —du :
d¢ :E% > dQ) ::% > '
2E k 2
12, u—zxz——x+— Let:x=u2=L Let: u=l - ‘u_u2+2._ku_2_.E
N lm? mom P’ p oo
dz ‘D dz D dz dz D 12 ~o
0=D] i -] = sin!
E \/—(AZ +'BZ+C) ’ \/— \/ Z Z+ Z Z_ ) \/_ \/(Z+—Z)(Z 7 \/— \/ﬁ \/1_4_
: Roots zy are classzcal turmng pomts (gj/erzgee zZ_=Q- 6 apogee z. J_oHr 6)
: ; B> —4AC P/ A
: = =0+ sm
IRy Sommnees = 2A P .
2 : .2'
m* m . 2m; m? m .
E —k
o= 5 o= 5 ,
U im LU Im
B \/E2 — k,uz/m Algebra details|\on following pages \/k2 + 2E/,L2/m
LU/m U/m




Orbits in Isotropic Oscillator and Coulomb Potentials

Kinetic energy 7T 1n polar coordinates: Orbital momentum p4 conserved for 1sotropic potential V=V(p)

2 .U

U oT d=—"—
where: p, = —=mp (p const = [l 2

2 - a¢ For ALL central forces mp

2

Total energy E=T+Vel(p)=T +2
m

2mp

~+V(p) conserved for constant parameters m and k of T and V(p).

(0,0) orbits for IHOscillator V'(p) =kp°/2 (0,¢) orbits for Coulomb V(p) =-k/p
: —dx T gy 5

dp =" :
'm 2 m: 2
. 2E  k .
12, = H_zxz__x+_ Let:x=u2=L Let: u=l - u—uz"‘%”—z—.E
N Amomom p’ p . :
dz ‘D dz D dz dz D 12 ~o

¢=D] == =—] =TS T

5 \/—(Az +'Bz+C)' JA \/ (z—2z.)(z—2z) JA \/(z+—z)(z Z_ \/_ \/ﬁ \/1_4_

: Roots zy are classzcal turmng pomts (perigee z_=a— 6 apogee z. ﬂoHrﬁ)

: s S A
e _____________ ﬁ—\/B 2A4AC z—a+[3sm¢’]_

B \/E2 — k,uz/m Algebra details|\on following pages 3 \/k2 + 2E/,L2/m

E% — ku?/ 1 -k k> +2Eu*/m |
Y= 12 _ f _I_\/ : ‘U mSin(—2¢) E/t:_: > _|_\/ - SlIl(-(b)
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Algebra details and checks

(0,0) orbits for IHOscillator V'(p) =kp°/2

2
g o 2E k51
m2 m m 2m
2E
m E' z,+
o= m2 - _tz
o 1 Wihm 2
m2
(2_E2_4u_2£
_ m mzm
ﬁ_ ‘LL2
235
m
(2Em Mk
B= m-m m* m :\/Ez—kﬂz/m_z+—z
N (- 2
le s

s
-~
-~
-~
-~
-~
LS
~

_—B

P+= or else:

\B*-44AC

2A
(0,0) equations for Coulomb V'(p) =-k/p
2
q= B:% C__2_E __H
m2 m m m
2k
m -k z,+z_
m _ _ 4+
N i
>
2 2
2k U= 2E
- +4———
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N im
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m

_ki\/k2+2E,u2/m
2E ps

—ki\/k2+2E,u2/m

,Ltz/m



Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
> Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry



Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V(p) =kp°/2

Energy:
E=k(a*+b%)/2

Angular momentum:

u=\(km) ab

slower
turning poin

Perigee is
faster
turning point

0.

E* —ku?/
! 2E +\/ > H sin(—2¢)
P U/m LU/m

X = =
e
| {1 | 1{ 1 |
—2:+—(—2+—2)+—(—2——2]COS(2¢)
P 2\a* b 2\a* b

(Just derived equation of IHO orbit ellipse )
2
\One of many equations of center-centered ellipse )

-

2

(0,0) orbits for Coulomb V(p) =-k/p

Energy:
E=k/

Angular momentum:

w=V\|km\|=b\(2m|E|)

I
I
: Apogee is
| ) 1 : slower
| | turning point
Perigee is :_}l : 04
faster ol |
turning point  t : :1
p_ : I| R L | !
< |
s |

(Just derived eqiiation df Coulomb orbit ellipse
1~k JK +2E 1% Im

Y= — — sin(—
N p__[im W fm ) <
7 1 . \/ﬁ (to be discussed shortly) )

—=—— COS @
b* b*

\One of many equations of focus-centered ellipse )
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Orbits in Isotropic Oscillator and Coulomb Potentials
(0,0) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

u=\(km) ab

minok radius

Perigee is
faster
turning point

0.

Apogee is
slower
turning poin

) _ E+\E—ky%im 2
k

) _ E—E>—ky%im 2
k

P+

p_

(to be discussed first: 1

(Just derived equation of IHO orbit ellipse h
E* —ku®/
X = 12: f +\/ 2um5in(_2¢)
_ P U /m LU /m )

Angular momentum:

(0,0) orbits for Coulomb V(p) =-k/p

Energy:
E=k/

Angular momentum:

w=V\|km\|=b\(2m|E|)

[ introducing polar-coordinate

ellipse parameters \ and a€

Apogee is
slower

Perigee is
faster
turning point

turning point

P+
1

||||||1-E:|||

Qi

urning point relations)

ek 2E 1 m
P+= °F
_ kK22 E 1% m
p-= 2E
(from p.29 or p.60)

=a+a€

=a—a€

(Just derived equation of Coulomb orbit ellipse
1 - k*+2Eu°/
Uu=—= 2k +\/ > a msin(—(p)
\_ P Lim [ /m y,




Orbits in Isotropic Oscillator and Coulomb Potentials

(0,0) orbits for IHOscillator V'(p) =kp°/2

Energy:
E=k(a*+b%)/2

(0,0) orbits for Coulomb V(p) =-k/p

Energy:
E=k/

Angular momentum: Angular momentum:
u=v(km) ab B u=N|km\|=b\(2m|E|)
| | | | | I | 1 ‘I/-_ | | | | - | | | | !l'=l x
¥ |
X | ‘ Iintr ucing polar-coordinate
- [:] 5 ) | ellipse parameters .\ and a€
_— |
b : Apogee is
slower =l |
T F : : | ) slower
- turning poin, L | : .
: S~ | | furning point
Perigee is ' Perigee is il | o
- ol I +
faster : faster ot |
turning point | 0 turning point ¢ : os :ll . |2
p_/g |2 P— - :inter—focal diameterll p
. [ :_-l:IIE p+_p_:2ag
E+\E*~ki*/m 2, 2 _4E 5 2 =k _» N D
p,2= \/ H _ 2 p.o+p “=—=a"+b P+TP- g = —k+\/k2+2Eu2/m
¢ \/ 2,2 \/k2+2Eu2/m ! P 2E T
_Jr2_1,,2 2\E“—kL"/m P _ =
p’= = \/E L ullli =b* PP = k =a’=pt PP E “CE —k—\/k2+2Eu2/m
k =a€ __ pP_= E =a—a&€
E2 — E*~ku¥/m i K=k*2E1%im _ 5 55 =i 5
erzp_2 = 5 a = a’h? = il P+P-= 5 =a —aé€ = =b (Turning points p=
k km (2E) 2Em
, , . , on p.60 or p.32)
(to be discussed first] turning point relations)
"Just derived equation of IHO orbit ellipse \ | (Just derived equation of Coulomb orbit el{épse 6?)
ee p.
1 E  E—k@m I —k K +2EPm
x= =t y sin(—2¢) U=—=——-+ . sin(—¢)
. p- Uim 1 /m )L p  Uim 1L /m )
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Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
¥ Relating orbital energy-momentum to conic-sectional orbital geometry
Kepler equation of time and phase geometry



Geometry of ALL Coulomb conic section orbits (Let:r =p here)

ol 7 /

All conics defined by: Eccentricity ¢ J
D

Distance to Focus F = e-Distance to Directrix D

M= )




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=MA=+recos =
¢ ¢ l—€coso
Y L rcos O
D rie . p &€=0.75 L Bi/ geometry:
h ; - — £COS €
Me <0/ h=10 %:_ = ? COS ¢
e A S >¢(DP) =0.75(DP) \ 7 A )
r/ __u.q
-1)5 |_1 0.5 : (1) 0.5 |1 } ﬁ |2r 2.5 |3 Recall Mformula
p| EN F X 11 =k \/kz +2E1°/Im
—=—=— > COS
rp  U/m LU/m

Distance to Focus F = e-Distance to Directrix D

T )

All conics defined by: Eccentricity ¢ J
D




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=M\A+recos r=
¢ 0 1—€cos¢
By geometry:
1 € COoS |
(’b COS
A !
kB JKPH2EL m
P= 2E

Distance to Focus F = e-Distance to Directrix D

EAH conics defined by: Eccentricity ¢ J
D




Geometry of ALL Coulomb conic section orbits (Let:r=p here);L

/e = Me.+.rcos b r=A+recos¢ T Cecoso
i » Y 11: cos § By geometry.
5 : 1 l-gecos¢p 1 ¢
” o =———Cos{
, 3 2 A A
r'/€
-115 |_1
| P
/‘ I"_/g i 2
. - kK2 B m
perhelionNy— aphelion p1=\/(1-¢) - 2E

p1-p-=[\(I+e) PN (1-¢)]/(1-e2) =21/ (1-2
Distance to Focus F = -Distance to Directrix D

. o o Maj S 0u+0_=2
EAH conics defined by: Eccentricity ] Yor axis. prrp-—sd
D




Geometry of ALL Coulomb conic section orbits (Let:r=p here);L

/e = Me.+.rcos b r=A+recos¢ T Cecoso
i » Y 11: cos § By geometry.
5 : 1 l-gecos¢p 1 ¢
” o =———Cos{
, 3 ) A A
r'/€
-115 |_1
| o —
p| /€ P _ki\/k2+2Eu2/m
| "t Pi=
perhelionNy— aphelion p1=\/(1-¢) 2E

Major axis: p++p—=2a

All conics detined by: Eccentricitye |, 1, —n1te)in(1-e)]/(1-2)=2)/(1-e2
Distance to Focus F = e-Distance to Directrix DD
_y Very important result! [ _ kJ

M )

+p =— =2a 1mplies:
p.tp = p




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r =
qb ¢ 1—ecos¢
D s Y ::cosq) e =0. By geometry:
A ; 1 1 ecos¢ 1 €
MNe =— COS @
, ro A )
r'/e
. N/ (1+¢€) perhelion
WA
D| e , — kN KH2E 1 m
. ry= =
perhelion aphelion p+=X\/(1-¢) 2E

Major axis: p++p—=2a

All conics detined by: Eccentricitye |, 1, i (1+e)in(1-e)]/(1-2)=2)/(1-€2
Distance to Focus F = e-Distance to Directrix DD pocal axis: o, +p_=2az
g Very important result! [ —k] pr-p—=[N(1+e)-N(1-¢)]/(1-€?)=2Ne/(1-¢€?)

p.+p =—— =2a 1mplies:

E 2a

kY 2u? ‘k‘ 2UE 2]
—p .= = |+ = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢*




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r =
qb ¢ 1—ecos¢
D s Y 51:”005(]) e =0. By geometry:
A ; 1 1 ecos¢ 1 €
MNe =— COS @
, ro A )
r'/e
. N/ (1+¢€) perhelion
WA
D| e , — kN KH2E 1 m
. ry= =
perhelion aphelion p+=X\/(1-¢) 2E

Major axis: p++p—=2a

All conics detined by: Eccentricitye |, 1, i (1+e)in(1-e)]/(1-2)=2)/(1-€2
Distance to Focus F = e-Distance to Directrix DD pocal axis: o, +p_=2az
g Very important result! [ —k] pr-p—=[N(1+e)-N(1-¢)]/(1-€?)=2Ne/(1-¢€?)

p.+p =—— =2a 1mplies:

E 2a

kY 2u? ‘k‘ 2UE 2]
— | + = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢*

. 2
P p=\/1+2‘L2t E=£
P+ P k> m




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r =
qb ¢ 1—ecos¢
D s Y 51:”005(]) e =0. By geometry:
B N i 1 1 ecos¢ 1 € cos
e -
, ro A )
r'/e
. N/ (1+¢€) perhelion
WA
D| e , — kN KH2E 1 m
. ry= =
perhelion aphelion p+=X\/(1-¢) 2E

Major axis: p++p—=2a

All conics detined by: Eccentricitye |, 1, i (1+e)in(1-e)]/(1-2)=2)/(1-€2
Distance to Focus F = e-Distance to Directrix DD pocqi axis: o, +p_=2ac
g Very important result! [ —k] pr-p—=[N(1+e)-N(1-¢)]/(1-€?)=2Ne/(1-¢€?)

p.+p_ :F =2a 1mplies: Latus radius: »=a(l1-¢?)

kY 2u? ‘k‘ 2UE 2]
— | + = 1+ =2ae=
P+ - \/(E) Em |E Cm 1-¢

. 2
P p=\/1+2‘L2t E=£
P+ P k> m




Geometry of ALL Coulomb conic section orbits (Let:r=p here)

r/8—7\./8+rcos r=A+recos r =
qb ¢ 1—ecos¢
D s Y 51:”005(]) e =0. By geometry:
; 1 1 £CosP _ | S
MNe =— COS @
, ro A )
r'/e
. N/ (1+¢€) perhelion
=
D| e , — kN KH2E 1 m
. ry= =
perhelion aphelion p+=X\/(1-¢) 2E

. . Major axis: p++p—=2a
EAH conics defined by: Eccentricity Jpﬁp[x(m)ﬂ(l_a)] J(1-22)=2)/(1-22)

Distance to Focus F = e-Distance to Directrix DD pocqi axis: o, +p_=2ac
—k Very important result! [ —k] pr-p—=[N(1+e)-N(1-¢)]/(1-€?)=2Ne/(1-¢€?)

p.+p_= =2a 1implies: Latus radius: »=a(l-¢?)

2
‘ 1+2‘12L E=2a8= 2;L£2
E k™m ‘1—8 ‘
2 2
\/ 2,u E—S implies: A=a(l—€*)= azk‘lj E::
P.T P m km
P Also important! Cua/km )




Geometry of ALL Coulomb conic section orbits (Let:r=p here)
r/E—?u/SJrrcosgb r=A\A+recos ¢ r =

............. l—¢€cosq
rcos
5 e Y : By geometry:
: 1 1 € COS (,b 1 ¢
Me =— COS @
r'/e 7’ A )L g
1 N/ (14-¢) perhelion
I A
D| /e —k+ K+ 2E % Im
v, = —
perhelionN - P

aphelion p+=X/(1-¢) 2E
. . . Major axis: p++p-=2a
All conics defined by: Eccentricity ¢ J

T )

p+tp—=[\(1+e)+\(1-¢)]/(1-e2)=2X\/(1-¢€?)
Distance to Focus F = e-Distance to Directrix DD pocqi axis: o, +p_=2ac

—k Very important result! K p-p—=[N\(1+e)-\(1-€)]/(1-e2)=2xe/(1-¢€?)
Pt P = =2a 1mplies: [ = Z] Latus radius: N=a(l-¢?)
Minor radius:
\/ k‘\/1+ 2UE D ge— 278 b=/ (a?-a2e2)=v/(a)\) (ellipse:e<1)
E k> m ‘1 — 82‘ b=V (a?e2-a2)=v/ (\a) (hyperb:e>1)

2 2
bt \/ 2,u E—S implies: A=a(1-€°)= azk‘lj E=:

m km
P AZSO important! (/,t=\/km )




Geometry of ALL Coulomb conic section orbits (Let:r=p here)
r/E—?u/SJrrcosgb r=A\A+recos ¢ r =

............. l—¢€cosq
rcos
5 e Y : By geometry:
: 1 1 € COS (,b 1 ¢
Me =— COS @
r'/e 7’ A )L g
1 N/ (14-¢) perhelion
I A
D| /e —k+ K+ 2E % Im
v, = —
perhelionN - P

aphelion p+=X/(1-¢) 2E
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Orbits in Isotropic Harmonic Oscillator and Coulomb Potentials

Effective potentials for IHO and Coulomb orbits
Stable equilibrium radii and radial/angular frequency ratios
Classical turning radii and apogee/perigee parameters
Polar coordinate differential equations
Quadrature integration techniques
Detailed orbital functions
Relating orbital energy-momentum to conic-sectional orbital geometry
¥ Kepler equation of time and phase geometry
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Kepler equation of time for Coulomb orbits

Throughout the history of astronomy a most important consideration was the timing of orbits.
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Geometry and Symmetry of Coulomb orbits
3 Detailed elliptic geometry
Detailed hyperbolic geometry
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Geometry of Coulomb conic section orbits (Let: r =p here)
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D| T \ 1 —k +\/k2+2E 2 /m
. ™ = COS
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Becoming more and more eccentric... Singular Case!

Eccentricity £=0 (circle) to 0<e<l (ellipses)j5=] (parabola)|to € >1 (hyperbolas)




Geometry and Symmetry of Coulomb orbits
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3 Detailed hyperbolic geometry



/2

\ / -hu ~—_L «Ml. ~ / f 7
\ / /’/d //V Y W, A,/d_
I d\u \ / _/_ “ | Q W
\ _ _ + =
, ™~ .
\ r__N P | __ ]
] v\ S =2 W 7N LY
W / m( -~
//
™ /. / /
_ NN / 2
N\ /-
\ / § . \ /
/ /, <€ > \\ \\
\ | /
v\ ! / 1
— 1d QO ' =~ /
=R ST = N /I
< 110 ¢4/Lo rv ) /\\ T /I\ g
2 He o A 7~
/
- |
/ n N\\ /_ N F
= \k\\l \ TN /V/
- m / \\\\ 7 \ NN\ ///
£ 3 [ LT v I O\
na .«h \ \ / / cr
2 “U / \ \ / _wﬂ /
[ /1/ .
[ [ ] \ ST
\
\
Y
I\
/
[ AWA / /
¥ ,, / / /
mw = o= \ / \ / o
I B X 7 \ 7/
A
oy
(4
|
F
o ® O3 S T ST
! = M v NN
.\:ﬂ“ _‘MU — / AP
e s — / / ad A
/ ’ \\ // \
S/ N\
\ /
/
av, \ i
N/ \
v
\\
/
/ A
/
K
/ \\ \
L N~ \\ | 2 | /r —. “J




/2

X IO 7 i
\ / o N /V ‘
I d\u \ / I < |
\ _ _
\ A fa )
~ \ S T o <
W /
\
NG \ X -
\ // \ ]
A= 7
v\
v\ < >
A
= (D)
\o)
5 B g
< 110 ¢4/Lo
o (-]
=
=
=)
a 9
= o
2 O
[
\
CHBEEN d
o S|
g Q
a8
oy
(4
=
o\. L
) M =
{ e
.\:ﬂ“ _‘MU —
Pl b — A
G
i A
/
yi
r/
/ \ \
L N \\ = =N /r N “JI




/2

/,/ /—b //f \\ C
\ / Al/a. /V ‘
I d\u \ / I < |
\ _ |
\ A of
~ \ S w N /
W \ ~_ |/
// 7/\ JA&
NG ./ Y/ \ ,
VN / 2
\ /
\ \ /
\ <€ > /
A
o B A= D)
\o)
s R g
- O =
= Q
|
F
=
=)
a 9
e m of
2 0O
[
\
CHB<EN d
o S|
g Q
VR
oy
)
1
F
o\. L
) M =
.A !
)ﬂ“ _‘MU —
Pl b — A
G
/ A
/
/
\ \
\ \ /‘
.N \\ | 2 /r. “J




\E\'U\ o ”
T~ — S T~
< | ; N N ~
x_ __/~ __V [ b(?x //
[ A + N
) ] 1]
S W AN i
/ «/PHC\A
/
/
/ o s Q
~_ / 3 Q 5
N < </ f—
WaNERIE i3
\‘// // \M‘ e
\ = ~ / A’
/// ~{_ \\ :
\ T~ \\ h ol
< s > U
.n ~ // \\
= 2 R g L A,
£ 3 | w ” 5 S,
> A N / \ £\ £
=] =
c ~ ~
\ 4 N | -
/\/\ Q
Qo NS \ = AR
m m = \ -7 // g =/ =
b ) _ [a¥ >
A N =T NN
) < L -
\ -
\ JEN o ~—
// -7 \\
_“\N_— o — -
\\VA S m ~
~  \|& & &
AN
\
AN
\\\
/// \\\
// \
| | | ///l’ | o |




A5 |y S T~
\ﬂ // 4 S R //
P 2 °N ™~
\¥1 __,~ __V [ = X //
d Ly TS N
S W \\A o
/ kil
/
/
£
~~ /£ 8 = /
~_  / S QI \
AlEERe~ |/ B
/AR g/ — /T
~ ~ Z C
\ /// ~_ \\ \\ : R // i
/ ol T~/ /- S\ —
> ///.K AJA ~—— g & \\\\.
= ~ /JR{P L — \ <
= m Sl TN \\Lm., mwb all
> A o / ,/\\ //\w 2\ 5
\\//,\\ \\\/ | A
c ~
\ 4 \ N | -
\ P A
\\ // muv
v .X S \ ‘ -1 ~ . g
E E R \ L // ) -~ &/ E
E 8 T s RN
“m - \h\\\ Nr// RN
_ 7~ f ~
4/ \\\ - /// AN \\ \ //
\ - T b <
- -~ N
/,k\ _— S~ .\\M\\
\\Vﬂ\ O — o s NN
N IJE 2 ET T
\ | & £
N\
//
AN
N \\
/// \\\
/ \
| L | —~—l g ] a|



\A\\
TS <5 | [
R T bk B
i 1 S T
J/ a e H a //
\ I -
/ dc \A |
~ /| E 8 &
- /VP < Qo g
AN > L o \
\ //// H /
/ > ,
/ ~ /// — 4, ' )
\ - P =N R\
_ yall — , @ :
ol |
m - AJA\A // /
iE: YT NN -
M.v. vh /// VDL \V\\\ vﬂ P
J ~ / <L \ 5 \k\\\
\ \ \L e
QS ~ / -7 5 i
v \ = /\\ ~ ¢ = :R/ Oﬂ,c
H - / =
mm .n i _ \\\\ ///
e : \ A
oy ! | |
- — - = \ 7 E
\ ) - K N\ _— N~ /// 7 .Wb
/ \\\ N = / / - ;P
/ g _ \\\ /, //vo\. // T <
\(\\ - /43 \/L / vﬁ ~
X B R g : i i
N [ E 9 8 | B - |
| E L \\ MW/,R\
— /, \\\\ =
AN
N\
AN
N
~
1 T~
P // \\\\
1 0 \n\\\\\\




)

_\
N\

7\
\/ D\

A & ) =4 [ 94 \71/

A

S

\A‘ o

1+h2/a2
\ = a(e2-])

/}'—5? cCOo ('173

\

N

a2

N\,

i /)

O\

AVACTLL

Focal

plane

/
/

- /

/ﬁ(

AN

/
/ / Main

S/

AN

‘N

'/

/b

m

1rectrix

Y

. 1“\

D

N

\

A1 O \
Perigee| °,

/

g ¢

Dl

\‘K

£
140
~—_

rime

Directrix

XA
/[

pl

¢ Perigge

\

\ N

\

g

\ —
\\ \ //

X
\
Prmqe\ )

P » > ey —g

Focal

plane




)

7\

v/ O\

A & 7 [ 4 71/

A

S

A‘ o

1+h2/a2
\ = a(e2-])

/}'—5? CO ('(73

\

a2

N
aln

PEAgs W =9 &

Focal

plane

/
"/
/

\L @\\

S/
'/

AN

/b

m

A XK

Y

.;\/[ I
AV A

1rectrix

N

\

<)

A1 O \
Perigee| °,

— #/t

rime

\‘K

£
140
~—_

Directrix

X

pl

¢ Perigge

\ N

\ \

\

g

\ —
\\ \ //

X
\
Prnne\ )

P » > ey —g

Focal

plane




/my \A\\ ~ T
~ > o N
nf/ \¥ _ﬁ. __,~ __V [] S U //
~ ~ _ [ [ I T N
G T
AR S| w A< [T
< 4
/
N
o a) \\l
oS g Q@
/// VP\\ S 2 m < \ -
~ ~ " EL QL i
[~ :% \h.ﬁ/
\ S // A —
\ T~ RS N k\\\\\\ ~ H =
\\ MC ~ - \r% \\ _ \
/[ < » AN s RS < -7
n / ~ //TWV$IF — -7
) ~d \. D)
= m W \\\ N 8 + %g A
IERRE A NN \ AN
T [S~1 /771 N L-7\ | A
Jo ‘ Fe|. -7 ,
=N O T
N A | | //\ o h ,\\ | | %
o E 3 oD
g m & \ IEAN /// R / =/ g>
= O ) P / ~ o ~ A o A
“U _ \}, n...l T — ~ -
_ - »/ / -A.A _ vﬁ SR
\ - . —
\ - — N T~~~
- " N 1
\ Bl AN IS
/,k e _— /M’( L
L - \ O — O -~
\\VA S = =
oo =S
~ AN DR A S|
\
//
AN
N \\\
/// \\\
//1/ A
| L | //l’ g ] a|




)

/my \\-H\'U\ N \]l T~ ~
<3 < Z L 35 N
) \¥ _ 1 __V [ S XM //
1 \ _ 1 | I .H S A
N S w A< o
V}L / AMC A
<
/
<
: ——
/ o s @ -
~_/ |5 8 & - /19
N~ VP/ML L o WW
~ ~
\‘ ~ o ~— \ o — ! [
~ ™~ —_—
\ RN ~ N — —T / (&N \\ ~ /Anln._v.;// AN ~
[ W RS / /| ~\ —
/ _ .
\ \A VA N y’ JA 10 \\ ,_ B _ 7
.n / ~ // W\m \\ P -
mm m C/v ~ \W\\ /// IM., mg A
MH a - a / / o~ /( d / n/_ :ﬂ.
. AR 2 N A | A
A . AL
2\ N T
N A | | y 4 //\ o \ h | | %
o s o0
g B A \ \\\/ \ / S S &/ -2
g m . \ // //Wﬂ | \\ ~ Dp..U A
o] i - ~
“U _ \}, . T — ~ -
, |- &/ < vﬁ ~
\ -7 — AN / ~—
- ~ N : d
\ Al N /// I
/,k P \ /MM\\M\\
L - \ O — O -~
\\VA S = =
o 0
- \ | A £ e
N\
//
AN
N \\\
/l/ \\\
//l _ \
| L | ///l’ g ] il a|




/mwl - E\'U\ — - ///
~ Mu < ﬂ/d o | TN
D \¥ _ | __V [ . 1 //
ad \ _ 1 ] I Al S A
(y P 1
i S w A< o
'}4 / «N‘C \A
-
/
<
: ——
/ o s @ -
~_/ |5 8 & - /19
- VP/ML L o :
~ ~
\‘ ~ o ~— \ o = Nr N
~ ™~ —_—
\ RN - // \\\\ /7 C //4. \\ ~ /An||._v.;// AN -
[ W RS e /1 S\ —
/ |
~ 5 i Vr 10\\ q 1.1
.n / ~ //l AM ] — - -
mm m C/v N ~ \W yd -~ N N \1“) WW,C A
IS B o IS AN \--7  &\'g
. ARV N A | A
Ny =~ ~ A )
2N N/ e L
N A | | y 4 //\ o - \ h | | %
O P s
£ m & \ \\\/ /// , / AN =/ .Wc
= m P \ / N .W L A ~ W /D.._
oy ”~ ~
“U _ \}, . T — ~ -
, |- &/ < vﬁ ~
\ -7 — AN / ~—
e ~ LN : 7
/ AR //// ot
/,k -7 _— /MM\ \M\\
L - \ O — O ~
\\VA S = ~
o 0
- \ | A £ e
N\
//
AN
N \\\
/l/ \\ \
//1 j A
| L | ///l’ g ] il a|




)

/]

/

- \.H\Du\ ~ — T~
i W
Q R | R i e | ] S /,/ AN
() ¢ I H -
l S W AN N
~ / AN,C A ™~
/‘\ \\ //
/
N
/& = @ ,\
/// / mm W < < \ O-
-~ VP/ML L 6 o W
/[~ ~
[ /// = — — /E”

/ e he—T /7 N VS TN LN\ ]
[ ol T L7 N 0 T
\ < < | yl ) \\ < -7

.n // //JNV \\ - -
mm m C/v ~ \\ \\ /// P IM., mg A
=o' /A NSRRI A/ B\E
A / T \\// /1 N LA\ \~ /
B /TN oy /
N AT ,
SN VAR IV AN /AL |2
QO N s /
ER-EVARNEAN SR VAV AR
> = / - / NI S _ i k 2. A,
“U \ - \LAI ¢ T T~

| L 2]\ F A
/ _ \ g \\\ // ~_ _ \\ \ /l

\ ) ANV /

/( -7 |- /MM\ B \
_- Vﬂ\ mx = M. <
—"\ B9 m A~
- N\ JE £ 2
///r/
. ~
AN
> /
N \\\
~_ / -
~_ / e
| | | ////V/\ | |




N
N\

/

/.

Major axis™ : A WS
2a = 2b
is difference N S separation
between ‘\ / between
Fooand Foge (RMETE N s P and Fo
‘ /_/|_\\ | B8

Inter-focal distance
N(a2+b2)=2ae

€ =4/3 (Hyperbola/

N
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N

N\ =




N

)

Major axis™\ : ' WS
2a P 2b
is difference N $ separation
between ‘\\ / between
\./r’./r% 18, Eloo and Fog

TR
: ’ F/

0.5

AN
AN
N
: ; . Recall geometric
e :4/3 (Hyperbola/ series “Zig-Zags”
‘b% Lect. 5p.5
s\be
N )
¥ T
"/a/g:—ﬂl ;
< —>




e =3/4 (Ellipse/ ) € =4/ 3 (Hyperbola/
Recall geometric Vv

series “Zi1g-Zags”

Lect. 5 p.5 /
ale
< (U ——>
= de =
For the elliptic geometry (€<1): For hyperbolic geometry(e>1):
b? =a? - a’e? = ah, b? = a’? - a? =al\,
b =an(1-€2 )=\, b = a(E€2-1)= ().
(A,€)-(a,b) expressions and their inverses follow.
a = M(I-€2) a = MN(e-1)
b? = N/(1-€?) b? = \N?/(e2-1)
A =a(l-€e?) = b%a A =a(e-1) = b%/a
e2=1-b%a? g2 = [+b%/ a?
To be discussed Cartesian Parameters Physics Polar Parameters
Semi-major axis Energy Eccentricity
In next Lecture.... e=2E T B TemN(1+2 12k 2m)
Semi-minor axis mlilz/flngebjalfurm / Latus radius

b=uN|2mE| o =y = — A=u2/(km)



Rutherford scattering geometry...

Alpha-particle beam direction — %
AN A

Gold nuclear target — ﬂ’ |

To be discussed Ky
In next Lecture.... } &
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