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Review of Kinetic Energy ellipse geometry
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Geometry of X2 launcher bouncing in box (gravity-free)
—— [11dependent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)



The X-2 Pen launcher and  Superball Collision Simulator™
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(With g=0 and 70:10 mass ratio)
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The X-2 Pen launcher and  Superball Collision Simulator*

Caution: Product Liablility Disclaimer

This ballpoint pen could be hazardous to your health! i ,
The experiments which are the subject of this discussion are V1 =-1.000 cry/s
both spectacular and potentially dangerous, and care to V2 =-1.000 cnys
protect one’s eyes should be taken. The simplest experiment

The X‘Z involves sticking a ball point pen into a superball or other
hard rubber ball and dropping the two onto a hard floor.

ba l ZZQO l nt pen- If done correctly the pen will eject the ball with such force
it may stick in the ceiling of the room. Obviously you want
pen launCher to be careful with this weapon. And, this goes doubly and triply
for the more advanced models that may be developed in the
M — ] 0 gm course of studying this stuff. It is recommended that
2 experimenters wear safety glasses when doing these experiments

with pens. (We could just say don’t use pens, but that‘s an easy
way to do this experiment and probably the way most people
S Up er b al l will go about it.) Some of the tangential experiments associated
. with this development are less hazardous. To measure the
p en et ra t on potential force function of a ball one may simply paint the ball

and measure the spot size as a function of drop height 4.
depth

Stuperiall

The saggital approximation d=r2/2R allows one to

r2 quickly convert spot radius 7 to penetration depth x for a
d = superball of radius R as shown in the figure. Equating this
2R to Mgh gives the ball potential energy function V(x).
*Superball Web

Collision Simulator
2 guaranteed to be

perfectly safe.
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(With g=0 and 70.10 mass ratio)
*Launch Generic Superball Collision Web Simulator  https://modphys.hosted.uark.edu/markup/BounceltWeb.html?scenario=1007
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on Bang—](OU g
.X'.S F]]YALpomt

i 3rd bang:

M off floor

m; off ceiling

(c) n-Body
* Supernova

Superballs

(Still
Bigger
BANG!)
(Bigger
BANG!)

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-


https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300

Geometry of X2 launcher bouncing in box (gravity-free)
—— [11dependent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)

——  (FeOmetric optimization and range-of-motion calculation(s)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)



ballpoint

The X-2 .
pen Pen- Flg 33
M,=10gm launcher (Unit 1)
(a) Super-elastic 2nd-body b b) 2-Bang Model -Bod
Superball a uﬁereas ic 2nd-body ounci//ﬂ @ (b) 2-Bang Mode gc;t)prémgvz
penetration . — ™ Superballs
Superball denth = . = (stil
ep % = Bigger
L] g BANG!)
7//% (Blgger
BANG'
\\ //
; < BANG! Fnj% ango!
pl Q) o (i~ (my) Y M) ()
L Z /
/ \ Bang1'
M, Velocity axis
(a) 3.0 IVz \ \ /s
7 Line CPL
Bang-2 ;) o is elastic collision
FINAL )\ AP final pt. locus for
points — / C different
/
24 momentum
/
Pl slopes
/
or
//mass
it .7 ratios
/ .
%J\ M,::M,
¢ Lis15::1
/
7 (
/
/
7
(0,0) // 0.5\ \\\ 1.0 M, Velocity axis V|
\ Pis7:1
/ .
1 1g. 4.5a
oy in Unit 1
(1.0,-1.0
-1.0 AL

Bouncelt web simulation with ¢=0 and 70:10 mass ratio

With non zero g, velocity dependent damping and mass ratio of 70:35



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300

b . ' http://www.uark.edu/ua/modphys/testing/markup/BounceltWeb.html?smallMass=1&massRatio=100&scenario=7000
allpoint The X-2
Fig. 3.3
pen pen- :
M,=10gm launcher (Unit 1)
(a) Super-elastic 2nd-body bounce @ (b) 2-Bang Model  (c) n-Body
operhal n v @ s
enetraltion
Stperhall p denith =] %: (Still
ep % =2 Bigger
BANG!)
10 el (Bigger
v \ BANG!)
@ BANG! %Bangz'
~ My)(m
. A, B W PO
/ \ Bang1!
M, Velocity axis b M, Velocity axis o
(Cl) 3.0 |y, \ \ e ( ) \ 30|y, S Iis 1:20
. 5
7 Line CPL Ar — oreoc:l
Bang-2,,,\ AL is elastic collision i
(12)\ ~ /
FINAL )\ AP final pt. locus for ~
. / .
pownts _/ C different &7
2017 2.0,
7 momentum 5
/
7 slopes .
s/ o
or /
,/Mass / /
7 . ;7 ;7
15 /7 ratios 7 10 %
/ . v
M M,::M,
¢ Lisl15::1 A
/ o o
A g
/// Al
(0,0) // 0.5 1.0 M, Velocity axis V| 0,0) // 03 10 M, Velocity axis V
J! 1.0 /
v /
7 /
/
i g.4.5a-b -
. . /
mn Unit1 - N VI
Start at 7 g )
(]0’_]0 // MES Sool
-1.0 4 -1 0(\ P

) [~
Bouncelt web simulation with ¢=0 and 70:10 mass ratio With non zero g, velocity dependent damping and mass ratio of 70:35



http://www.uark.edu/ua/modphys/testing/markup/BounceItWeb.html?smallMass=1&massRatio=3&scenario=7000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300

Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)

—— [111egration of (V1,V>2) data to space-time plots (yi(1),t) and (y2(1),t) plots
Integration of (V1,V>) data to space-space plots (vi, y2) Examples (Mi=7, M>=1)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Bouncelt Superball Collision Web Simulator:
M;=70, M>=10 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:
Mi=70, M>=10 with V> vs Vi plot



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1109
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1110

Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
e [111€g70tION Of (V1,V2) data to space-space plots (vi, y2) Examples (Mi=7, Ma=1) and (Mi1=49, M>=1)



Geometric “Integration” (Converting Velocity data to Space-space trajectory)
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)
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Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Bouncelt Superball Collision Web Simulator:
M =49, M>=1 with Newtonian time plot

M1=49, M>=1 with V> vs V; plot



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010

Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Bouncelt Superball Collision Web Simulator:
Mi1=49, M>=1 with Newtonian time plot

M1=49, M>=1 with V> vs V; plot



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010

Geometry of 1-D 2-body collisions (Example with masses: m;=49 and m>=1)
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Multiple collisions calculated by matrix operator products

el (17X OF [ENSOF algebra of 1-D 2-body collisions
What about that 2 quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products

FIN IN
VoM _ vV +vV© m1v1+m2v2( 1 )

T-Symmetry & Momentum Axioms give: |

2 m, +m,



Multiple Collisions by Matrix Operator Products

T-Symmetry & Momentum Axioms give:  yeow _ V" +VY _mvi+myvy (1 _[ V| _,
2 m, +m, 1 y oM ?



Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products
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Multiple Collisions by Matrix Operator Products

. . FIN IN
T-Symmetry & Momentum Axioms give:  yeow _ V7 +VE _myi+myy, (1) _[ Ve | fovie ||
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2 2
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Multiple Collisions by Matrix Operator Products

. . FIN
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
——)  What about that 2"¢ quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give:
2 m, +m,
Gives VFIV in terms of vIV. .. Finally as a matrix operation: ( v7IN =Mev/N )
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m,+m, m +m,

to quadratic collision equations. N Y




Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give:
2 m, +m,
Gives VFIV in terms of vIV. .. Finally as a matrix operation: ( v7IN =Mev/N )
my™ +m™ my" —myv" +2m,v; m—-m,  2m, v
v _ VM _ 2 mm, i 2mpy!Y +myvy —mys ) 2m,  m,—m, vy
V?N 2V — VgN ) my, +my,’ _ N m, +m, m, +m,
m, +m, ’ 4 )
m, —m, 2m,
FIN IN
What about that 274 quadratic solution? i || ety mem, Wy
FIN 2 _ IN
) . . . 1% m, m, —m v
Linear formula v//V =Mev/VN gives just one solution ? - ?
. .« . . 1 2 1 2
to quadratic collision equations. N Y

Q: What 1s the second solution and to what simple process would 1t correspond?

Example with friction



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111

m>
enters
mj

NOTE:
Low For
Time =0.736 s
AT =+40.001 s

KE = +2.500 erg
Force constant
Force power =/+4.000

Drag (Collision) = +0.500

NOTE:
A lot of drag

-1.5

center of m>
approaches
center of

mij 4

-3

e constant allows deeper penetration and pass-thru. |
2.5

2.5

Time =0.924 s
AT =+0.001 s
KE = +2.082 erg
Force constant
Force power +4.000
Drag (Collisjon) = +0.500
NOTE:

A lot of drag

center of m>
just past
center of
mj

4

Time = 1.066 s
AT =+40.001 s
KE = +1.447 erg
Force constant =

NOTE:

...and quickly
accelerates
downward...

...thru drag until emErging from
‘than | vIV |
2.5

mi with | vI'IN| [ess

Time = 1.460 s
AT =+0.001 s
KE = +1.678 erg
Force constant
Force power % +4.000
Drag (Collisfon) = +0.500
NOTE:

A lot of ldrag

8 S S T —

--0.5

Bouncelt Web Simulation - Low force constant with drag displaying a Pass-thru

+100.000 |

1.5




-6

| 5.5

4.5

. V2y=-1.000 cm/s
-6.571y=+1.000 cm/s

k=215.85
Time = 1.454 s ; lets
AT =+0.001 s Y mpy
KE = +2.500 er 2| fall thru
I Force constant = +215.850 | mj
Force power = +4.000
Drag (Collision) = +0 (12
NOTE: I
Zero drag 1
0.5
-1.5 ‘} - 0.5 0.5
[.0.5
1 N
Fall-Thru

Bouncelt Superball Collision Web Simulations
with Low force constant & Zero drag

[ V2y=+2.200 cm/s
-6.571y=+0.200 cm/s

k=216.00
Time = 1.424 s . makes
AT =+40.001 s - \ mpy
_ -2 {bounce off
IForce constant = +216.000 | \ mi
Force power = +4.000 \
Drag (Collision) = +0 b \
NOTE: ! \
Zero drag 1 \
s\
~ \
1.5 -!- 1-0 3 10'15 1\ : 11
\I
\\
0.5 \
\

Bounce-0Off
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2 quadratic solution?

— “Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product. R= C+*M



Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give: 5
m,+m,
Gives vV in terms of v/V... Finally as a matrix operation: v/ IN=NevIN,_

v 4 ™ my" —m,v," +2m,v;" m—-m, 2m, v
FIN com IN 211 N 1IN IN IN IN IN
Vi _ 2V -V _ m, +m, 2my, +myv, —mv, 2m, m, —m, Vv,

V?N 2VC0M - véN 2 mIVIIN + mzvéN _ véN m, +m, m, +m,

m,+m,

Matrix operations include...
Floor-bang F of m;:

S



Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give: 5
m,+m,
Gives vV in terms of v/V... Finally as a matrix operation: v/ IN=NevIN,_

v 4 ™ my" —m,v," +2m,v;" m—-m, 2m, v
FIN com IN 211 N 1IN IN IN IN IN
Vi _ 2V -V _ m, +m, 2my, +myv, —mv, 2m, m, —m, Vv,

V?N 2VC0M - véN 2 mIVIIN + mzvéN _ véN m, +m, m, +m,

m,+m,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of m>:

(5 ) e[ 4]



Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give:
2 m, +m,
Gives vV 1n terms of vIV... Finally as a matrix operation: vV =MevIN,
mv® +my™ my" —m,v," +2m,v;" m—-m, 2m, v
HFIN Y COM _ | IN 211 22—y, IN IN N o) _ IN
! = ! — m,+m, B 2mv;” +myv,T —myy, m, m, —m, Vv,
vy 2V M _y ¥ ) my; +myy oV m, +m, m, +m,
. . . m,+m,
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m;and m: : Ceiling-bang C of m>:
m, —m, 2m,
F -1 0 M = m+m, m+m, o 1 O
0 1 2m, m, —m, 0 -1
m,+m, m,+m,




Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give:
2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: v/ IN=NevIN,_
mv® +my™ my" —m,v," +2m,v;" m—-m, 2m, v
HFIN Y COM _ | IN 211 22—y, IN IN N o) _ IN
! = ! — m,+m, B 2mv;” +myv,T —myy, m, m, —m, Vv,
V?N 2V - véN 2 mIVIIN + mzvéN _ véN m, +n, m, +m,
. . . m,+m,
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m,
F -1 0 M = m+m, m+m, o 1 O
0 1 2m, m, —m, 0 -1
m,+m, m,+m,

096 0.04

Let: m;=49 and m>=1 M=
1.96 -0.96




Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
What about that 2 quadratic solution?

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

———— (;cometry and algebra of “ellipse-Rotation” group product: R= C+M



Multiple Collisions by Matrix Operator Products

FIN IN

T-Symmetry & Momentum Axioms give: 5
m,+m,
Gives vV 1n terms of vIV... Finally as a matrix operation: vV =MevIN,
my™ +my my" —m,v," +2m,v;" m—-m, 2m, v
v 2V v 2 m, +m, o 2my)" +m,v," —my' 2my,  my—m, vy
ngN 2VC0M - VéN 2 mIVIIN + mzvéN _ VIN - ml + m2 ) ml + m2
2
. . . m,+m,
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m,
F -1 0 M = m+m, m+m, o 1 O
0 1 2m, m, —m, 0 -1
m,+m, m,+m,
096 0.04
Let: mi=49 and m>=1 M=
1.96 -0.96

0 )( 096 004 )( 096 0.04)

‘¢ . . ’» . — ° 1 =
Define “ellipse-Rotation” R as group product: R= C N|=( 0 1 196 —0.96 196 0096



‘FIN9>=C . M ° CcC - M . C - M . C - M . F |IN°>

-9
it (10 ) [09 004 J[1 0 )[09 004 \(1 0 (096 004 (1 0 (096 004 \[-1 0 v =-1
0 -1){ 19 -096 J{ 0 -1){196 096 |\ 0 -1 )19 096 )| 0 -1)|196 -096 ) 0 +1 ) ,WN__,
(INITIAL (0))



‘FIN9>= C ° M . C o M . C o M o C o M - F |IN°>
(V=) 0V (096 004 V(1 0)(09 004 V(1 0V(09 004 V(1 0Y[09 004 (-1 0\ vi¥=-1)
L JFIN=9 J"L 0 1)\ 196 096 ) 0 1) 196 <096 )| 0 1)1 196 <096 )| 0 1)\ 196 <096 )| 0 +1 JL v§N=—1J
—_ . — N — N — (INITIAL ©))
|FIN’) = R o R o R . R - F|In°)
[ im0y (096 004) [ 096 004 ) 096 004 ) 096 004 ) ARV
L NI J' | 196 096 | 196 096 | 196 096 | -196 096 ) R .
after Bang-

“ellipse-Rotation” group product. R= C+M



‘FIN9>= C ° M . C o M . C o M o C o M - F |IN°>
W) 0 0 V(096 004 V(1 0 ) [ 09 004 V(1 0V[09 004 V(1 0) (096 004\ (-1 o\ v=-1)
N9 J‘L 0 1)1 196 096 )0 1)1 196 096 )10 -1)1 196 096 )10 -1)| 19 096 )| 0 +1 JL Vo) J
U U U U (INITIAL (0))
|[FIN’) = R . R . R . R - Fln*)
e 096 004 | 0.96 0.04 | 0.96 0.04 | 096 0.04 v=1
N 196 0.96 196 0.96 196 0.96 196 0.96 vy =1
(after Bang-1)
[ v =02925
| v, =—-6.768 . o
(ater Banes) ellipse-Rotation” group product: R= C-M



N)- ¢+ M - C+ M - C- M - C-+- M -F IN°)
0

[ JIN__1 )
(V™) (1 0 V(09 004 V(1 0)(09 004\ (1 0)(09 004 )1 0 )( 090 004 )( o 01 )L S IJ
L N0 J Lo -1 )1 196 096 )10 -1)1 19 -096 )10 1)1 196 -096] w O A ) o
~ N S~ 0
N
|FIN’) = R ¢ R . R . R - F|n°)
N0 096 0.04 | 096 0.04 | 096 0.04 ) . [ 096004 ] N
yFIN-9 - ~1.96 0.96 ~1.96 0.96 -1.96 0.96 ~-1.96 0.96 vy =-— (afer Bang. 1
B A0 { v =0.2925
2@ =
V2:_6.768 P03 . . ) o —
f JIN (afier Bang-9) ellipse-Rotation” group product: R= C+M
/ E ang=6(73)
L
fol |
/ : | Ié Bang—4(1 )
| | I
BRI
NEEL
Kol ! : | i
| T2
(! : ! ot
blo : [ I 4
iy
L
Auitie
: Jl’ ! :: 1 Vdlocity axill }
j//é ; -E : : 1.0 y
///: F': : : f]tagl;ﬂ{))
v -/ 4 . \Bung-l 0]) YT
ST CollzszonSfOr
i I: ¢ R mass ratio
/ | | | |
B o :
; ! i I Bang—3(>0) m1m2 49 ]
| | | l
| |
| Y
-%.0 P |
| [
| |
5

/

,;:ééé
-
X

Fig. 5.1a

/ JF (revised)
Vol | ——

I
~



N)- ¢+ M - C+ M - C- M - C-+- M -F IN°)
0

[ yfiv-o \=/ I 0Y/(096 004 ) (1 0Y(09 004 ) [1 0\/(096 004\ (1 0 (09 004\ (-1 0\ v¥=-1]
L JFIN-9 J Lo 1)1 196 096 )l o -1)1 196 096 )1 0 -1)( 196 096 )0 -1)| 196 096 )| 0 +1 )L N J(INITIAL(O))
- e e
| Lﬁfv’N;>\= R . R . R . R - Fln)
e (096 004) [ 096 004 ) (096 004 ) (096 004 ) o ow=1)
L PFIN=9 J | -196 096 | 196 096 ) | 196 096 ) | 196 096 ) R .
[ { w=02925 )
2y L v2=—6.768J . o
JN (after Banggd) ellipse-Rotation” group product: R= C-M
ang=673)
I [
[
|
/ io ! iéEBang#(I ) . Bang'—3(2il:0) -5; 7: 9:]:1 ]:315:5 .]!:7 1*9
Hts P DLl g { o
ol 1] 1| ! T T
f : N Bano-2 { S B FIN-11 FIN—9
T SRR AN [y Y (096 004 [ v \
il 11! 2 Do g FIN-11 =k 1.96 0.96 J FIN=9
e C bangs, LT V2 o ' V2
o~ ; i f '
S(KIHENE /M/\{ 2
I o ! Bane- 18 2=
B lHR [ Bl ! [ v, =0.0100 )
¥ 1.0 mi Vdocity axi Vi ; { —
giint 1 y -/ L vy ==7.071 J
g :1 F: :l;(%,_% : / (after Bang-11)
AT i : H”“”‘g" o K / 1\.49 Collisions for
7 _%' ! | L I; -E 6/ ml = .
7 I : : : : ¢ H bl i 2 mass ratio Bouncelt Superball Collision Web Simulator:
; ! : | Bang-3/3) D:_-.Uf . mip.nmpj— 491 M1=49, M>=1 with Newtonian time plot
| | :' Bang—](OI) s | .
L ' M1=49, M>=1 with V> vs V] plot
\ | ;%j
|
AR 5 Fig. 5.1a-b
I | .
\lw | 71 (revised)
|
MR

;
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Ellipse rescaling-geometry and reflection-symmetry analysis

— Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on



Ellipse rescaling geometry and reflection symmetry analysis

L . 121 2 12  1yg2
Convert to rescaled velocity: Vi =v,\Jm, , V,=v, m, , symmetrize: KE =;m v, +,m,v, =, V" +; V,

V2

[I]]-ltangent
-mI/Smozp=e-49
|
‘IJ}
P
| fs;(;]/)e
1/1
Ly, Collisions for
\ mass ratio
w‘ \sope
21 = mima= 49:1
19 3%
17 >
15 7
13

9
11



Ellipse rescaling geometry and reflection symmetry analysis
_1 Vl2 +% V22

o . 12 1 2 _1
Convert to rescaled velocity: Vi =v,-ym, , V,=v,-ym, , symmetrize: KE =, m v, +,m,v, =,

( vlel ) 1 m-my 2my N[ v ) b { VlFINl/\/m_l 1 m-my  2m, \( Vl/\/m—l \
= — cCcomes: =
R ] G | oy v ) e[| v
V2
\[I]]tangent
slope
-m /m,= -49
Y
—I_J"
P
\‘\3 //s;;pe
Voo 1/1
| N Collisions for
7N mass ratio
W stope
21 =’ mima= 49:1
o 1IN s
17 5
15 7
13

9
11



Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v,-\ym, , V,=v,"{m, , symmetrize: KE = 2mlv1 +3M,V;

( vlFINl \_L/ my — m, 2m2 \( V| \ becomes ( VIFINI/\/m71 \l_i( my —m, 2m2 Vl/\/7 \
L v;INl J ML 2my my — my JL V) J L V2FIN1/ Im, J M( 2my my —my L V, /\m, J
( VIFI]V1 \ ]( my —ni 2\,m1m2 \( Vl \ — ( VIFINz \ ]( my —nmy 2Vm1m2 \( Vl \ \ /
or: =— =MeV , or =— =C+MeV
v, M M\ 2 mm, m,—my Vv, v, N2 M| 2 mm, m-m, Vv,
V2
[11]-tangent
slope
-m /m,= -49
Vil
—U"
12
‘} fs?gpe
| 1/1
vy
’// : slope
21 l‘l\-\m
170 ||| P
15 7
13\./9

11

_1 Vl2 +% V22

Collisions for
mass ratio
mip:mo= 49:1



Ellipse rescaling geometry and reflection symmetry analysis
1v72 . 1\/2
2 Vl +2 V2

FE- e 1 2,1 2
Convert to rescaled velocity: Vi =v,-\m, , V,=v,-ym , symmetrize: KE =, mv, +,m,v, =

(AN g meme omy Y m ) O™ o g m—my 2my N V)
= ecomes: =
L vglNl J ML 2my m, —m JL 12 J L V2FIN1/ /m2 J M 2my my —m L V, /{m, J
[ yF FINy N ey 2dmmy ) v, ) —_
V2 VZFINz m1m2 ml —m2 J V2 J
[ cos@ sin@ )

or: ! =—
V2FIN1 M 2 mlmz m2 — ml

Then collisions become reflections ( cososind
Sin —COS

]( my —my 2 nyni, \( Vl \—M°\7 or: ( Vl =
a7 g | -
) and double-collisions become rotations | "5, . |

(2 mm, \ /m1‘mz\2 ( 2 Jm,m, )2 1

/ m, — mz\ . .
. cosf=| ———= and: sinf = with: +
where: V2 kml+m2,J Lml+m2) l\ml+m2J kml+m2
[11]-tangent
slope
-m /m,= -49
/
'I.J"
v}
\‘\N} //79;;];6
Vvoo1/1
v, Collisions for
Jd mass ratio
. stove
21 = mima= 49:1
19 3&
17 S5
15 7
13

9
11



Ellipse rescaling geometry and reflection symmetry analysis
1v72 . 1\/2
2 Vl +2 V2

FE- e 1 2,1 2
Convert to rescaled velocity: Vi =v,-\m, , V,=v,-ym , symmetrize: KE =, mv, +,m,v, =

( VlFlNl/\/;l \'_i( my; —my 2m, \{ Vl/\/m71\
il o e

and double-collisions become rotations | "5, . |

FIN
( v 1 \=L/ my — m, 2m2 \( Vi \ becomes:
L V;INl J ML 2m1 m2—m1 JL V2 J L V2FIN]/ /mz ml m2_m1 ) Vz/ﬂmz
| ( Vil \_L/ m—my 2Jmm, \/ V, \—M v . ( VN2 \_L/ my—my 2\ mmy \( Vi \—C YRy
or: FINy | M _ v, | T o FINy | M| _ _ v, |0
Vv, 2\mm, my,—my 2 Vv, 2\mm, my—m, 2
\ cosf  sinf )

Then collisions become reflections ( cososind
Sin —COS

/ m, — mz\
. 0= —= d: B
where: |, = m, | Y Ve |, +m, ) +k m1+m2)
[11]-tangent
slope
-m /m,= -49
A _Mmy-my; _ 48
. + 50
\1 IR 2\/m1 m
| 0=16.26° m,tm,
v 1 14
1 / _E
‘\} //s'lope 1
Voo1/1 - - +7
N Collisions for
\“ ’ mass ratio
21 = I mima= 49:1
| 1
of I\ K ymo T Fig. 5.2a-c
- - (revised)
15 7
13

9
11



Ellipse rescaling geometry and reflection symmetry analysis
1v72 . 1\/2
2 Vl +2 V2

FE- e 1 2,1 2
Convert to rescaled velocity: Vi =v,-\m, , V,=v,-ym , symmetrize: KE =, mv, +,m,v, =

( vfINl \=L/ m-my 2my, V[ v ) o ( VIFIN1/\/,771 \'=L( m-m, 2my \/ Vl/\/m71 \
L vglNl J ML 2my m, —m JL 12 J L V2FIN1/ /m2 J M 2my my —m L V, /{m, J
( VIFI]V1 \ ] ( ml —m2 2\,m1m2 \( Vl \ — ( VIFINz \ ] ( ml _m2 2Vm1m2 \( Vl \ \ /
or: =— =MeV , or: =— =C+MeV
v, M M\ 2 mm, m,—my Vv, v, N2 M| 2 mm, m-m, Vv,
\ [ cos® sin® )\

Then collisions become reflections ( cos9 sind 1 and double-collisions become rotations | —sin6 cost |
sinf —cos -

(2\/m1m2\ . /m1_m2\2 /2\/m1m2)2=1

[(m, —m,) .
s cosf=| —2 and: sinf = with: +
where: \¢ kml+m2,J Vo Lml+m2) l\ml+m2J kml+m2
[11]-tangent
slope [11]-tangept slope
-m /m,= -49 ~m Nm, = -7
\AA 4 _my-my _ 48
; m;+m 50
\‘\ \‘ / 2 2\/m1 m2
| 0=16.26° |\ ", +m,
v | 1 14
| 50
| %lope
1/1
v, Collisions for
d mass ratio
. stove
21 = mima= 49:1
: Fig. 5.2a-c

19

(revised)

s
17 17

1 & i

Note: If mim; is perfect-square, then O-triangle is rational (3:+42=52, eic)



Ellipse rescaling geometry and reflection symmetry analysis

L . 121 2 12  1yg2
Convert to rescaled velocity: Vi =v,-Jm, . V, =v,-m, , symmetrize: KE =;mv, +,m,v, =, V" +; V,

Then collisions become reflections L

where:

21/

19

17

15
13

V2

cosHEl\

[11]-tangent
slope
-m ;/m,= -49

Al
\

\~ 7
1

| /
- slope
W 1/1

11

slope

|t ~-1/1
| AN

AN
| AN

(m, —m,)

ml+m2J

[ cos® sinO )
sinf —cos6

and:

sinf =

(2«/mlm2 )

Vo

| and double-collisions become rotations

with:

(revised)



[11]-tangent
slope [11]-tangent slope
-m ,/m,= -49 -

|

— j B

Fig. 5.2a-c

(revised)




Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
—l How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m>=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7



What ellipse rescaling leads to...

How this relates to Lagrangian, and Hamiltonian mechanics later on

(a)vLagmngian L=L(v,v,

Collision line and velocity v, rescaled to momentum: p, = mv,
COM tangent slope velocity v, rescaled to momentum:  p, = m,v,
=-m,/m,=-16
|
COM Bisector
Jlope /Slope = 1/1
m; 7
\/— = ||
s )
I Vi
, - c) Hamiltonian H = H(p ,,
. () (]9] p2) Collision line and
COM Bisector slope B COM 1 ‘o
=mym,; =1/16 Py—Myv) vé Cing]e/lj stope
\>+\ \Q:m v




Fig. 12.1

What ellipse rescaling leads to... (Unit 1)

How this relates to Lagrangian, and Hamiltonian mechanics later on

(a)vLagmngian L=L(v,v,

/7

Collision line and velocity v, rescaled to momentum: p, = mv,
COM tangent Slope velocity v, rescaled to momentum: p, = m,v,
, . L 1
COM Bisector gy Lagrangian L(v,,v,)=KE = Emlv1 + Emzv2
/ slope = 1/1 rescaled to
P Py
Hamiltonian H(p,,p,) = KE = —— + —

2m, 2m,
v, |

(C‘) Hamiltonian H = HCI?],]?Z) Collision line and

COM Bisector slope
_ _ D ,=m,V COM tangent slope
mym, =1/16 72.|L% — _]/]




: : Fig. 12.1
What ellipse rescaling leads to... (Unit 1)
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics later on
(a) Lagrangian L = L(v,,v,) (b) Estrangian E = E(V V)
v Collision line and Collision line and
COM tangent slope CO§4 \t/angf/nt S iop ¢
=-m,/m,=-16 o m]/ m,=-4
/ -
COM Bisector \
lope | /slope = 1/1 V1=\/m1v]
11]:4 1 ’ /
m, |7 147 COM Bisector slope
’ 2|1 | (Now we call this one
/\ vV, “I’"Etrangian”)
) T c) Hamiltonian H = H(p ,,
. ( ) (]9] p2) Collision line and
COM Bisector slope B COM 1 o]
=mym,; =1/16 Py—Myv) vé i”ig]e/’; stope
\>+\ \Q:m v
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