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AIP publications AJP article on superball dynamics AAPT summer reading

WHAPPED BASEBALL \

A baseball pitcher imparts a lot of kinetic energy to
a fastball. When a batter hits the ball and sends it
over the fence for a home run, he adds more energy
to the ball. Compared with the kinetic energy of the
pitched ball, the amount of energy typically added is

A. about twice as much.

B. about half again as much. O
C. only slightly more. N

TR/

@ _ " How about the change in Y e e T~
momentum of the batted ball?
K ; thanx to David Kagan o

(The answer to this month's “Figuring Physics” can be found at TPT Online, hitp://scitation.aip.org/upload/AAPT/TPT/Figuring/jan2017.pdf. The answer
will also be printed in the February issue of The Physics Teacher. The answer to December’s question appears on p. 54 of this issue.
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Review of (V1,V3)—(y1,y2) relations
- [igh mass ratio M;/m> =49



Geometric “Integration” (Converting Velocity data to Space-time trajectory)
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Example with masses: mi=49 and m>=1
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Force “‘field” or “pressure” due to many small bounces

Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y’



Unit 1
Fig. 6.1

Big mass-m; ball feeling “force-field” or “pressure”
of small (m2 << my) rapidly (v2>>v;) bouncing ball

(a) Uncompressed
(Large Y-space)

y] =H-Y

Small' momentum transfer
<@—"Low pressure”

Low energy
“Cool “

~&— |/H small

Y

> <

(b) Compressed
(Small Y-space)  Hioh energy

LY

V) large
Big momentum transfe
@ “[1igh pressure”
- Y




Big mass-m; ball feeling “force-field” or “pressure”
of small (m> << mj) rapidly (v2>>v1) bouncing ball

(a) Uncompressed

L Y-
(Large Y-space) Low energy

Unit 1 “Cool *

Fig. 6.1

| ~&— |/H small

(b) Compressed
(Small Y-space)  Hioh energy

V5 large

Small' momentum transfer Big momentum transfe
0y <@—"Low pressure” <_I- High P”;SSW@
yi—11- | -
I S Y -«
IN A
v,
AP lower ‘vz‘ longer At
FIN
z =
2Y seconds
AP& g At - per Bang
2 |




Unit 1
Fig. 6.1

(a) Uncompressed
(Large Y-space)

Low energy
“Cool “

~&— |/H small

Small' momentum transfer
<@—"Low pressure”

y] =H-Y ! Y
> S
IN -
V2

AP lower ‘vz‘ longer At

FIN

2 —

2Y seconds

AP& B At - per Bang

A

Y

22

—

Big mass-m; ball feeling “force-field” or “pressure”
of small (m2><< my) rapidly (v2>>v) bouncing ball

(b) Compressed
(Small Y-space)  High energy

‘

V> large
Bzg momentum transfe

<— ‘High pressure

i

HHMH

gg shorter

SRRERRRRR

higher ‘vz‘

"Double- Whammy"




Big mass-m; ball feeling “force-field” or “pressure”
of small (m> << mj) rapidly (v2>>v1) bouncing ball

(a) Uncompressed (b) Compressed
| (Large Y-space) Low energy (Small Y-space) High energy
Unit 1 - " P
: Cool
Fig. 6.1 '
: € V) small ‘ V> large
Small momentum transfer Bzg momentum tr ansfe
_ILy <@—"Low pressure" i “[1ig pressure
e ¢ g <
VéN B g ST = ==={shorter
AP(— lower ‘vz‘ longer At % :
2 — % —
2Y seconds AP
AP& — At - per Bang higher ‘vz‘ Double Whamrny"
2
— (harder hits
ThlS J . F AP i, v, and
Introduction ~ AP =m V — M.V = more hits/sec.)
of Force... At 2 22 At | 2Y

Force Fon m; = (Momentu* per sec.) = (Momentum per Bang)-(Bangs per second)

.i1s more of a
def nition
than another
axiom

Quantum Planck-axiom E=hnw begins with Energy not momentum



Double-Bang Sequences V)

V>
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
VZ_ / =2v]
axis V(2) A V(Z)
Very skinny ,|Increase / . )
Energy ellipse 0T by / / T UIllt 1
or mi>>m; 2 ~2 i »
j - Kl / n Flg 6.2
i /-
i V4| axis /7 V| axis
%/
Sy, v(l) V(1)
D— T Startat— Start at
(tvi=vp \ (tvi=vp)
I — \V(3)
vy
AP lower ‘Vz‘ longer At
FIN
FIN IN
\§ — ‘ ‘—‘ V, “"‘2"1‘ for: m, >>m,
Y seconds
AP@ — At:_ per Bang V2 —_V2 _2V1
o
This AP
introduction  f _
of Force... At AP =m,v, —myv,"
Force F on m; = (Momentum per sec.) = (Moment *m per Bang)-(Ban S*per second)
.i1s more of a
definition
than another Quantum Planck-axiom E=hnw begins with Energy not momentum

axiom



V>

Very skinny
Energy ellipse
for mi>>m>

Double-Bang Sequences
Jorm;>>m,

(a) After 2 Bangs (b) After 4 Bangs
V2
axis V(2)
\Increase

Al by
// =2 V]
e
/ ,
7
s
/

& i V| axis
)_V] \JStart\at 1
(tvi=vp
IN -
V2
AP < lower ‘Vz‘ longer At
FIN
2 —
AP At . Y seconds
é — = _V per Bang
—

This

.i1s more of a

def nition
than another

axiom

AP

introduction  f _
of Force... At

Force F on m; = (Momentum per sec.) = (Momen

AP = m2v2 *m2v2

axis

£

by

/ vyl 7

/ / Unit 1
/ e Fig. 6.2
/-
4 V4| axis

v(l)

Start at
(tvy=vp)

\w v(3)

‘ FIN‘—‘ éN‘HZVI‘ for: m, >>m,
v2 ——v2 —2v,

m per Bang)-(Ban S*per second)

AP = m2v2 — m2|(—v2 —2v,)= 2m2v2 +2m,v,



V> Double-Bang Sequences V5
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
VZ. / =2V]
axis V(2) A V(Z)
Very skinny ,|Increase / . )
Energy ellipse / 0T by / / T UIllt 1
or mi>>m; 2 ~2 i »
/ < g / a Flg 6.2
/ |
i V4| axis /7 V| axis
5%
Ay v(l) v(l)
D— 1 Startar—. Startat
(tvi=vp \ (tvi=vp)
IN — \V(T’)
V2
AP lower ‘vz‘ longer At
FIN
FIN IN
2 — ‘ ‘—‘ V, “"‘2"1‘ for: m, >>m,
AP At _ _Y seconds
e —_—— o " per Bang V2 = —V2 — 2V1
. —
This AP
introduction  f _
of Force... At AP =m,v, i myv,
m per Bang)-(Ban S*per second)

Force F on m; = (Momentum per sec.) = (Momen
I
.is more of a AP =m,v, — mzl(_V2 —2v)=2m,v," +2m,v, =2m,v,

def nition
than another Assuming slow m, : v, < v,

axiom




V> Double-Bang Sequences V5
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
r2 / =2v]
axis V(2) A V(Z)
Very skinny ,|Increase / . )
Energy ellipse 0T ~127y // /// UIllt 1
Jor mi>>m; / eVl / .// Flg 62
: &
i V4| axis /7 V| axis
5%
vy, V(1) V(1)
D— 1 Startar—. Startat
(tvi=vp \ (tvi=vp)
IN — \V(3)
VZ
AP lower ‘Vz‘ longer At
FIN
FIN IN
\§ — ‘ ‘—‘ V, “"‘2"1‘ for: m, >>m,
AP At . _Y seconds
e e _ y per Bang V2 = —V2 — 2V1
. —e
This AP
introduction  f _
of Force.. At AP =m,v, i myv,
m per Bang)-(Ban S*per second)

Force F on m; = (Momentum per sec.) = (Momen
AP =m,v, — m2|(—v2 —2v)=2m,v," +2m,v, =2m,v,

; l; more of a
efinition
AP 1 :
than another - = _ (AP = 2m2v2)-( ~ 2 j Y, Assuming slow m, : v, < v,
axiom At At 2Y Y



AP 1 ’
F:—:(APz2m2v2)~( ~ Vz)sz‘)z
At At 2Y

Y
2
. m,v const.
ID-Isothermal Force Law (assume V., is constant for all Y): |F = —= =
Y Y
Isothermal expansion or contraction:  Wall serves as thermal bath to keep m 5 cool

(a) Uncompressed | (b) Compressed
(Large Y-space) (Small Y-space) Low energy

“Still Cool “

@l -

Low energy

~— |/, small ~&— |/ still smal
Small' momentum transfer Bigger momentum transfer
<@—"Low pressure @—Higher pressure”
y] =H-Y ' Y . Y

>

...due to reduced Y only

Not a

"Double-Whammy"...

...only a

"Single-Whammy"



Force “‘field” or “pressure” due to many small bounces ¢

Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y’
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Potential field due to many small bounces

- [ xample of 1D-Adiabatic potential U(y)=const./y’
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay
Example of 1D-Isothermal potential U(y)=const. [n(y)



Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>vi) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =
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Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y)= %mz(co;”'j relates to Force F(Y) thru Work relations F-dY=xdU
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':Ezgml"lZJ’Emz"%:5m1v12+5m2[ ” j

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y)= %mz(co;”'j relates to Force F(Y) thru Work relations F-dY=xdU
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

I 1 1 1 const s
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Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y)= %mz(w;”'j relates to Force F(Y) thru Work relations F-dY=+dU
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =
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Potential field due to many small bounces
Example of 1D-Adiabatic potential U(y)=const./y*

=y  Physicists Definition F=-AU/Ay vs. Mathematician s Definition F=+AU/Ay
Example of 1D-Isothermal potential U(y)=const. In(y)



Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball
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the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

Cconst.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':Ezgml"lzJ“Emz"%:5m1v12+5m2( ” j

the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

const.

Potential energy PE(Y)=U( Y):%mz( i j relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)
FM™(Y)=-—

T o@D

‘Let it Go!”
Uphys (Y) — _Jthys dY

Fmath (Y) — + d_U
dY

“Hold it back!”
UY)=+ j FPs gy

Y For the

Y
(OK, But, is this consistent with the F=(const)’/Y> (onp.18)?) Doy



Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

Cconst.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':EZEml"lZJ“Emz"%:5m1v12+5m2( ” j

the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

const.

Potential energy PE(Y)=U( Y):%mz( i j relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)
FM™(Y)=-—

T o@D

‘Let it Go!”

Fmath (Y) — + d_U
dY

“Hold it back!”

U Yy=—[F" ay UY)=+|F" ay
. . Y . . 3 Y . For the .
(OK, But, is this consistent with the F=(const)’/Y> (onp.18?) ™ s
2 2 2
l. consisten AU d 1 f. f.
FPhys — m, (COle; ) | tent FPhys — = ——m, (%) = m, (COI”LS; )
Y with : AY dy 2 Y Y

(Hurrah!)



Potential field due to many small bounces
Example of 1D-Adiabatic potential U(y)=const./y*
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay
el [ cample of 1D-Isothermal potential U(y)=const. In(y)



FPms —

2
m,v,

Y

AU
AY

2
I D-Isothermal Force Law (assume v> is constant for all Y): | = Vs

const.

Y

Y

implies : U(Y)=J—thySdY: J_

m,

Y

Not a
"Double-Whammy"...
...only a

"Single-Whammy"

2
Y2 dY=-m,v,” In(Y)



5 Not a
. m,v const. "Double-Whammy"...
I D-Isothermal Force Law (assume v> is constant for all Y): | = —2% = > sz;y\zh g
Y Y "Single-Whammy"
m,v,” AU m,v,’
h : : h 2
F? W22 = implies : U(Y)=J—Fp ySdYZJ— == dY:—m2v2 hl(Y)
Y AY Y
1...
-3 -2 -1 iL 2 3 B 5
-1+
24
B Notice how tightly
hugs y-axis...
Its the backside of exponential y=e*...
-4+
-5+




5 Not a
. m,v const. "Double-Whammy"...
I D-Isothermal Force Law (assume v> is constant for all Y): | = —2% = > sz;y\zh g
Y Y "Single-Whammy"
m,v,” AU m,v,’
h : : h 2
F? W22 = implies : U(Y)=J—Fp ySdYZJ— == dY:—m2v2 hl(Y)
Y AY Y
1...
-3 -2 -1 iL 2 3 B 5
-1+
24
B Notice how tightly
hugs y-axis...
Its the backside of exponential y=e*...
-4+
-5+




I D-Isothermal Force Law (assume v> is constant for all Y): || =

3
_m,v,

Not a
const. "Double-Whammy"...

Y

...only a

Y

"Single-Whammy"

thys _ m2—‘/22 — _A—U implies : U(Y)=J_thySdY: J_
Y AY

n,

2
;2 dY=-m,v,” In(Y)

Notice how tightly
hugs y-axis...
Its the backside of exponential y=e*...

...compared to y=1/x or x=1/y



Not a

2
[ D-Isothermal Force Law (assume v> is constant for all Y): |F = 2% — consi. "D‘)f:fl;/":hammy""'
Y Y "Single-Whammy"
2 2
m.v AU MV
thys = % = —E implies : U(Y)=J—thySdY= J— 2Y2 dY:—m2v22 hl(Y)

const.= E = %mlvl2 +-U(Y) where : U( Y) =-m2v22 ln(Y)

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)




Not a

2
[ D-Isothermal Force Law (assume v> is constant for all Y): |F = 2% — consi. "D‘ffsiel;/":hammy""'
Y Y "Single-Whammy"
2 2
m.v AU MV
thys = % = —E implies : U(Y)=J—thySdY= J— 2Y2 dY:—m2v22 hl(Y)

const.= E = %mlvl2 +-U(Y) where : U( Y) =-m2v22 ln(Y)

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

Potential energy PE(Y)=U( Y):-m2V22 ln(Y ) relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
vy dU v U
F'™(Y)=—— Frem(Y) = +-—
"G@EBD “\ \ T ax " 0@ B o itbaokr
AU U y)=- J F™ dy Uy)= +jthyS dY




Not a

2
; m,v const. "Double-Whammy"...
[ D-Isothermal Force Law (assume v> is constant for all Y): |F = ——=% = Double-Whammy

Y Y

...only a

"Single-Whammy"

m,v,” AU

thyS:—:

Y AY

2
0 gy=m,v,’ In(Y)

implies : U(Y):J-thySdY: J_ .

const.= E = %mlvl2 +-U(Y) where: U( Y) =-m2v22 ln(Y)

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

Potential energy PE(Y)=U( Y):-m2V22 ln(Y ) relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)

Fmath (Y) — 4 d_U
dY

“Hold it back!”

‘Let it Go!”

U Yy=—[F" ay UY)=+|F" ay
Y . ° ° . Y
(Same integral/differential relations)
thys: m2V§ _ const. consistent thys: _A_U =—i(-const,ln(Y)) _ const.
Y Y with AY  dY Y

(Hurrah! again)



Potential field due to many small bounces
Example of 1D-Adiabatic potential U(y)=const./y*
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay

Example of 1D-Isothermal potential U(y)=const. In(y)
ey [xmple of oscillator with opposing Isothermal potentials



Example of oscillator with opposing Isothermal potentials

[ D-Isothermal Force Law (assume v> is constant for all Y):

2
PomVs _ const.

Y Y
2
hys m 2V2 AU . : 2
FP = v = AY implies : U=—m2v2 hl(Y)
1 (a) Off center x>0: Negative ‘:estormg force d Force |Potential
Ftotal Utotal
“ 2HOZ‘“ ’
“Low pressure* “High pressure“
x | '
e (Y+X) )“( (Y:)C)
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced d
Medzum edlum
— -@EEL |
Medmm pressure Medmm pressure ! x F0
- Harmonic
Two opposing 1D-Isothermal Force fields osct’zllator
erm

F = ;o] :f[l—x+x2—x3...}—f[1+x+x2+x3...]=—2

I+x 1—x
Hoz_k.x:_aUHO |
ox

U™l = Ek-x2 =—JFH0 dx

|

Unit 1
Fig. 6.2

Anharmonic

oscillator
terms...

fx— 2f'§c3 _

/ k
HO Lfrequency: @ = |— =27mv0
my



Example of oscillator with opposing Isothermal potentials

2
. m,v, const.
1 D-Isothermal Force Law (assume v> is constant for all Y): || = —2=2 =

Y Y
2
m.v AU
h . . 2
Fr =22 = — implies : U=—m2v2 hl(Y)
Y AY
1 (a) Off center x>0: Negative ‘:estoring force Force |Potential

Ftotal Utotal

“Low pressure* “High pressure .
. Unit 1
(Y+x) | (Y-x) .
ke > Fig. 6.2

Y Y \imel(x)
(b) Equilibrium x=0.: Balanced
wedmm

? “Medium pressure x F0

Medzum.

Medlum pressure’

I

Two opposing ]D-Isothermal Force fi elds
Ftotal: f . f

Yo+x Y,—x



Example of oscillator with opposing Isothermal potentials

2
m,v, COnst.

1 D-Isothermal Force Law (assume v is constant for all Y): || = —

Y Y
2
m.v AU
h . . 2
Fr™ = 22 = implies : U=—m2v2 hl(Y)
Y AY
1 (a) Off center x>0: Negative ‘:estormg force d Zooi;fle I;?Ot;’;ﬁal

) Hot ™
t_ 2
“Low pressure"” _g l”High pressure

X
(Y +X) )l( ( Yox ) !
Y Y

1 (b) Equilibrium x=0.: Balanced d

Medlum pressure ! X

Medlum

Medmm pressure

Two opposmg ]D-]Sothermal Force fi elds

fo__f
Yo+x Y,—x

(Y, +x)"'= Y, =xYV 24’V =Y L

Ftotal .

Unit 1
Fig. 6.2

nn-1) ., i n(n-1)(n-2) Y33y

n(n-1)(n-2)(n-3) 4

Y, +x)'=Y+nY, " x + Y, YRR

Binomial Theorem

2.3-4

0




Example of oscillator with opposing Isothermal potentials

[ D-Isothermal Force Law (assume v> is constant for all Y):

2
myv;y _ AU
Y AY
(a) Off center x>0: Negative ‘:estormg force

) Hot ™
: 2
“Low pressure"” _g l“High pressure

X |

(V+x) g | « (%) !

s —

implies :

F =

P
m,v,

const.

P

Y

Force

Ftotal

Potential
Utotal

Y Y

1 (b) Equilibrium x=0.: Balanced d

Medzum

Medmm pressure

Medlum pressure !

Two opposmg ]D-]Sothermal Force fi elds

Ftotal: f . f f|: x X XB +--°:|—...

Y,+x Y, —x Y, Y’ Y3 v
(Y+x)— —xY +xY—xY

U=-m,v; In(Y)

Unit 1
Fig. 6.2

n(n-1) ., N n(n-1)(n-2) Y3 iy n(n-1)(n-2)(n-3) Yt

(Y, +x)'=Y+nY" x+ Y,
Binomial Theorem

2-3

0

2.3-4

0




Example of oscillator with opposing Isothermal potentials

2
[ D-Isothermal Force Law (assume v is constant for all Y): |F = n,v, _ const.

Y Y

2
myv;y _ AU
Y AY
(a) Off center x>0: Negative ‘:estormg force

Force |Potential
Ftotal Utotal
Mot
2
Hi

thys = implies : U=—m2v§ hl(Y)

“Low pressure  [igh pressure”
R R Unit 1
o Y( Y > < Fig. 6.2
Ftotal(x)
1 (b) Equilibrium x=0.: Balanced d
Medzum : - um " \<
Medmm pressure Medmm pSLS:uI”e x F0
Y !
Two opposmg ]D-]Sothermal Force fields
3 3
X x X 1 x
Ftotal= f . f f 3 y +... _f _|_ 3 +-. ..
Yo+x Y, —x YYYYO YYYY0
(Y, +x)"'= Y, =xV 2 +x7Y ] =xY (Y, —x)'= Y, +xV 27V 7Y
n(n-1 n(n-1)(n-2 n(n-1)(n-2)(n-3
(YO _I_x)n: Yon_l_nYOn—lx + ( )Yon—z x2+ ( 2)(3 )Yon_3x3+ ( ;( 3 4)( )Yon—4 x4 o

Binomial Theorem




Example of oscillator with opposing Isothermal potentials

2
[ D-Isothermal Force Law (assume v is constant for all Y): |F = n,v, _ const.

Y Y

2
myv;y _ AU
Y AY
(a) Off center x>0: Negative ‘:estormg force

Force |Potential
Ftotal Utotal
Hot
2
Hi

thys = implies : U=—m2v§ hl(Y)

“Low pressure” gy, ‘ ‘ _igh pressure” .
(Y+x) _; 1 <« (1) ! F[ijmt612
- Y | Y \;\mel(x) g .
1 (b) Equilibrium x=0.: Balanced d
Medmm pressure Medlum pressure ! x F0
Two opposmg ]D-]Sothermal Force fi elds
2 3 3
X WX X X X
thotal= f . f =f — 3__4_|_ _f +_2+ 3+_4_|_
Y,+x Y, —x Y Y] % Y]
(Y, +x)"'= Y, =xV 2 +x7Y ] =xY (Y, —x)'= Y, +xV 27V 7Y
n(n-1 n(n-1)(n-2 n(n-1)(n-2)(n-3
(YO _I_x)n: YOn_I_nYOn—lx + ( )Yon—z x2+ ( 2)(3 )Yon_3x3+ ( ;( 3 4)( )Yon—4 x4 o

Binomial Theorem




Example of oscillator with opposing Isothermal potentials 5
[ D-Isothermal Force Law (assume v- is constant for all ¥): |F="2"2 _ const.

Y Y
2
hys m 2V2 AU . . 2
FP = v = AY implies : U=—m2v2 hl(Y)
1 (a) Off center x>0: Negative ‘:estormg force d Force |Potential
Ftotal Utotal
{ 2
“Low pressure* “High pressure .
. - Unit 1
+ ‘ Y- .
e . > Fig. 6.2
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced d
Medlum wedmm : \ Anharmonic
oscillator
Medmm pressure Medlum pressure x §0 ) terms...
Harmonic
i oscillator
r
Two opposing ]D-]Sothermal Force fi elds approximate harmonic oscillator e m

ol S _ o A xz__ A r N S, Y A
Y Y—x_f{% Y(fXT +} D’{ XJ’ +} 2f 2f

(Y, +x)"'= Y, =xV 2 +x7Y ] =xY (Y, —x)'= Y, H+xV 27V 207
(V, +x)'= Yon_l_nYOn—lx + n(n-1) Yon—z i n(n'zl)(?)n'z) Yon—3x3_|_ n(”'li(fgzi(n':s) Yon—4 ¥4

Binomial Theorem




Example of oscillator with opposing Isothermal potentials 5
[ D-Isothermal Force Law (assume v- is constant for all ¥): |F="2"2 _ const.
Y Y

2
AU
m;‘/z B CAY implies : U ='m2V§ ln(Y )

1 (a) Off center x>0: Negative ‘:estoring force

s —

Force |Potential

Ftotal Utotal
Hot '
“Low pressure” _gg, ‘“H igh pressure .
| Unit 1
(Y+x) | Y- .
e > Fig. 6.2
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced
_ Med’“’”» m’fedmm \ Anharmonic
oscillator
Medmm pressure Medmm pressure x §0 ) terms...
Harmonic
i oscillator
term
Two opposing ]D-]Sothermal Force fi elds appmxlmate harmonic osczllator

S ey

Harmamc oscillator force constant : k=2 f /YO = 2m2 1Y)



Example of oscillator with opposing Isothermal potentials 5
[ D-Isothermal Force Law (assume v- is constant for all ¥): |F="2"2 _ const.
Y Y

2
AU
m;‘/z B CAY implies : U ='m2V§ ln(Y )

1 (a) Off center x>0: Negative ‘:estoring force

s —

Force |Potential

Ftotal Utotal
Hot '
“Low pressure” _gg, ‘“H igh pressure .
| Unit 1
(Y+x) | Y- .
e > Fig. 6.2
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced
_ Med’“’”» m’fedmm \ Anharmonic
oscillator
Medmm pressure Medmm pressure x §0 ) terms...
Harmonic
i oscillator
term
Two opposing ]D-]Sothermal Force fi elds appmxlmate harmonic osczllator

S ey

Harmamc oscillator force constant : k=2 f /YO = 2m2 1Y)

( Harmonic Oscillator Force)

o _ _k.x _ aUHO
_ dx Y,




Example of oscillator with opposing Isothermal potentials 5
m,v,  COnst.

1 D-Isothermal Force Law (assume v is constant for all Y): || = —
Y Y

2
AU
m;‘/z B CAY implies : U ='m2V§ ln(Y )

1 (a) Off center x>0: Negative ‘:estoring force

s —

Force |Potential

Ftotal Utotal
Hot ’
“Low pressure u_» “High pressure“ .
. Unit 1
(Y+x) | Y- .
e > Fig. 6.2
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced d
Medmm mfedlum || \ Anharmonic
) oscillator
Medmm pressure Medmm pressure x §0 ) terms...
Harmonic
i oscillator
. . . . term
Two opposing ]D-]Sothermal Force fi elds approximate harmonic oscillator f

o f f X ;X X x’ X X
F l:Y —Y :f —F %—F-F'“ —f +F 3+F+“' :-2fF—2fF—...
otX  Iy—X 0 0 0 0 Ty 0

Harmonic oscillator force constant : k=2 f /Y= 2m,v; /Y,
A

( Harmonic Oscillator Force) ( Potential

HO
H0=—k'x=—aU UHOZlk'XZZ—jFHOdX

_ dx J 2 Y,




Example of oscillator with opposing Isothermal potentials

[ D-Isothermal Force Law (assume v> is constant for all Y):

>
m,V, _
Y

s —

“Low pressure “_»

(Y+x)

2
m,v,  COnst.

F = —
Y Y

implies :

(a) Off center x>0: Negative ‘:estoring force

“High pressure

GEEa

(Y-x)

Y

(b) Equilibrium x=0.: Balanced

=g

Medzum.

Medlum pressure’

Y

“Medium pressure “

U=-m,v; In(Y)

Two opposing ]D-]Sothermal Force fi elds approximate harmonic oscillator

Rl S Ly

f

Ftotal .
YO

+Xx YO —X

Force |Potential
Q Utotal
Unit 1
Fig. 6.2
\iFtotal(x)
\< Anharmonic
oscillator
xr0 , terms...
Harmonic
oscillator
term

\_

( Harmonic OScillathr Force) ( Potential
1
HO:—k-x:—aU UHO:—k-xzz—jFHde
ox 2

\

-2f——2f——

Harmonic oscillator force constant : k=2 f /Y, = 2m2 Y]
(" Frequency A
2
HO £frequency: wz\/iz\/ LT, JI
- n, my, Y, y,

J




What does Harmonic mean?

. 1 1
Given total energy E = KE+PE = > mV? + 5 kY?

E 1s same function for any itude 4 of sine-oscillation where:

Y = Asin wt ith velocity V = Aw cos ot
2 1

1 :
Because then: E = Em(Aa) COS a)t) + Ek(A sin t)’

| 1 .
=—mm° A’ (cos cot)z +—kA* (sinwt)’
2 2

1 . 2
— Ema)zA2 (0052 Wt + sin’ a)t) it mw*= k

:lma)zA2 if a):\/E
2 m



What does Harmonic mean?

. 1 1
Given total energy E = KE+PE = > mV? + 5 kY?

E 1s same function for any itude 4 of sine-oscillation where:

Y = Asin wt ith velocity V = Aw cos ot
1

1 :
Because then: E = Em(Aco COS a)t)2 + Ek(A sin t)’

| 1 .
=—mm° A’ (cos a)t)2 +—kA* (sinwt)’
2 2

1 . 2
— Ema)zA2 (0032 Wt + sin’ a)t) it mw*= k

:lma)zA2 if a):\/E
2 m

But, how does this square with Planck energy E=(const.)w ?/?



Switch
mi=ms3
with
m2
to match
formula

1
o

rrrl

N

i

? t=" iiririoirorifiiiniinid
¢ i E=30580595 fiiiiiiiiniii
G deT= 001

--------

Unit 1
Fig. 6.3
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Simulation of

—_—

T At o

Bouncelt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

Sample problem: Compute isothermal frequency and/or period

the adiabatic case

(Frequency

k
HO Xfrequency: o= |—

\__ m

2m, v, B

m Y,

~N

2TV
Y,



https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811

7 j‘_’f' = 1233*%5?3*;;;;;;3

Y 65 Y565 E=39580595. 3 y e
: o dawT- 001

Svitch nIniininniin

mi=ms3
with
m:

to match

formula

= 208 m/s
-0.156 m/s
186 m/s

Unit 1
Fig. 6.3

Simulation of

2 2o o the adiabatic case

2 -1 F R B ¢ EEL S ESREEHE e I1@ T

N A PR et T il P il SRR R TR G LTI RO RS LR R R RS
¥ R T e

Bouncelt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

Sample problem: Compute isothermal frequency and/or period

1 / Y,
Period: 1=— =21 | —op [ Lo
% k 2m, v,

N

( Frequency

2
HO £frequency: @ \/ \/ LR, Y
\ m y
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Switch
mi=ms3
with
m2
to match
formula

= 208 m/s
-0.156 m/s
186 m/s

: ié ;5 s’iél_t#Tj:__ _'0_'-01 TR

"N e

25 STEE
2 L
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Nl SRR
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Bouncelt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

Unit 1
Fig. 6.3

Simulation of

the adiabatic case

Sample problem: Compute isothermal period given m;=50, m>=0.1=ms3, v2=20, Y9=3.5

Period :

m, Y,

50 35

T =21

2m, v,

=17.38

2-(0.1) 20

1
%

Period: 1=

m, Y,

— =21, / =27
k

2m, v,

( Frequency

HO Xfrequency: @
\_

~N

\/ \/2m2 v, P
m J
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Switch
mi=ms3
with
m2
to match

= 208 m/s
-0.156 m/s
186 m/s

 E=39580505 .
o delaT = 0015 ni it
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Bouncelt Superball Collision Web Simulator: 1:500:1 mass ratios (Small Amplitude)

Simulation of

the adiabatic case

Sample problem: Compute isothermal period given m;=50, m>=0.1=ms3, v2=20, Y9=3.5

Period :

m, Y, 50 35

T =27 =6.28
2m, v,

2-(0.1) 20

=17.38 That’s about \3 times too big! S

1
%

Period: 1=

m, Y,

— =21, / =27
k

2m, v,

( Frequency

HO Xfrequency:

~N

\/ \/2m2 v, P
m J
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®7 1 ®
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6 16
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-5 9
4.5 4.6
—4
H3 N
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1.5 15
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* Link to Bouncelt animation with 1:500:1 mass ratios (Small Amplitude)

See Homework problem 1.6.5: Compute frequency and/or period for both isoT and adiabatic cases
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“Monster Mash classical segue to Heisenberg action relations

_)Example of very very large M ball-walls crushing a poor little m>
How m; keeps its action
An interesting wave analogy.: The “Tiny-Big-Bang” [Harter. J Mol Spec. 210, 166-182 (2001)].[Harter, Li IMSS (2012)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938) [John Farey, Phil. Mag.(1816)]



http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
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See Homework problem 1.6.2: Construct related spacetime case
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“Monster Mash classical segue to Heisenberg action relations

Example of very very large M| ball-walls crushing a poor little m>
How m; keeps its action
- 471 interesting wave analogy: The “Tiny-Big-Bang” arier Mol Spec. 210, 166-182 (2001)],[ Harter; Li IMSS (2012)]

A lesson in geometry of fractions and fractals: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938) [John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

. 1/1
Tlme t ' n /d P path slope is 1/d p

(units of 1) '

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty)
(n,-1)/d,
2/d,

1/d,

0/1

-172  -1/4 0

3/d,
2/d,

1/d,

n /d P path slope is 1/d P

n,/d, path
fractions

numerator/denominator

Coordinate ¢

(units of 27)



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/1
Time Z— """""" ]'/d& ST T T nZ/death slope is ]/d2
(unitsof Ty) - | T——
(n]—|—])/d1 Inz'/d2/
n,/d,
(n,-1)/d,
____________________ : n,/d, path
3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-172 -1/4 0 1/4 1/2

(units of 27)



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z— """""" ]'/d& T '*']3/61] n./d, path slope is 1/d,,
, T ~—112/d
(untsof ©¢) - | ... T T— | !
(n]—|—])/d1 Inz'/d2/
n,/d;—
(n2—l)/d2 n/d, path slope is-1/d, o

. n /d; and n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/] ]4/d]
Time Z‘ B e ]-/d& o m]3/d1 n/dzpa;h slope is 1/d,
, c —=---------------"= —{12/d idr -t g
(units of ’Cl) e | ! ml—= 112
(n,t1)/d, ’ In,/d, ny/d, -t
—nJd —— 12 ¢~ -ld,
(ng'])/dg n]/d] path slope is -]/d] B
n,/d, and n,/d, path
3/d > | intersection time
f = T,
Z/a’2 ® d] “d2
Farey-Sum
]/d2 (. . 34 )
Coordinate ¢

-2 -1/4 0 14 12 (units of 2m)

[John Farey, Phil. Mag.(1816)]



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D
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e
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_1'\
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2/d 4
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Coordinate ¢

-1/4 0

[Lester. R. Ford, Am. Math. Monthly 45,556(1938)

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]
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“Monster Mash classical segue to Heisenberg action relations

Example of very very large M| ball-walls crushing a poor little m>
How m; keeps its action
An interesting wave analogy.: The “Tiny-Big-Bang” [Harter. J Mol Spec. 210, 166-182 (2001)].[Harter, Li IMSS (2012)]
= 4 [esson in geometry of fractions and fractals: Ford Circles and Farey Sums

[Lester. R. Ford, Am. Math. Monthly 45,586(1938) [John Farey, Phil. Mag.(1816)]
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Geometric “Integration” (Converting Velocity data to Spacetime)
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This is a construction
of the energy ellipse in a
Largangian (v1,v2) plot
given the initial (vi,v2).

The Estrangian (V1,V>) plot
makes the (vi,v2) plot and
this construction obsolete.

(Easier to just draw circle
through initial (V1,V3).)

Still, if you know a simpler
construction, we’d like
to hear about it!



