Quadratic form geometry and development of mechanics
of Lagrange and Hamilton

(Ch. 12 of Unit 1 and Ch. 4-5 of Unit 7)
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Chain rule and order 0*V/0x0y = 0?V/0y0x symmetry
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Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
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Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)
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)

Link = Coullt - Simulation of the Volcanoes of lo

Link = RelaWavity - Physical Terms H(p) & L(u)



https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3

A running collection of links to course-relevant sites and articles

2018 CMwBang! site Class YouTube Channel  You-Tube site displays related videos world-wide

AIP publications AJP article on superball dynamics AAPT summer reading

These are hot off the presses. Out in MISC for quick reference.
https://modphys.hosted.uark.edu//ETC/MISC/Sorting ultracold atoms in_a three-dimensional optical lattice in_a realization of Maxwell%e2%80%99s demon - Kumar-n-2018.pdf

https://modphys.hosted.uark.edu//ETC/MISC/Synthetic three-dimensional _atomic_structures _assembled atom_by atom_ - Barredo-n-2018.pdf

Older ones:

https //modphys hosted.uark. edu//ETC/MISC/Wave—partche duality_of C60_molecules_- arndt [tn-1999.pdf

“Relawavity” and quantum basis of Lagrangian & Hamiltonian mechanics:
2-CW laser wave: https://modphys.hosted.uark.edu/markup/BohrltWeb.html?scenario=-30104&xPhasorFactor=0.5
Lagrangian vs Hamiltonian: https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmalnd=0&swordLineWidth=3

Web Resources “Texts”
Classes
Web Resources - front page Classical Mechanics with a Bang! 2014 AMOP
UAF Physics UTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics

AMOP Ch 0 Space-Time Symmetry - 2019
minar at Rochester Institute of Opti Auxiliary sli ne 19, 201


https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://www.scitation.org/
https://www.scitation.org/
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://modphys.hosted.uark.edu//ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Wave%E2%80%93particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Optical_Vortex_Knots_%E2%80%93_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
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Begin with a function z=f(z)
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What the geometry indicates....(Two important results)
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Three ways to express energy:  Consider kinetic energy (KE) first

1. Lagrangian is explicit function of velocity: v = [ ik ]

V)
I 1 2 2 _7 — 1yeM 1 m; 0 Vi
Vi) =5 (myy +myv; +..)=L(V..)=sveMev+...=5 | v, V, 0 + ...
n, Vs
2. “Estrangian” is explicit function of R-rescaled velocity: . S0 )
: . or: “speedinum”V V=Rev or e 1 :
(or I’Estrangian v, 0 \/m72 v,

EV,..)=(V +V;+..) = E(V..)= ;V-I-V+...=%( Vi Y, )(

O

3. Hamiltonian is explicit function of M=R?-rescaled velocity:

) Py m;, 0 Vi m,v,
or:. momentum p p=M-.v or: = —
P- 0 m, V) m,v,

2 2 ) 1/m 0 p
H(p,...)= %(pl + P +..)=H(p...)= %p.M lep+... = %( Py D, )( : ][ 1 ]+
m, m, 0 1/m,
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Introducing the (partials) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p=Mev on velocity vV=M-'ep on speedinum V=M12ey
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Introducing the (partials) differential equations of mechanics

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
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Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections?

V[ = dL _ d veMey V Hevy= dH _ d p-M+p Estrangian is neglected for now.
vt oV B ov 9) P op dp o) (It is related to dual ellipse geometry
Mev=p M-p in Lecture 7 p. 71-79 and 80-85 )
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Lagranges 1" equation(s) Hamilton's 15" equation(s) ‘non-dependency due to
JL or JdL 0H b o dH v stationary-value effects
v, P ' ov " ap, * ' op as shown on p. 28-31
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Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: V=M-1sp  you might be tempted to rewrite
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Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)



Introducing the Poincare” and Legendre contact transformations

Given matrix relation: p=M-v or its inverse: V=M-1sp  you might be tempted to rewrite
O-forms L(v.)=1/2v-Mev or H(p..)=12)p-M-1sp to be H =(1/2)pv or equivalently L =(1/2)v+p.
Numerically-CORRECT, but Differentially)-WRONG!

Instead try: H(p..)=p+v-(12)vep =p+v-L(v..) or else: L(v..)=p+v-H(p..)

Thatis ... the Legendre contact transformation

L(v)=pev—H(p) or: H(p)=pev—L(V)
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Lagrangian plot
L(v)=vep-//(p)

(a)

Unit 1
Fig. 12.3
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A
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~ v intercept / P
| L=-1.0 y| /
1 p——

-v-slope intercept is Hamiltonian l(p)
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How Legendre contact transformations work... (o make oor o)

Secant lines L(v) = psv—H of fixed slope p=g—i
and decreasing intercept —H(v_,)>—H(v_)> ...

for increasing velocity Vo>V, >>,
lead to unique tangent to L(v)-curve at the
tangenat contact point v=vy that has max H(p vo) Unit 1
H
Thus —--0 Fig. 12.4
(a) Secant lines: L(v)=pev-H \
for fixed slope p
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of intercept -H thus:
dHv)/dv = 0
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How Legendre contact transformations work... (o make aa_’jlz_o or 520 )

Secant lines L(v)= pev— H of fixed slope p=g—L
and decreasing intercept —H(v,)>-H(yv_)>.. ’
for increasing velocity Vo>V, >>,

lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo) Unit 1

Thus aa—lj=0 Fig. 12.4

(a) Secant lines: L(v)=pev-H
for fixed slope p

Tangent line points to
extreme value -H(v,)

of intercept -H thus:

dHw)/dv =0 ——
velocity

-H(v_) // 2V VoV \Y

- )

-H(v_,) lv

-Hv_ )/, rooy !

"‘ extreme value

d0H dH JdL

—— =0 at each point v=—— of L(v) with slope p=—
dv dp v
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Secant lines L(v)= pev— H of fixed slope p=3—L
and decreasing intercept —H(v,)>-H(yv_)>.. ’
for increasing velocity Vo>V, >>,

lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo)

e
Thus =--0
\%

(a) Secant lines: L(v)=pev-H
for fixed slope p
L(v)

Tangent line points to
extreme value -H(v )

of intercept -H thus:

(Similarly...)

Secant lines: H(p)=p*v-L(v)
p for fixed slope v

and varying L
langent line points to

extreme value -L(p

of intercept -L thus;

dH(v)/dv = 0,

velocity

—H(v_j) A/ Iv_2 Vi VoV Vv _L(p_3)

“ extreme values ; Z/ | J Y Y '
() ‘

H H L
8_ =0 at each point v=a— of L(v) with slope p=a—
dv dp ov

dL(p)/dp = 0
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and decreasing intercept —H(v_,)>-H(v_)> ...

for increasing velocity Vo>V, >>,
lead to unique tangent to L(v)-curve at the
tangent contact point v=vy that has max H(p vo)

e
Thus =--0
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for fixed slope p
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Example of Legendre contact transformation in thermodynamics

Internal energy U(S, V) 1s defined as a function of entropy S and volume V.
A new function enthalpy H(S,P) depends on entropy and pressure P.
It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=-C,)s .



Example of Legendre contact transformation in thermodynamics

Lagrangian L(7,v) position r velocity v
Internal energy U(S, V) 1s defined as a function of entropy S and volume V.
H(rp) position »
A new function enthalpy H(S,P) depends on entropy and pressure P
Hrp)=p-v - L Lagrangian L(7;,v) pP= (av ),
It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=—(;); .



Example of Legendre contact transformation in thermodynamics

Lagrangian L(7,v) position r velocity v
Internal energy U(S, V) 1s defined as a function of entropy S and volume V.

H(rp) position »
A new function enthalpy H(S,P) depends on entropy and pressure P

Hrp)=p-v - L Lagrangian L(7;,v) pP= (av ),
It is a Legendre transform H(S,P)=P-V+U of energy U(S,V) to new variable P=-C)s .

Except for £signs, 1t’s our Hamiltonian //(p)=p-v-L(v) going from Lagrangian . (v)

. oL
to use new variable momentum p=(,), .
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Legendre transform. special case of General Contact Transformation
Active-Contact-Transformation Generator or
Action function:S(x,y. X, Y)=const. does mapping.
Y Y(X) is mapped from y(x) as an
Y ()() envelope of contacting S=const. curves.

@],

( XoY(Xy)

X0

A)

(b)

/

(X, V(X)) SG2y2 X, Y)=10

™ S(x1,y1,. X, Y)=10

/ \\ N
WSy yo X, Y)=10

Xy X; X, \ %

Unit 1
Fig. 12.7



Legendre transform. special case of General Contact Transformation
Active-Contact-Transformation Generator or

( a) (b) Action function:S(x,y:X,Y)=const. does mapping.
Yy Y Y(X) is mapped from y(x) as an
y (X/ Y ()() envelope of contacting S=const. curves.
(xO,y(x()) (XO, Y(XO);< S(x2,y2 X, Y)=10
>—<7\ Sy X, ¥)=10 Unit 1

\ \ Fig. 12.7

/ NSGpyp X Y)=10

Xo X Xy X, X, X, \ %
The Legendre transformation does it with contacting straight line tangents.
L H
(Slope = py) H(p

L=p,q-H(p,)

4

1. (¢ | Unit 1
(ql (@ (pl’H(pl) qulp—L(ql) Fignllz 9
T 1 | | (Slope = qy) -
-H(Pl)'/ 9 &1 © q -L(qqp) o P1 P2 D

-L(qp)
-L(qp)



Legendre transform. special case of General Contact Transformation
Active-Contact-Transformation Generator or
Action function:S(x,y. X, Y)=const. does mapping.
(a) (b) Y Y(X) is mapped from y(x) as an
Y ()() envelope of contacting S=const. curves.
WAnd, Visa-Versa ...

Sx,1,X2,Y2)=2

(XO,)/(X()) :A(ﬁ,y,Xl, Y)=2 (XO’ Y(XO))¢< S(x2,y2, X Y)=10
(e, v, Xo, Yo)=2
™ Sy X ¥)=10 Unit 1
\ \ Fig. 12.7
/ NSy X, Y)=10
Xo Xi X2 Xo XX, \ X
The Legendre transformation does it with contacting straight line tangents.
L H
(Slope =py) H
C=p,H(p) P
L(q
(a,L(q | Unit 1
% (1)) | Faip L) Fig. 12.9
| | | (Slope = a))
_H(Pl)/ Qo 4 9 q -L(qp) o P1 P2 P

-L(qp)
-L(qp)



Legendre transform. special case of General Contact Transformation

(a)

Sy, X2, Y2)F2

( X Y(Xy)

(e, v, Xo, Yo)=2

/

, )| y

S XY= (X, Y(X,)

Active-Contact-Transformation Generator or
Action function:S(x,y. X, Y)=const. does mapping.

Y(X)

Y(X) is mapped from y(x) as an
envelope of contacting S=const. curves.
WAnd, Visa-Versa ...

S(x2,2,X,Y)=10

S(xp.y. X, Y)=10 Unit 1
\ NERN Fig. 12.7

NS0,y X Y)=10

X, X; X
0 2
X

Xy X7 X5 \ X

The Legendre transformation does it with contacting straight line tangents.

L

(Slope =py)

IL=p,a-H(py)
L(q

-H(Pl)/ do 41 D q -L(qq)

-L(qp)
-L(qp)

(PlaH(PQ

Poincare’s differential action

dS=Ldt=p-gdt—H -dt

H(p

| =p-dg—H -dt
| : Unit 1
H=q,p-L(q;) Fig. 12.9
(Slope = qy)
1%, D



Legendre transform. special case of General Contact Transformation

Active-Contact-Transformation Generator or

( a) (b) Action function:S(x,y:X,Y)=const. does mapping.
Yy Y Y(X) is mapped from y(x) as an
Y (X) Y ()() envelope of contacting S=const. curves.
St X, Yo)=2 ...And, Visa-Versa !...
(xy(xy) Sl X0, Yi)= (X,Y(X,) ;( S(x2y2X,Y)=10
(e, v, Xo, Yo)=2
™ Sy X ¥)=10 Unit 1
\ \ Fig. 12.7
/ NSy X. Y)=10
Xo X Xy X, X, X, \ %
The Legendre transformation does it with contacting straight line tangents.
L H Poincare’s differential action
(Slope = py) ‘ H(p
ILZPIQ'H(pl) dS:Ldt:p’q.dt—H'dt
. | =p-dg—H -dt
L(q

-H(Pl)/ do 41 D q -L(qq)
-L(qp)
-L(qp)

dS=Ldt=nhk-dr—hw-dt
(Quantum phase differential)

| . Unit 1
(i Hp )V | [A=3pL(@) Fig. 12.9
| (Slope 7))
o P1 P2 p



Legendre transform. special case of General Contact Transformation

Active-Contact-Transformation Generator or

(a) (b) Action function:S(x,y:X,Y)=const. does mapping.
Yy Y Y(X) is mapped from y(x) as an
Y ()() envelope of contacting S=const. curves.
Ste, X0, Vo)=2 .And, Visa-Versa !...
= S(x»,v, X Y)=10
:L%’,Xz, Yi)=2 (XO’ Y(X0))¢< (X2,Y2,XY)
Stx,y,Xo, Yo)=2
NOBE D=0
\ \ Fig. 12.7
/ NS(x0.y0.X ) =10
Yoot rr X, X; X, \ b'e
The Legendre transformation does it with contacting straight line tangents.
L H Poincare’s differential action
(Slope = p)) H(p
ILZPIQ'H(pl) dS:Ldt:p’q.dt—H'dt
: =p-dg—H -dt
L(q

-H(Pl)/ do 41 D q -L(qq)
-L(qp)
-L(qp)

dS=Ldt=nhk-dr—hw-dt
(Quantum phase differential)

| : Unit 1
(pl’H(pl) H:qlp-L(ql) I Flg 12.9
| (Slope = ;) , | |
. P P This extraordinary claim
p needs extraordinary proof!

(...given by later lectures for Ch. 12 Unit 1 and Unit 8.)
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for fixed g and v,



Initial position x(0) = o

Initial position y(0) = 0.7s

Initial momentum px(0) = o

Initial momentum py(0) = 1

Terminal time t(off) = 3.45

Maximum step size dt = 001

ONK®,

Start launch angle phil = -150

Start launch angle phi2 = 180

Number of burst paths = 182 1 =O

©

Charge of Nucleus 1 =’

@)

Charge of Nucleus 2 =

C‘

Coulomb (k12) = -1
Core thickness r = 0,000001 O
x-Stark field Ex = o '

y-Stark field Ey = -1

Zeeman field Bz = o

Diamagnetic strengthk = 0o

Plank constant h-bar = 2

Color quantization hues = 64 O
Color quantization bands = 2 O
Fractional Error (eX), x = 8 O

Plotr(t) @ Plotp(t) O Fixr{0) O Fixp(0) C
Do swarm ¥ Beam

O
CCC ¢

o ©C o ¢

Coloraction ©) Nostops O Field vectors ¥ Info &
Draw masses & Axes ¥ Coordinates ) Lenz &
Setpby¢ 0 Elastic ¥ 2 Free

(umcm‘ ’Yo”louxd)lrﬁuu\ (Wl-o) (!rm'nm\

time = 0.0000

<

E

Click and Drag in frame to set r(0) and p(d)"’

A

--1.5

Link = Coullt - Simulation of the Volcanoes of lo



https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo

Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*W/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
= Algebra-calculus development of “T he Volcanoes of lo” and “The Atoms of N[ST .
Intuitive-geometric development of ’ 7 and

b )



(b)Atomic clock
controls expanding

(a)

Constant 8r avi Zy g balls of Cesium atoms
assumed here... Volcanic plumes on rising agdv iftalhng in
Excellent for NIST Jupiter’s moon /o g y

OK for Io (fixed in Unit5) (NIST Boulder Labs) | 1

g e i w

(C) Trajectory family .,ﬁ-%;:'

for fixed g and ’#‘ﬁé.:’;‘f.: 5 = < i
Z o o

UP-1 formulas for trajectories in constant gravity g

x(t)z(vo cosoc)t Y(f)=(VoSin05)f—%gf2
X(O)zvx(O)zvocosoc )’/(O)zvy(O):vO sin o
Substitute time =x/(vp cos o) into y(t)
_ VO sino B gxz
y(x) B Vo oS ’ 2v§ cos’ a
2
y(x)zxtan(x— &

2v§ cos2 o



Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )
2 2

&x . )= gx _
5 becomes. S(vo,a.x,y)——y+xtana— G =0

2vycosT o 2v," cos” o

y(x) =xtano —

< C"Zontact points

v
0 Unit 1

Fig. 12.6

45° 60° 75°
- - - _, -‘_‘- -

o=45°




Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
VN C"Zontactpoints
V — :
0 45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
: o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 95 (vy,0r:x, )

=0
oL




X

Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
VN C"Zontactpoints
V — :
0 45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
: o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 95 (vy,0r:x, )

oo

dtano gx2 c}’cos_zoc_o_ X gx2 2sino

=0

do 2vo2 do cosZ o 2v02 cos° o



Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
VN C"Zontactpoints
V — :
0 45° 60° 75° Unit 1
--9-0-0-- Fig. 12.6
: o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 95 (vy,0r:x, )

=0
oo
dtano gx2 dcos ™ o 0 X gx\g‘\XSina 2 2
2 2 ¥ ves. tano=— or. x= .
o 2v, dot cosZ oL \Xvo cosa & ox gtano



Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
VN C"Zontactpoints
V — :
0 45° 60° 75° Unit 1
" 9-0-0-- Fig. 12.6
: o= 45°
o=45°
o

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 95 (vy,0r:x, )

=0
oo
. dtana  gx” dcos a 0 X gx? 2sina 2 y
do 2v02 dot cos? OC_ 2v02cos3oc ____________________ tano B e or: x= gtanc

L ) R N ) A

i X : v X v
yenv(x)zxtanoc—g—(1+tan2oc):>y (x)=x 0_ 8% | 1,20

) 2 eny gx o) 2 2 2

Y0 0 gx



Convert y(x) solution into Active Contact Transformation Generator S(vo, O.: X, )

2 2
gX X
y(x):xtana— > becomes: S(vo,a:x,y):—y+xtana— f 5 =0
2VO cos” o 2vy~cos”
Y[ /78— Contact points
40) ¥
45° 60° 75°
- - - _, -‘-‘_ -
1 o= 45°
o=45°
0

Envelopes of the v,-trajectory region contain extremal contact points with each trajectory
where: 95 (vy,0r:x, )

=0
do
. dtana  gx” dcos a 0 X gx? 2sina 2 y
Ja 2v,° ot cos’ o 2v02cos3oc ____________________ tanc T gx Or. X = gtanc
3 LT gxz 2}‘ ..................... v gxz ;/4
yenv(x):xténoc——(l+tan OC):>y (x)=x—— 1+
) 2 eny gx o) 2 2 2
Y0 Yo g X

) (x):"g_gx g v v &t i
eny g 2,2 92 2 2g 9,2 i Envelope
i function




Review of partial differential calculus
Chain rule and order 0*V/0x0y = 0*W/0yOx symmetry

Scaling transformation between Lagrangian and Hamiltonian views of KE
Introducing 0" Lagrange and 0" Hamilton differential equations of mechanics
Introducing 15" Lagrange and 15" Hamilton differential equations of mechanics

Introducing the Poincare” and Legendre contact transformations
Geometry of Legendre contact transformation (Preview of Unit 8 relativistic quantum mechanics)
Example from thermodynamics
Legendre transform: special case of General Contact Transformation (lights,camera, ACTION!)

An elementary contact transformation from sophomore physics
Algebra-calculus development of “T he Volcanoes of lo” and “The Atoms of N[ST .
=P [ntuitive-geometric development of ’ and " 7
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The Plumes of Prometheus

NASA-Galileo Project
lo fly-by on August 18, 1997

NASA Astronomy Picture of the Day - lo: The Prometheus Plume (Just Image) NASA Galileo - lo's Alien Volcanoes

New Horizons - Volcanic Eruption Plume on Jupiter's moon 10 NASA Galileo - A Hawaiian-Style Volcano on lo



http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ

lo's ALIEN VOLCANOES

science
@NASA

IS Inaplbe Ivelve Pretty bad sketch of plumes

i (LasVegas model of planetary ejecta?)
Space Science News home

l0's ALIEN VOLCANDES:« guys need a geometry lesson?

Need to fl #parabola

ACTIVE

SCIENTISTS ARE EAGER FOR A CLOSER LOOK AT THE SOLAR SYSTEM'S STRA%‘;EH AND O
VOLCANOES WHEN GALILEO FLIES BY lo oN OcTOBER

October 4, 1999: Thirty years ago, before the Voyager
probes visited Jupiter, if you had described lo to a literary
critic it would have been declared overwrought science
fiction. Jupiter's strange moon is literally bursting with
volcanoes. Dozens of active vents pepper the landscape
which also includes gigantic frosty plains, towering
mountains and volcanic rings the size of California. The
volcanoes themselves are the hottest spots in the solar
system with temperatures exceeding 1800 K (1527 C). The
plumes which rise 300 km into space are so large they can
be seen from Earth by the Hubble Space Telescope.
Confounding common sense, these high-rising ejecta seem
to be made up of, not blisteringly hot lava, but frozen sulfur -'
dioxide. And to top it all off, lo bears a striking resemblance to a pepperoni pizza. Simply unbelievable.

Right: Digital Radiance simulation of Pillan Patera just before the Galileo flyby. click for animation — .

NASA Astronomy Picture of the Day - lo: The Prometheus Plume (Just Image) NASA Galileo - lo's Alien Volcanoes

New Horizons - Volcanic Eruption Plume on Jupiter's moon 10 NASA Galileo - A Hawaiian-Style Volcano on lo



http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ

...conventional parabolic geometry...carried to extremes...

Recall Lecture 6 p.26 and p. 48-49 for kite geometry and application

| .

- (a) B |
| |
| B Parabola . Parabola |
|
| dpy =x2=2\y |

\ N o~ 7 4p
- A

- \\\ /// —i 3p
\\ // I

_ e —2p
/// \\ :

- ___:v\___:rp
// \\ I

| o H 3 \\4j -
1 p P P P
T p T P
| directrix Yy =-p Yy =P
tangent slope=-2 slope=1 tangent slope=-5/2 slope=1/2
Unit 1

Fig. 9.4



Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?

Q2. ...where is the blast wave?

2.0

Q3. ...how high can a=45° path path ris¢

vV

-1.0

2.0

3.0

4.0

-3.0




Say a=90° path rises to 1.0

then drops. When at y=1.0...

Q1. ...where is its focus? > Rig/
Q2. ...where is the blast wave?

it at the tippy-tip,

2.0

Q3. ...how high can a=45° path path ris¢

vV

-1.0

2.0

3.0

4.0

-3.0




Say a=90° path rises to 1.0
then drops. When at y=1.0...

Q1. ...where is its focus? Right at the tippy-tip

Q2. ...where is the blast wave? center falls a
Q3. How high can 0=45° path rise ?
Q4. Where on x-axis does 0=45° path h

5 far as 90° ball rise

2.0

_ Time to go to top by
it ? Ay
equals time tq fall -Ay
-1.0 2.0 3.0 4.0
X




Say o=90° path rises to 1.0

then drops. When at y=1.0...

Q1. ...where is its focus? Rigf
Q2. ...where is the blast wave? center falls a

1t at the tippy-tip

5 far as 90° ball risg
sina=Vvosin45

2.0

implies:

\(%

Sin“a=vo%/2 SOy

r-coord. KE 1s 1/

D for a=45°

Q3. How high can 0=45° path rise ? o

Q4. Where on x-axis does a=45° path hj

): y-peak PE 1s 1

2 for a=45°

4.0




Say o=90° path rises to 1.0 2.0

then drops. When at y=1.0...
Q1. ...where is its focus? Right at the tippy-tip y
Q2 ...where is the blast wave? center falls a$ far as 90° ball rises

° 1 Xvo/2

implies: vgZsin?a=ve%/2 so y-coord. KE is 1/2 for a=45°

= 45
Q3. How high can a=45° path rise ? --s---eomu.

Q4. Where on x-axis does o=45° path hj ): y-peak PE is 1/2 for a=45°

" This sets a=45° parabolic “kite”




Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2. ...where is the blast wave? center falls a

Right at the tippy-tip

2.0

Y

Q3. How high can 0=45° path rise ? 12
Q4. Where on x-axis does a=45° path h
Q5. Where 1s blast wave then?

Q6 Where is 0=45° path focus?

Q7 Guess for all-path envelope?
and its focus? directrix?

5 far as 90° ball rises . . . .
sina=vosin45° | Xvo/v/2 implies: vgZsin?a=vo%*/2 so y-coord. KE is 1/2 for a=45°
s high ——___| — —
It 7 x=2 7< - So: y-peak PE is 1/2 for a=45°
) W4
/ \.\ 7 0= \
-1.0 7 Il . 3.0 4.0
// \\ x
/ N This sets a=45° pai:@l: icXkite” and fpcus and range, ¢
/ ik \
-1.
\ -2.0 |
\ /
AN )
300




Say o=90° path rises to 1.0
then drops. When at y=1.0...
Q1. ...where is its focus?
Q2. ...where is the blast wave? center falls a

Right at the tippy-tip

2.0

Y

Q3. How high can 0:=45° path rise ? 124

Q4. Where on x-axis does a=45° path h
Q5. Where 1s blast wave then?centered on

Q6 Where is 0=45° path focus?

Q7 Guess for all-path envelope?
and its focus? directrix?

tc.

CONTACT POINT

1 horizontal range
nt to blast circle

ent to envelope

5 far as 90° ball rises . . . .
sina=vosind5° | ¥vo/v/2 implies: vo?sin?a=vo%/2 so y-coord. KE is 1/2 for a=45°
s high ——___ — —
It 7 x=2 \< - So: y-peak PE is 1/2 for a=45°
45° norma*l/ 1 P4
/ “\‘ \.\ 7 0= \
1.0 > 1. . 3.0 4.0
// \ X
/ N This sets a=45° icXkite” and focus and range, ¢
ry\
/ n=45° Envelope
That is maximun
-1. $0 must be tange;
/ \and must be tang
\ S /
-2.0
\ /
N e




directrix for all-path envelope

Say o=90° path rises to 1.0

then drops. When at y=1.0...
Q1. ...where is its focus? Rigl
Q2. ...where is the blast wave? center falls as

it at the tippy-tip,

far as 90° ball risef

directrix

for 0=90° and 45°

Q3. How high can 0=45° path rise ? 124

Q4. Where on x-axis does 0=45° path hi
Q5. Where is blast wave then? centered on 4

Q6 Where 1s 0=45° path focus? x=1,y=0

Q7 Guess for all-path envelope?
and its focus? directrix?

Q7 Where is a=45° “kite” geome

Q8 Where 1s a=0° path focus?
directrix?

x=45° Envelope

3.0 4.0
\.... X
sets a=45° \Kkite” and focus and range, ¢tc.

CONTACT POINT

That is maximum horizontal range
30 must be tangent to blast circle

Ytnd must be tang

ent to envelope

e
30
Envelope CONTACT POINT and ENVELOPE FOCUS
must line upAvith focus of ¢ontacting trajectory




directrix for all-path envelope

Say 0=90° path rises to 1.0

then drops. When at y=1.0...

Q1. ...where is its focus?

Q2. ...where is the blast wave? center falls af

far as 90° ball ri

<

directrix

for a=90° and 45°and 0°

Q3. How high can a=45° path rise ? 1124

Q4. Where on x-axis does a=45° path hi
Q5. Where is blast wave then? centered on 4

Q6 Where 1s 0=45° path focus? x=1,y=
Q7 Guess for all-path envelope?
and 1ts focus? directrix?

Q7 Where is a=45° “kite” geometry? /
Q8 Where 1s a=0° path focus®.

tc.

CONTACT POINT

| horizontal range
1t to blast circle

directrix?

Where is a=30° path?

ent to envelope

_ ~
N
X 1 A
\»\ 7 0=30° \
~ = 1.0 . 3.0 4.0
// < . \ x
T ’ O This sets a=45° ai@b olicXkite” and focus and range, ¢
rj\
/ \ x=45° Envelope
\ That is maximun
7 ‘=L0‘ $o must be tange:
/ \and must be tang
\ -2.0 |
\ /
AN /
— 30

Envelope CONTACT POINT and ENVERQ

)PE FOCUS
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ith focus of
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directrix for all-path envelope
Say o=90° path rises to 1.0

then drops. When at y=1.0...
Q1. ...where is its focus?
Q2 ...where 18 the blast wave? center falls as far as 90° ball rises
Q3. How high can a=45° path rise ? 1/2 as high
Q4. Where on x-axis does a=45° path hit 7 x=
Q5. Where is blast wave then? centered on 45° nor
Q6 Where 1s 0=45° path focus? x=1,y=0
Q7 Guess for all-path envelope?
and its focus? directrix? <

Q7 Where is a=45° “kite” geometty?
Q8 Where 1s a=0° path focus?

directrix?

directrix for 0=90°|and 45° and o=30°and 0°

OO

Where 1s a=30° path?
...and kite structure? / >

Envelope CONTACT POINT and ENVEROPE FOCUS
must line up with focus of contacting trajecﬂ)g




directrix of parabolic envelope

Where is a=60° path?
..and kite structure? N

directrix of all parabolic trajectories
maximum of envelope parabola level with mini-kite center

. maximum of a=60° parabola level with mini-kite center

contact C60 for

focus F, for

7 R 0=60°
’ a:.60 trajectory
o trajectory
// focus for
/ envelope
parabola

ast time units” v

,' for a="0" trajectory
' :O ! center C, for blast-circle t =1

a - O SN S S S . . . —

! that contacts 0=60° trajectory

! 0=90°
) blast
\ wave )
R . circle (1 to c;a;ztact enveljope)
\\ 4 //0(2600
> / _“blast

AN
/
AN
/

L S _-wave
For o=60° parab oﬁé\traiecmW,/;é(’/ circle
contact-parabolic envelope,
timing (0~0°)-parabola,
(0=90°)-blast-wave-circle;
(0=60°)-blast-wave-circle.




=T

Given elevation o=30° con e.
Note

large kite for that

contacts a=30° trajectory
maller kite that contacts
hat a=30° trajectory and

ertical /ine D'C toO intersec
|c.

Step 1: Extend elevation 0=30° [li
(polar B=60°) to All-a directrix

the a=30° blast wave circle.

:St 2: Extend double-B(2=12(
Past focus-locug/pt. F to Teyentually ) mterse

| A
Step 3: Exgénd Thales-rectangle §egmenf TF past focus pt. F to All-o dire
\\\ /
\ /

/
\ 0=90°,
) bhlast
\ 7
N wave ,
\ . 4
N circle (I*' to contact envelope) -
N / ~
N 7 //
. . 7 Z C)e
Step 6: Drop parabolg kite-cross-axis line TFED' _-70¢

by vertical zine D'C to make contact—clrcle radius line O'Cy- W
The (0=30°)-contact-gircle-is blast-wave-circle '/V/C\e

/

at the moment that (0=30°)-parabola WCV e\@) )
contacts envelope, tog.

5
i

Or //

Step 7: Draw timing-parabola ot (elevation a=0°-parabola)

Where timing-parabola hits a blast circle (for example at T for t =] and at 7~ for t

0=90° o= 300_2)
marks the time (in “blast ynits”v,/g by x value) for that circle and its contacting parabola. /

t,~OA =y \ . —QJA

o=3 0°,’
blast/
wave///
circle’

“blast time units” v, /g




