Equations of Lagrange and Hamilton mechanics

in GeneralizedCurvilinear Coordinates (GCC)
(Ch. 12 of Unit 1 and Ch. 1-5 of Unit 2 and Ch. 1-5 of Unit 3)
Quick Review of Lagrange Relations in Lectures 7-8

Using differential chain-rules for coordinate transformations
Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma 1
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2

How to say Newton's “F=ma” in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force
Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange I and 2)

GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E, vs. Contravariant E™

Covariant gmn vs. Invariant 0" vs. Contravariant g""
Lagrange prefers Covariant gmn with Contravariant velocity
GCC Lagrangian definition
GCC “canonical” momentum pm definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)



A running collection of links to course-relevant sites and articles

2018 CMwBang! site Class YouTube Channel  You-Tube site displays related videos world-wide

AIP publications AJP article on superball dynamics AAPT summer reading

These are hot off the presses. Out in MISC for quick reference.
https://modphys.hosted.uark.edu//ETC/MISC/Sorting ultracold atoms in_a three-dimensional optical lattice in_a realization of Maxwell%e2%80%99s demon - Kumar-n-2018.pdf

https://modphys.hosted.uark.edu//ETC/MISC/Synthetic three-dimensional _atomic_structures _assembled atom_by atom_ - Barredo-n-2018.pdf

Older ones:

https //modphys hosted.uark. edu//ETC/MISC/Wave—partche duality_of C60_molecules_- arndt [tn-1999.pdf

“Relawavity” and quantum basis of Lagrangian & Hamiltonian mechanics:
2-CW laser wave: https://modphys.hosted.uark.edu/markup/BohrltWeb.html?scenario=-30104&xPhasorFactor=0.5
Lagrangian vs Hamiltonian: https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmalnd=0&swordLineWidth=3

Web Resources “Texts”
Classes
Web Resources - front page Classical Mechanics with a Bang! 2014 AMOP
UAF Physics UTube channel Quantum Theory for the Computer Age 2017 Group Theory for QM
Principles of Symmetry, Dynamics, and Spectroscopy 2018 AMOP
Modern Physics and its Classical Foundations 2018 Adv Mechanics

AMOP Ch 0 Space-Time Symmetry - 2019
minar at Rochester Institute of Opti Auxiliary sli ne 19, 201


https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://www.scitation.org/
https://www.scitation.org/
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://modphys.hosted.uark.edu//ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Wave%E2%80%93particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu//ETC/MISC/Optical_Vortex_Knots_%E2%80%93_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html

Quick Review of Lagrange Relations in Lectures 7-8
=y (" and I*' equations of Lagrange and Hamilton



Quick Review of Lagrange Relations in Lectures 7-8

0" and 15" equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”™

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _n29E L _g291

dp,  Op, dv, v, ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections
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Using differential chain-rules for coordinate transformations

=P 0lar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Using differential chain—mles*for coordinate transformations

A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space
for example: polar coordinates 3 3

df (x,y)= g—ﬁdx + g—jyfdy r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)= a—xdx + 8_ydy
dg(x,y)= a—gdx + a—gdy ( Not in text. Recall Lecture 8 p. 16-20)7 dO(x,y)= a—edx + a—edy

ox dy dx dy


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf#page=20

Using differential chain- rules for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

3f f for example: polar coordinates 3 3
df (x,y)= » ——dx +—— ay r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)= a—xdx + B_ydy
dg(x,y)= 3—dx + 38 dy ( Not in text. Recall Lecture 8 p. 16-20)7 dO(x,y)= 3—9dx + g—edy
A Y X Y
Easy to invert differential chain relations (even if functions are not easily inverted)
dx ay _ dx = a—xdr + %dG
dr=azdf +5 dg x=reosd or 00
dy ay ymrsing dy = adeade
dy=Sodf +52d o " 90
g ox Odx

dx | _ r 90 dr |_[ cos@® -rsinf dr
dy dy dy do sin@ rcos0 do

Jdr 96



https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf#page=20

Using differential chain—mles*for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

3f 3f for example: polar coordinates 3 3
df (x,y)===dx+—=—dy r’(x,y)=x*+y? and eo(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
ox dy 0x dy
dg(x,y)= a—gdx + a—gdy ( Not in text. Recall Lecture 8 p. 16-20)7 dO(x,y)= a—edx + a—edy
ox dy 0x dy
Easy to invert differential chain relations (even if functions are not easily inverted)
dx dy _ dx = a—xdr + %de
dx:ﬁdf*‘%dg x=rcosf o7 20
y=rsinf
dy dy dy = @dr+ﬁd9
dy = ﬁdf + a—dg or 06
s ax o
dx | | dr 960 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 060

NOfCltiOl’lfO?' dzﬁerential GCC (Generalized Curvilinear Coordinates {¢’, ¢°, ¢°,...})

. J N Jy/ .
dx] — ax d qm — 2 ax d qm Deﬁnlng a shorthand What does “g” stand for?
m m dummy—lndex m-sum One guess: “Queer”
aq m=1 aq And they do get pretty queer!

These ¥/ are plain old CC (Cartesian Coordinates {dx/=dx, dx’=dy, dx’=dx, dx?=dt} )


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf#page=20

Using differential chain- rules for coordinate transformations
A pair of 2-variable functions f(x,y) and g(x,y) can define a coordinate system on (x,y)-space

3f f for example: polar coordinates 3 3
df (x,y)===dx+—— r’(x,y)= x’+y° and e(x,y)=atan2(y,x) dr(x,y)=—dx+—dy
ox ay 0x dy
dg(x,y)= a—dx + ag —dy ( Not in text. Recall Lecture 8 p. 16-20)7 dO(x,y)= a—edx + a—edy
ox dy 0x dy
Easy to invert differential chain relations (even if functions are not easily inverted)
dx ay _ dx = a—xdr + %dH
dr=azdf +5 dg x=reosd or 00
dy ay ymrsing dy = 9y —dr +— 9y —db
dy=37d +57d " 30
% ax o
dx | | dr 960 dr | | cos@ —rsinf dr
dy | dy dy do | | sin® rcos6 do
or 060

Index m REPEATED on SAME side of = 1s SUMMED
Notation fO?‘ dzﬁerential GCC (Generalized Curvilinear Coordinates {¢’, ¢°, ¢°,...})

What does “¢q” stand for?
One guess: “Queer”
And they do get pretty queer!

_ ox/ N ox/ Defining a shorthand
J_ m m efining a shorthan
dx 3™ dq 21 3" dq {dummy—index m-sum }

q | \ m=10q

Connection lines may help to indicate summation (OK on scratch paper...Difficult in text)

These ¥/ are plain old CC (Cartesian Coordinates {dx/=dx, dx’=dy, dx’=dx, dx?=dt} )


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.8_9.17.18.pdf#page=20

Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
=P Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma I
Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Getting the GCC ready for mechanics:

. . . . ;_ ox/
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity /=5’ EZL and GCC velocity v"=4¢" EZL
t t
L ox! .,
dg"" !




Getting the GCC ready for mechanics:

dx/
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity v/ =x/ sf{i and GCC velocity v"'=¢" =
t
x] . axf qm axj . ax]
This is a key “lemma-1"" for setting up mechanics: og™" or: | 9¢™ 9g™

m

dg

dt

lemma-1




Getting the GCC ready for mechanics: —
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity /=x/ s%] and GCC velocity v"'=¢" =
xj_aifqm o/ 9x/
This is a key “lemma-1"" for setting up mechanics: og™" or: | ag™ 9g™

dg

m

di

lemma-1

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg¢" or 4" .

J/) =

dx” _ ox/ Defining Jacobian
" B 3" matrix component
q q

Recall polar coordinate
transformation matrix:

dy Iy
Jr 90

sin@ rcosO

B ax
Jr 90 =[ cos6 —rsin@]




Getting the GCC ready for mechanics:

Generalized velocity relation follows from GCC chain rule

Same kind of linear relation exists between CC velocity v/ =i/="—

This is a key “lemma-1"" for setting up mechanics:

) J
dx’ = aidqm
g™
J _ m
" and GCC velocity v"=g" =4
dt . . o dt
. J ./ J
)'c] = anm ax = ax lemma-1
og" or: | 9™ g™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg¢" or 4" .

Jj=8xj

m

_ ox/ { Defining Jacobian }
L. matrix component
) qm 9 qm p

Recall polar coordinate
transformation matrix:

Inverse (so-called) Kajobian K/ matrix is flipped partial derivatives of .J,/.

dg"” _ dg" { Defining }

K" =
J ) g (inverse to Jacobian)

Polar coordinate inverse
transformation matrix:

ox
o
dy
or

dx
ar
dy
ar

rcos@ rsin@
—sin@ cos@

ax | [ o o
90 dx dy

cosf@ -—rsinf
sin@ rcosO

ox
0 |_
9

20

d0 6
dx dy

(detJ =7)

r r

cosf sin@
= _sin0 cos@

|

Defining 2x2 matrix inverse: (always test inverse matrices!,

|

A B
C D

D -B
-C A

|

N

AD - BC



Getting the GCC ready for mechanics:

. . . . _
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity /=5’ sf{i and GCC velocity v"=4¢" EZL
t t
xj_%q.m a)'c]_ax] P
This is a key “lemma-1"" for setting up mechanics: og™" or: | 9¢™ 9g™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg¢" or 4" .

. ] ] . . dx dx
JJ = ox — ox {De?mng Jacobza:z} Recall polar coordinate | or 96 |_( cos6 —rsin6
n m . m Mmatrix componen transformation matrix: | 9 3 | \ sind rcos6
aq aq f ar 960
. . . « . . . . 1 ox 0x B oar  or
Inverse (so-called) Kajobian K" matrix 1s flipped partial derivatives of .J,/. > % | | o o
W Iy | | 0 00
K — aqm aqm {Deﬁning } Polar coordinate inverse \ or 9 dx dy
;= - . 1 1 4 1 trix: rcos@® rsin
J Y, (inverse to Jacobian) ransformation matrix ( _Smg o g j cosh  sing
= et/ =1) =| _sinf@ cos6

Defining 2x2 matrix inverse: (always test inverse matrices!,

C D AD - BC -C A
AD-BC AD-BC

A B D -B |_| AD-BC 0
C D -C A 0 AD - BC

( D —B] D _B
-1
[A B] _\-C A ) | AD-BC AD-BC




Getting the GCC ready for mechanics:

. . . . ;_ ox/
Generalized velocity relation follows from GCC chain rule| dx’ = aimdqm
q
Same kind of linear relation exists between CC velocity /=5’ EZL and GCC velocity v"=4¢" EZL
t t
)°Cj= ox” qm axf _ axj l ]
This is a key “lemma-1" for setting up mechanics: dq" or: |ag™ ag™

Jacobian J,/ matrix gives each CCC differential dx’ or velocity x’/ in terms of GCC dg" or ¢".

‘ ] ] 1 ; dx Ox
JJ = dx = o {Deﬁf}mg Jacobzan} Recall polar coordinate | 3 30 :[ c0s8 —rsin@]
" aqm aqm matrix component transformation matrix: % g_; sin@  rcosd
. ] 1X 1 1 1 ” 1 ] x Ox B or or
Inverse (so-called) Kajobian K" matrix 1s flipped partial derivatives of .J,/. g— 3—9 I
dy 9y | | 00 98
dg”" _ 9g" ' o) |5
KM = g9 _99 {Deﬁmng }
J a9 (inverse to Jacobian) _( :(:jg ,,Csolgg j( CO.S% Sinz ]
= et/ =1) =| _sin® cos
Product of matrix J,/ and K" 1s a unit matrix by definition of partial derivatives. (always test inverse matrices!)
/ y
; [ cos@ -—rsinf ]{ C:i;% zg;z
Km J] . aqm ax] B aqm B 5m B {1 ljf m=n sin@ rcos@ - ;
. . — - . — — " — . o
/ ox/ dg"  9q” 0 if m#n { 1]



Using differential chain-rules for coordinate transformations

Polar coordinate example of Generalized Curvilinear Coordinates (GCC)
Getting the GCC ready for mechanics: Generalized velocity and Jacobian Lemma [
= Getting the GCC ready for mechanics: Generalized acceleration and Lemma 2



Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

d du dv

First apply E—; to velocity %’ and use product rule: — (u-v)=—"v+u-—

),C,J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq




Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

d du dv

First apply E—; to velocity %’ and use product rule: —-(u-v)=—"-v+u-—

N ixf—d ox’ ., | d ox’ ,m_l_axj o
dt dt aqmq dt\ 9q" 1 aqmq

Apply derivative chain sum to Jacobian.

d{ox’ )\ 0 (dx)\dg" ([ 9°x’ \dq"
dt\ 9g" | 9q"\ 9g¢" ) dt \ 9q"9q" ) di




Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. L d d d
First apply E—; to velocity X’ and use product rule: Sluv)= d—b;-vw-d—:

),C_J.:ixj_d ox’ ., | d ox’ ,m_l_axj o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ )\ 0 (dx) \dg" (| 9°x) \dq" ([ 9’°x’ \d¢" 9 (9x'dq"
dt\ dq™ ) dq"\ dq™ | dt dq" dq™ ) dt 09" dq" ) dt dq"\ dq" dt
Important thing
about mechanics
to recall.:
coordinates  q"
independent of

velocities  dq” _ .,

i




Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. L d d d
First apply E—; to velocity X’ and use product rule: Sluv)= d—b;-vw-d—:

),C_J.:ixj_d ox’ ., | d ox’ ,m_l_axj o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ dq” ) dq"\ dq" | dt dq" dq™ ) dt 09" dq" ) dt dq™\ dq" dt

Important thing By chain-rule def. of CC velocity: = am (56] )
about mechanics dq

to recall.:

coordinates  q"

independent of

velocities dq” By
dt



Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

. L d d d
First apply E—; to velocity X’ and use product rule: Sluv)= d—b;-vw-d—:

),C,J.:ixj_d ox’ ., | d ox’ ,m+axf o
dt dt aqmq dt\ 9q" 1 aqmq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ aq™ ) dq"\ dq™ ) dt dq" dq™ | dt dq"dq" ) dt  dq"\ dq" dt

o .
Important thing By chain-rule def. of CC velocity: = (56] )
about mechanics dq
to recall.: This is the key “lemma-2" for

coordinates  q"
independent of
velocities dq" .,

dr d ( axj \ _ ax] lemma

dt\ dg" - g™ )

setting up Lagrangian mechanics .




Getting the GCC ready for mechanics (2 part)

Generalized acceleration relations are a little more complicated (It's curved coords, after all!)

First apply E—; to velocity %’ and use product rule: %(M'VF %'Hu'%
Lod o dox ., df ox ,m+axf o
dt dt\ dq dt\ dq dq

( Not in text. Recall Lecture 9 p. 15-19)7
Apply derivative chain sum to Jacobian. Partial derivatives are reversible. 9,,0,=9,9,,

d{ox’ ) 9 (dx'\d¢" (| 9°x) \dq" [ 9°x’ \dq" 9 (9x’dq"
dt\ aq™ ) dq"\ dq™ ) dt dq" dq™ | dt dq"dq" ) dt  dq"\ dq" dt

0 .
By chain-rule def. of CC velocity: = " (56] )
q
The “lemma-1"" was in the GCC velocity This is the key “lemma-2"" for
analysis just before this one for acceleration. setting up Lagrangian mechanics .

axj - axj lemma d ( axj \ _ ax] lemma

og"  dg" di\ 9¢" | 9q"




How to say Newton's “F=ma " in Generalized Curvilinear Coords.

== [ /se Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

Lagrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 M w3k where: M are CC inertia constants

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M, pIyk = 1 My /%% where: My are inertia constants that are symmetric: Mj=Mjy

Multidimensional CC version of Newt-I1 (F=M-a) using Mjx constants
f k a =
Multidimensional CC Vers1C)\A\c:f work—energy differential (d W= FedXx). Insert GCC differentials dqg™

ax] (It s time to bring in the queer g™ !)
dW = [ dx! =



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

=1 M sk =1 i /%% where: My are inertia constants that are symmetric: Mj=Mjy

Multidimensional CC version of Newt-I1 (F=M-a) using Mjx constants
f M k a —
Multidimensional CC Vers1C)\A\c:f work—energy differential (d W= FedXx). Insert GCC differentials dqg™

a x] (It s time to bring in the queer g™ !)
dW = [ dx! =

dq" are independent so dg”’-sum 1s true term-by-term.

. J J
dW = fidx’ = F,dq" = f, aidq o X 4

7 9q" dg""



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 i I ik where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx

Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

dx” (It s time to bring in the queer g™ !)

. J
dW = fdx’ = fj(aidqm]: My Xk[—dqm]
g g

dq" are independent so dg”’-sum 1s true term-by-term. (Still holds 1f all d¢”" are zero but one.)

| I/ o ox/ ox/ i 0x
dW = fjdxf — Fmdqm — f]aq—mdqm — Mjk xk a—qm dqm = Fmej —aqu jkxk aqm



Deriving GCC mechanics from Cartesian Coord. (CC) Newton I-11

Start with stuff we know...(sort of)
Multidimensional CC version of kinetic energy %VoMoV

T = 1 M vk = 1 i I ik where: M are inertia constants
2

Multidimensional CC version of Newt-II (F=Me-a) using M constants

_ k Lk
fj—Mjka —Mjkx

Multidimensional CC version of work-energy differential (dW= F«dx). Insert GCC differentials dg™

dx” (It s time to bring in the queer g™ !)

. J
dW = fdx’ = fj(aidqm]: My Xk[—dqm]
g g

dq" are independent so dg”’-sum 1s true term-by-term. (Still holds 1f all d¢”" are zero but one.)

| I/ o ox/ ox/ i 0x
dW = fjdxf — Fmdqm — f]aq—mdqm — Mjk xk a—qm dqm = Fmej —aqu jkxk aqm

Here generalized GCC force component F, 1s defined:

ox’ L ox/
where: F =f.——= jkxk—

m J aqm



How to say Newton's “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

= | agrange GCC trickery gives Lagrange force equations
Lagrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

| Lod . .
Lagrange's clever end game: Firstset A=M #* and B= aai with calc. formula: {AB = E(AB)_ AB }
61 L
y AB
dx’ /kng d [ A/8x ] ‘k/a’\( dx’ }
F, = = ; kx — |-M

Jaqm J aqm dt J dt aqm




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B="- with calc. formula: {AB =—(4B)- AB }

aq dt
Yy AB
ox’ /kng d A/8x ‘k/c> dx/
Fop = fy—r = My & == | M= = M ,
dg dg dt dg dt dg

Cartesian M
must be constant
for this to work

(Bye, relativistic mechanics or QM!)



Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B="- with calc. formula: {AB =—(4B)- AB }

aq dt
A AB
ox’ / gx d A/8x ‘k/c}( dx/
Fm—fj—z jkx = kx —— Mjkx
dg"" dg"" dt dg"" dt \aqm

Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.

Cartesian M v . \ 2
.] .]
e et 2 w27
(Bye, Bye relativistic mechanics or OM!) dt aq aC]
¢/ J [y ) -
ax _ ax lemma d ax ax lemma

Gg" " ' dr\ 9g" ) 9q"




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

’ . ) J . . d /. ..
Lagrange's clever end game: Firstset A=M #* and B= L with calc. formula: {AB = E(AB)_ AB }

AQ AB

ox’ /k ox/ d L/Gx ‘k/ c}‘ ( ox’

Fm_fJ m jkx m:dt ka m Mjkx dt m
dg dq dq Xz

Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.

Cartesian Mjy . v
d ox/ dx/
o b= 2 a0 2| 22
or s o ors di " dg
. . . . av a VZV -m m
Simplify using: M.y B—ZM’J8_ ; where ¢ may be ¢" or ¢
q q
_d o Myl |y [ Mt
" dt 9" 2 dg"" 2
¢/ J [y ) -
ax _ ax lemma d ax a’x lemma

2

Gg" " ' dr\ 9g" ) 9q"




Now Lagrange GCC trickery begins
Obvious stuff...(sort of, if you ve looked at it for a century!)

' Cod
Lagrange’s clever end game: Firstset 4= M i* and B= aai; with calc. formula: {AB = E(AB)— AB}
q
A (4B) AB
ox/ 42%&1 i A {df o/
= L5 = M = g M S M g S
dq dq dq 99

Then convert dx’ to o’ by Lemmal|l  and Lemmal2 on 2™ term.
d 95/ 95/
Fp=<| M i* = ik | =
dt 95" dg""
. . . . ; aV] a Vivj - m m
Simplify using: | M/ v —=M — where ¢ may be ¢~ or ¢
" dgq Yoq 2
o_d 0 L 9 L
" dt 9" 2 dg"" 2
The result 1s Lagrange’s GCC force equation in terms of kinetic energy T = %M i il i
d oT dT d oT dT
"= giym am | o F= B
L9g™ g dt dv  or




How to say Newton's “F=ma " in Generalized Curvilinear Coords.

Use Cartesian KE quadratic form KE=T=1/2veMev and F=Mea to get GCC force

Lagrange GCC trickery gives Lagrange force equations
- | agrange GCC trickery gives Lagrange potential equations (Lagrange 1 and 2)



But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)
If the force is conservative it’s a gradient F =-VU In GCC: F

o __ QU _dar _ar

m aqm_dtaq-m aqm




But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _dar _or
L =— _

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

d oL JdL
O: _ L-m,m:T-m,m_U m
d 9™ g™ (¢7,q7)=T(q¢",q")-U(g")
o | U U(r) has
This trick requires: a_—mE NO explicit
1 velocity

dependence!



But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

. . . . aU
If the force is conservative it’s a gradient F =-VU In GCC: F =-— -
q
o __0U _dar _or
L =— _

Becomes Lagrange s GCC potential equation with a new definition for the Lagrangian: L=T-U.

d JL oL : .mm m
0= — L(q",q")=T(G",q")-U(q")
£9¢™ oq
o | U U(r) has
This trick requires: Y = NO explicit
1 velocity
dependence!
Lagranges I'' GCC equation | 43 o Lagrange’s 2" GCC equation
(Defining GCC momentum) g™ " (Change of GCC momentum)
» o= oL p,, . _dL
m - M Recall dt = Pm = m
g o dq
— v




But, Lagrange GCC trickery is not yet done...

(Still another trick-up-the-sleeve!)

If the force is conservative it’s a gradient F = -VU

F =-

oU  d aT

InGCC: F =-

Becomes Lagrange's GCC potential equation with a new definition for the Lagrangian: L=T-U.

LG",q")=T(G".,9")-U(q™)

U(r) has
NO explicit
velocity
dependence!

NI

dt 0 qm D qm
This trick requires: 8% =

dq
Lagrange’s It GCC equation 7oL AL
(Defining GCC momentum) A g g
oL
p - —
" aqm Recall

__dL

p ~ v

Lagrange s 2" GCC equation
(Change of GCC momentum)

dp,, oL

If L has no

explicit g™
dependence
then:
Py,=0
or
P,,=const.



GCC Cells, base vectors, and metric tensors
wp Polar coordinate examples: Covariant En vs. Contravariant E™
Covariant gmn vs. Invariant 0" vs. Contravariant g™



A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.

J-Columns are covariant vectors {E,=E, E,=Ej

(8x1 ! ) ( ax ox C)
< > o' og° gzcosqj 3_¢:_rsm¢
J)= =
2 2
ox ox a_y:Sinq) a—yZFCOS(b
\d¢' 9g> ) \ or ’ /
TE, TE, TE TE,

Derived from polar definition: x=r cos ¢ and y=r sin ¢

() Polar coordinate bases

N

o~

= | r

5’
\

A

4

¢

/
r

(%)=(07)-

K-Rows are contravariant vectors {E'=E" E’=E’}

( )
&:COS¢ % Sin¢ FEI/ :El
ox dy
d0p —sing d¢ cos@ ,
\ Ox r )y ro

Inverse polar definition:
r’=x*ty? and ¢ =atan2(y,x)

Unit 1
Fig. 12.10



A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.

J-Columns are covariant vectors {E,=E, E,=Ej

()

ox

(
a—x:COS¢

or ol

( ox! o )
aql an
ox?  ox’

\9¢'  9g° )
TE, TE,

TE¢

=—rsing

\

Derived from polar definition: x=r cos ¢ and y=r sin ¢

() Polar coordinate bases

N

o~

D
.
Y

<0
\

4

/
r

K, (C) Contravar
(Normal)

¢

(1angent)

g'=100

K-Rows are contravariant vectors {E'=E" E’=E’}

7 —

( )
izcosqb ﬁ Sin¢ FEI/ :El
ox dy
d0p —sing d¢ cos@ ,
\ Ox r )y ro

Inverse polar definition:
r’=x*ty? and ¢ =atan2(y,x)

(b) Covariant bases {E E,}
dr=E dq'+E.dg’

El
1ant bases {E' E?}

F \F=F/EHFE

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10



or

: . : da™
COWlpClVZSOFZ.' Covariant E,= " vs. Contravariant e'= aqr =Vq"
. geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) Al‘:ElAql ‘|‘E2Aq2 is based on chain rule: dr 2% dql+% dg’=E.dq'+E,dq’
q q
NOTE:These

are 2D drawings!
No 3D perspective




0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar IElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq2 :Eldql'l'Equz

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
. L)

since only q' varies in a_qu

while ¢°, ¢°,... remain constant

NOTE:These
are 2D drawings!
No 3D perspective




0 . 3"
aqrm VS. Contmvarlant E"= aqr —Vq"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...

. . . 0
since only gq! varies in a_qu
while q2, remain constant

E, are convenient bases for extensive quantities like distance and velocity.

V=V'E +VE, = V'L 4290
dq dq

NOTE:These
are 2D drawings!
No 3D perspective




or

: : : da™
Compamson: Covariant E,= " vs. Contravariant e'= aqr =Vq"
‘ geometric unit
Covariant bases {E, E,} match,cell walls
(Tangent) Ar:ElAql ‘|‘E2Aq2 is based on chain rule: dr 2% dql+% dg’=E.dq'+E,dq’
q q

E; follows tangent to g°=const. ...
since only q' varies in -

aq'
while q2, remain cozgzstant
E, are convenient bases for extensive quantities like distance and velocity.
VoV'E,+VE, =V 120
dq g
Contravariant {E' E?} match reciprocal cells
(Normal) NOTE:These
8q2 i are 2D drawings!
I =Vgq =E2\ No 3D perspective

. . dq'

E’ is normal to q'=const. since E)j]c
gradient of q'is vector sum Vq' = i
of all its partial derivatives aq
y



0 . 3"
aqrm VS. Contmvarlant E"= aqr —Vq"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only q' varies in -

aq'
while q2, remain cozgzstant
E, are convenient bases for extensive quantities like distance and velocity.
V=VE,+VE, = 20
dg.  Jq
Contravariant {E' E?} match reciprocal cells
(Normal) NOTE:dThese
0g” — 1 2 are 2D drawings!
a?‘ =Vg’ :E2\ /F K F] E —I_FZ E No 3D perspective
{
Bl ] ;o . dg'
_v, is normal to q'=const. since 5

. 7 | X

gradient of g'is vector sum Vq' = o

. . . . q

=200 of all its partial derivatives 3y

E" are convenient bases for intensive quantities like force and momentum.

og' oq°
F=FE'+ FE' = F -+ F,~ - =FVq'+ V'
r r



: : 0 : dq"
COWlpClVZSOFZ.' Covariant E,= 8;’" vs. Contravariant = 6)61]' =Vq"
. geometric unit
Covariant bases {E, E,} match,cell walls
(Tangeny) Ar:ElAql ‘|‘E2Aq2 is based on chain rule: dr :a—r1 dq1+a—rdq2 =E,dq'+E,dg’

dg g

E; follows tangent to g°=const. ...
since only q' varies in -

aq'
while ¢°, ¢°,... remain constant
E, are convenient bases for extensive quantities like distance and velocity. Co-Contra dot
VoVE, +VE, =V 420 products E,- £ are
dq g
, , orthonormal:
Contravariant {E' E?} match reciprocal cells S
(Normal) E =T %4 _5"
d : — 1 2 m m m
0oy FO\FFESFE 0q" or
{
I ; : dq'
_vy, E' is normal to q'=const. since "
gradient of q'is vector sum Vq' = i
. . . . q
=200 of all its partial derivatives 3

E" are convenient bases for intensive quantities like force and momentum.

9 o7

F=FE' +FEE’ =F . +Fz¥:Fqu1+Fqu2




GCC Cells, base vectors, and metric tensors
Polar coordinate examples: Covariant E,, vs. Contravariant E™

— Covariant gmn vs. Invariant 0" vs. Contravariant g™



Covariant gmn ~ VS.

E O - or ’ or

Egmn

Covariant
metric tensor

Emn

Invariant s,"  vs.

E .E'= Jar dg =5"
dq" oJr
Invariant

Kroneker unit tensor

-

1 ifm=n
" 0 ifm#n

Contravariant g
prpr=94" 99" _ o
or Oor

Contravariant
metric tensor

gl’)’ll’l



Covariant gmn ~ vs. Invariant s, vs. Contravariant g""
Jr or ar dJq”" dg™ dq”"
Em.En: m‘ . Egmn Em°En: m‘ q :5:1 Em.En: q o q Egmn
dg" dq dg" or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - g
1 ifm=n
5:15 3 4
0O ifm#n
Polar coordinate examples (again):
[~ 1 1)
d %) ( A ( A
xl xz a—xzcosqb a—xz—rsin¢ izcosqb i:smq) «—E =E'
<J>= aq aq _ or 8¢ <K>=<J_1>= 0x ay
ox’ o’ a_y:simb a—y:rczosgb %0 __sng 90 _cosp —E? =E’
L aql aqz ) \ or 0 Y, \ ox r a_)/ r)
TE, TE, TE, TE,



Covariant gmn ~ vs. Invariant s, vs. Contravariant g""
al‘ ar n m n
E, E,=——"—"=g, E =299 s =09 99"_ o
dg" dq dg" or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - g
1 ifm=n
5:15 3 f
0O ifm#n
Polar coordinate examples (again):
[~ 1 1)
ox  ox ( A ( )
p 1 3 7 3—x=COS¢ g—x:—rsin¢ %ZCOS¢ ?:sjn¢ %EFZEI
(7)=| 21 1= y (K)=(r7)=| o
ox’ o’ a_y:simb a—y:rczosgb %0 __sng 90 _cosp —E? =E’
9t a2 ) \ or 0 ) O r dy r )
TE, TE, TE, TE,
Covariant gmn Invariant 8" Contravariant g""
& 8 | | EE  E, E, 6! 8! | | EFE" EqE A :[ E'«E E .E’ )
S B E¢ . Er E¢ . E¢ 5¢r 6¢¢ N Eq).Er E(P’E(P g¢’” g¢¢> E’-E E’.E’

{23

Lo 1)



Lagrange prefers Covariant gmn, with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum py, definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity
Lagrangian L=KE-U is supposed to be explicit function of velocity.

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) | &, & E-E E- E, 1 0
Eor  Egg E,-E E,-E, 0 r°



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r




Lagrange prefers Covariant gmn, with Contravariant velocity ¢"

GCC Lagrangian definition
)y GCC “canonical” momentum pm definition
GCC “canonical”  force Fy definition
Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) { g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising,
p, = s =Mg r=Mr radial momentum p, has the
r usual linear M-v form



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢(p Mr’¢  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

Lagrange s I*' GCC equation d oL oL

(Defining GCC momentum) it 9qm  ag™

m aqm =5, dt Pm aqm




Lagrange prefers Covariant gmn, with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum py, definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢(p Mr’¢  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) { g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL . . Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = E =Mg r=Mr radial momentum pr has the Py = a¢ = Mg¢¢(p Mr’¢  factor My? automatically for the
usual linear M-v form angular momentum po=Mro.

2" [ -equation involves total time derivative pm for each momentum pm:

oL M ag¢¢ (P oU oU Centrifugal . a_L _0— oU  Angular momentum pq is conserved if

pr= o 2 or ar =M r(b B E force Mro? Po = o) a¢ potential U has no explicit O0-dependence
d AL _ oL Lagrange’s 2" GCC equation
dt 9g™  oq™ (Change of GCC momentum)
dp,, . OdL
— =p =——
m m
dt g




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p=—=Mg r=Mr radial momentum p, has the Py==T= Mg¢¢(p Mr’¢  factor My? automatically for the

Jr usual linear M-v form a¢ angular momentum py=Mr-o.

2" [ -equation involves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ oU oU Centrifugal . 8_L _0— oU  Angular momentum pq is conserved if
Pr= o 2 or (P ar =M r(b B E force Mro’ Po = 0] a¢ potential U has no explicit O0-dependence
d, d o L o : . :
Find pm directly from 15 L-equation: p,, = P = C M (8,,0")= M (80" &) Equate it to P,,in 2" L-equation:

dr dt



Lagrange prefers Covariant gmn, with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum py, definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢¢) Mr’¢  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

2" [ -equation involves total time derivative pm for each momentum pm:

oL M ag¢¢ (P oU oU Centrifugal . 8_L _0— oU  Angular momentum pq is conserved if

P = or 2 or ar B Mr(b a Jr force Mro? Po = o) a¢ potential U has no explicit §-dependence
d d nn . -n --n . b L] L[]
Find pn directly from 15" L-equation: p,, =L = = M(g,,q") =M (8,,d'+8,,d") Equate it to P,,in 2" L-equation:
dt  dt 9 q

(From preceding page)



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) [ g,
gq)r

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL . . Nothing too surprising; 9L _ ~ Wow! gy gives moment-of-inertia
P, = E =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  factor My? automatically for the
usual linear M-v form

angular momentum po=Mro.

2" [ -equation invglves total time derivative pm for each momentum pm:

. oL M ag¢¢ ., dU ., U Centrifugal : oL oU  Angular momentum Po is conserved if
p = = ¢ ——:M}"¢—— 2 p¢:_:O__ . ..
T or 2 on or or Jforce Mro o¢ dp  potential U has no explicit ¢-dependence
: . : : . d, d . . o : = :
Find pm directly from 15" L<equation:p, = % = EM (&md")=M(,.4"+8,.d") Equate it to P,,in 2" L-equation:
. _dp. "
Pr= dr M Centrifugal (center-fleeing) force

equals total

=M r¢52— 5 Centripetal (center-pulling) force



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (page 53) | &, &

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢¢) Mrid  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ U Mot B_U Centrifugal b = 8_L 0o a_U ngular momentum pq is conserved if
r orce Mrw potentia as no explicit ependence
=7 "2 o - P ro or  Jorce Mro® Pop o LU R licit ¢-depend
: . : : : d, d T . o : = :
n m atrec rom equadltion.p, =—_ = Em4d )= Emd T 8mnd uaite it io V,,in -eqgudalion.
Find pm directly from 1 L<équat 5;" ~M(g,,4")= M( ) |[Equate it to P,,in 2" L-equat
p = dp, — M . . .oL % Lo M6 Toréue relates to two distinct parts:
" dt Centrifugal (center-fleeing) force Po="1 rr(p+ ’ (P Coriolis and angular. acceleration
equals total I s ST e et
=M r¢ - Centripetal (center-pulling) force —0— a_U Angular momentum pq is conserved if

ar ¢ potential U has no explicit O-dependence



Rewriting GCC Lagrange equations :

dp - d - _y
) =L = M¥ . _ . 24Py .. lorque relates to two distinct parts:
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢+ Mr 0 Corzolzs and angular. acceleration
Y equals total . I s S e et
=M r¢)2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
or 99 potential U has no explicit ¢-dependence
Conventional forms U U
radial force: M#= M r¢°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: i = r¢52 angular acceleration: ¢ = —2—-
r
Coriolis acceleration w1th (]) >() and r<0 Effect on
— _2 y
(1) I” (1) /r akes d)pcsitive) Northern
Inward flow|to pressre Low Hemzsp here
0 local weather
..makes\wind| turnfo the right

Y Cyclonic flow
around lows
> | <

(L)
//"\\ TS

Northérn hen.aisphere otation

6|>0




Rewriting GCC Lagrange equations :

dp ' d : o :
) =2 = M¥ . _ . 4Py Y 2w lorque relates to two distinct parts:
Pr dt Centrifugal (center-fleeing) force Py = dr 2Mi:"r¢+ Mr 0 Coriolis and angular. acceleration
| equals total T i Sttt esensk
=M r¢)2— a—U Centripetal (center-pulling) force =0— a_U Angular momentum py is conserved if
or 99 potential U has no explicit ¢-dependence
Conventional forms U U
radial force: M¥=Mr@°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: i = r¢52 angular acceleration: ¢ = —2—-
r
Coriolis accele.:l.ratlozn .wztil 3 >() Erid r< B Effect on
b=-2ro/m akes Zﬁpcsitive) Nar.thern
Hemisphere
Inward flow|to pressre Low
20 local weather
..makes\wind| turnfo the right
Y Cyclonic flow
Cool North around lows
> L < winds follow varmsoutr
StOrms ginds precede
¢ l orms
(with & = 0) Northern hemisphereNotation

6|>0




Rewriting GCC Lagrange equations :

dp ' d : o :
s = i . . . L aps 9 ,- lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = o 2Mi:"r¢+ Mr 0 Coriolis and angular. acceleration
Y equals total . T i Sttt esensk
=M r¢)2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
ar 99 potential U has no explicit ¢-dependence
Conventional forms U 2V
radial force: M¥=M r¢2— 8_ angular force or torque: Mr*¢ = -2 Mri¢p— %
r
Field-free (U=0) ”
radial acceleration: i = r¢52 angular acceleration: ¢ = —2—-
r
Coriolis acceleration with ¢ >0 and r< 0 Effect on
=_) e
¢ ro/r akes ¢ pdsitive) Nor.thern
Hemisphere
Inward flow|to pressyre Low ] ] I
0 ocal weatner

..makes\wind| turnfo the right

Y

(with d) =0) Northérn hen.iisphere otation
o[>0

Cool North
> L << winds foliow @/ Warm Soutr
/ ¢ storms ginds precede
' orms

Cyclonic flow
around lows

Deep quantum rule:

Flow tries to mimic

the external rotation
(least relative v)

Northern hémisphere systemy drift West to East



GOES-16 captured this geocolor image of
Hurricane Irma approaching Anguilla at about
7:15 am (eastern), September 6, 2017. Irma's
maximum sustained winds remain near 185
mph with higher gusts, making it a category 5
hurricane on the Saffir-Simpson Hurricane
Wind Scale. According to the latest information
from NOAA's National Hurricane Center
(issued at 8:00 am eastern), Irma was located
about 15 miles west-southwest of Anguilla and
moving toward the west-northwest near 16
miles per hour.




Science News <link>

Saturn’s north pole was dark when Cassini arrived in 2004. But as the seasons changed, light illuminated a bizarre six-sided

swirl of gases at the pole (shown here in false color). The hexagon has been known since the 1980s. It is about 30,000

kilometers (18,600 miles) wide with a massive hurricane cent®:ed on the north pole.
JPL-CALTECH/NASA, SPACE SCIENCE INSTITUTE



https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow

