Group Theory in Quantum Mechanics

Lecture 14 1413

Spectral decomposition of groups D3 ~C3,

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )

(PSDS - Ch. 3 )

Review:Spectral resolution of D3 Center (Class algebra)

Group theory of equivalence transformations and classes

Lagrange theorems
All-commuting class projectors and Ds-invariant characters

Character ortho-completeness
Group invariant numbers. Centrum, Rank, and Order

2nd-Stage spectral decompositions of global/local D3
Splitting class projectors using subgroup chains D3> C>and D3DCs

Splitting classes
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3rd-stage spectral resolution to irreducible representations (ireps) and Hamiltonian eigensolutions
Tunneling modes and spectra for D3> C>and D3> Cs local subgroup chains
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13 _ Qe — : : :
0=x;-9%,;=(k; =31, +3D)(K; = 01) /44 ortho-complete projector relations
K, = 1P+ 1- + 1-PY =1 (Completeness)

Kk =2-P1-2p" - 1P~
K, =3P1-3p "7 1 0-PF

P =(K1+Kr+Kl.)/6=(1+l‘+l‘2+i1+i2+i3)/6
=(K,+%, k)6 =1+r+r’ —i, —i,—i;)/6

P" =(2x, -k, +0)3=(21-r-r")/3
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Review:Spectral resolution of D3 Center (Class algebra)

(D3 Algebra

Class-sum K, invariance:

°G = order of group:

°k, = order of classx:

Class minimal equation
K =3% K, +3K,=9%K

3
0=x;-9%«,=(K,

ro 1 r i 0 i K, =1 Kk =r+r’ | k=i +i, +i,
r’ir 10d, i i LE]K K, K,
i i, L,Lbil r r’ K, | K, 2K, +K, 2K,
i, (i, i,ir’ 1 r K. | K, 2K, 3k, + 3K, /

gth = Kkgt
(°D;=06)
Cxk, =1 °k, =2

K7=3%, +31

DE;

| D; Center )

(All-corrirnuting
operators)

.I;.j—lJJ -r JZ -rJ-:)) ~o

Another

Maximal Set

of Commutin
Operators

r PE
11

2 E
r I'22
PE

12

PE

21

J

=3 (K, +3 1)K, = 01) 444 ortho-complete projector and character relations

—_— . A . . E - ( o \
K, =1P Y+ 1 + 1-P% =1 (Completeness) B k%l({“) (@) ) o
K, =2 P
=2-P1+2 1-P~F C @ R
K. = + — oa=A | 1 1 1
1(,-=3-PA1—3- + 0-P" &= -
c e s (@) = ~
PAI:(K1+Kr+1<l.)/6:(1+r+r2+11+12+13)/6 P(a):{_GZZI(CO‘)*Kk i S
k
2 . . .
=(k,+K -k )6=(A+r+r"—i, —i,—i;)/6 o) og
E 9) — Zx(a)g
P" =(2%x,-x, +0)/3=21-r-r")/3 . °G =17
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Subgroup splitting and correlation frequency formula: @ (D™ (G)|H)
Group invariant numbers. Centrum, Rank, and Order

>

Friday, March 15, 2013
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(fl) @

:d(a): \ L f( a) — 3
I

d@
T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(fl) @

:d(a): \ L f( a) — 3
I

@

T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients (D (G)| H)
TraceD(a)(P(b)) = f(b) YA Since each d(b)(P(b)) is f(b)-by-f(b) unit matrix
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

po) \ _ f=3
N

d@
T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)
TraceD' ™ (P")= f© 4"

1
f = WTmceD(a) (P")
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Subgroup splitting and correlation frequency formula: f%(D®(G)|H)

(irep =
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

irreducible representation)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

T

reducer

D(O!)(h)

reducer

([ ] [
A@
® ®

fo=3

R

™

7

@

2\

o« Jb)e

\<

e d®e

_f(b) =)

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)
TraceD' ™ (P")= f© . 4"

4 (@) A 1 ﬁ(b)
p(@) _ £ s (@) f b) = TmceD(“)(P(b)) = —
oG %k Kk K(b) OH
keG classes
(b) , cH
) _ ¢ (b)
P °H kezH%k b
\_ J

2 x. TraceD'™ (k)

Friday, March 15, 2013
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Subgroup splitting and correlation frequency formula: f%(D®(G)|H)

(irep =

irreducible representation)

Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

.d(a). \
([ ] [ J —

fo=3

PN

T

7

@

2\

D(O!)(h) —

reducer reducer

o« Jb)e

\<

e d®e

_f(b) =)

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD'”(P")y= f" . ¢

b)
4 (@) ™ 1 A
p(®) — L > Z/(c“)*Kk f(b) TFCZC@D(a)(P(b)) = W%
°G keG
(D)
b _ 1L (b)
p oIy 2 XK,
\_ ket Y, (b) 2 i (b)* (a)
OH WXk
classes
K.eH

Z . TraceD'™

classes
Kk GH

%(06)(](

()

k): K Xk

(o)

Friday, March 15, 2013
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From end of Lecture 1 3
Example to use:  f" =5 LY e 2
api
2T
Y@ |e=0 = r o1
3 %g(e)) _ sin(/ +é)®
/=0 | 1 11 sin —
1 30 -1 2
2 5 -1 1 ...and D; character table:
3 7 1 -1 (g)= {1} {rl,rz} {il’i2’i3}
4 9 0 1 A
1 = 1 1 1
5 0 oo | X
6 3 1 1 |X @)= -
7 15 0 -1|lx'@®=]| 2 —1 0

{ =4 |
— .................... E]
E;
A
f(a)(g) fAl fEl
/=0 1 .
1 . |
2 1 ,
4 1 X
5 ) ;
6 3 )
7 9 5

14,

04,04 BE,

14,
14,2
14,52
24 B
34,02
24,83

D2E,
®2E,
D3E,
B3E,
®4E,
D5E,

Friday, March 15, 2013
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From end of Lecture 1 3 .
(b) _ 07 @) T

K - E

Example to use:  f" =5 ZZ i — £

K.€H A[

. 1
£ =OD Dok Y = OD( Ko X X+ o X X
gy
2T
2'(©)|0=0 — =« sin(/ +2)0©
3 @)= ey e
; _

1 30 -1 : | .
2 5 -1 1 ...and D; character table: 5 | 5
3 7 1 -1 (g)= {1} {rl,rz} {il’i2’i3} 3 1 2
‘5‘ 191 01 11 ie)=| 1 1 1 4 |1 3
-1 - _ 5 2 3

6 | 13 1 1% ®7 - A .

E, . _
7 15 0 —-1|x'(@®=]| 2 1 0 7 ) 5

(E))*

=4) (I=4)
+ K180 ZISO XISO )

14,

04,04 -BE,

14,
14,82
14,52
24,®

34,02
24,83

O2E,
D2E,
D3IE,
DIE,
DAE,
B5E,
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From end of Lecture 1 3 .
b) _ 07 @) i P
Example to use: =57 ZZ KXk = P
K, €H A
%k — 1 % *k *
FE :OD > ox x ‘”—OD( KXo 2o+ Koo Xia Kb + Ko Xish! Lo )
Y b,
1 " " ]
=—(1-2229 + 2--1"0 + 3:0-1 )
6
, 2r
Xx©)|0=0 — =« sin(/ +2)0 "
3 @)= ey e
(=0 | 1 11 sin— /=0 | 1 R
1 3 0 -1 2 1 : 1 | 04,04.®E,
2 5 -1 1 ...and D3 character table: 2 1 2 |14,  @®2E,
3 7 1 =1 (= |{} {'r’} {i.i,i} 3 1 2 | 14,024 .®2E,
4 9 0 1 @)= 1 1 1 4 1 3 | 14,®24.83E,
> hooh x (g2)= - 5 2 3 |24,0 4.@®3E,
6 13 1 ) 6 3 4 | 34,024 BAE,
7 15 0 -1|x'@®=]2 -1 0 7 7 5 | 24,034 @5E,
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27+ ok

.\

(

2. -1 -

120° %120 Zl20

E))*

=4 4 o

(E) )% 0, (1= 4))

180° %180 %180

From end of Lecture 1 3
Example to use:  f" =5 o W P T
api
ES — 1 ES
f =ng 2 =g (oo
K,€D;
_ 1 (1-2"-9
6
f(E1): 3
2T
x'(©)| ©=0 3 7 /o sin(f+3)0
/=0 | 1 11 sin —
1 30 -1 2
2 5 -1 1 ...and D; character table:
3 7 1 -1 (g)= {1} {rl,rz} {il’i2’i3}
4 9 0 1 A
1 = 1 1 1
5 0 oo | X
6 3 1 1 |X @)= -
7 15 0 -1|lx'@®=]| 2 —1 0

0 -1 )
14,
04,04 BE,
;D2
MQEI
14,024.03E,
24,0 A-B3E;
34,824 PAE,
24,034 B5E,
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Subgroup splitting and correlation frequency formula: @ (D™ (G)|H)
* Group invariant numbers.: Centrum, Rank, and Order ‘

Friday, March 15, 2013
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{Dg Algebra

T

Az
PEq

e

K; = J_/ - J2 -rJ_:j

f [ A 2=l D Center\

(All-cornemutirig

operdtors)

Another

Maximal Set

of Commutin
Operators

r PE
11

2 PE

r I,22

PE

12

PE

21

- . ] - J . g k=1 r'+ri +iH,
Important invariant numbers or “characters PU=[T 1 1 le
%= Trreducible representation (irrep) dimension or level degeneracy P11 -1
For symmetry group or algebra G PE =2 -1 03

Centrum: K(G)=X, (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops

irrep(Ql)

Rank:  p(G)=X ) (f OC)I =Number of irrep idempotents Pn(%), mutually-commuting ops

irrep(o

Order:  °(G)=X, ., () (f OC)2 =Total number of irrep projectors Pf,,‘j% or symmetry ops

3
=4
6

Friday, March 15, 2013



2nd-Stage spectral decompositions of global/local D3 K

* Splitting class projectors using subgroup chains D3;DC>and D3O C3
Splitting classes

Friday, March 15, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D4 characters with its subgoup(s) C,(i)

Dy «=1 r'+r’ i +i+, C,x-1 i
Pi=1 1 16 o =1 1]n
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

2 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P(%))

Friday, March 15, 2013




D3 k=1 ri+r? i+H,
Pl=1 1 11s
P=1 1 -1)s
PE=2 -1 0|3

Friday, March 15, 2013

D,>C, Correlation table
shows which products of
class projector P(® with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P(%))

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)

R

2nd Step: Spectral resolution of Class Projector(s) of D,

C2K:1 i3
p”? =1 1|r

pl2=|1 -1|»2

D3:>C2 0, 1,

ndi= 1
ni2= |
nk = 1 1

Spectral reduction of non-commutative “Group-table Hamiltonian™
D, Example

Correlate D4 characters with its subgoup(s) C,(i)

40



Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

13 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1 -
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P(%))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Pléﬂ
=K@+ B P"=| P, B,
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

2 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P/%))
Rank p(D3)=4 implies
there will be exactly 4 1 =P 02+ 14 5
“C,-friendly” irep projectors Pli= PAOI 0
P ] =P(0c)(p02+ plz) P42: : o Pléfz
=R+ B P"=| Py, PI,
pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
PE=PElp?? = PE(1+,)2=(21-r!-r-i - i+2i, )6
PE=PEp’? = PE(14,)2=(21- - r?+i, + 1,21, )6

Friday, March 15, 2013
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2nd-Stage spectral decompositions of global/local D3

* Splitting class projectors using subgroup chains D3;DC>and D3O C3
Splitting classes

4

Friday, March 15, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i, Let: Cyx=1 1" r’
Pi=1 1 16 p02 -1 1ln g=¢ 2T/ p03= 1 1 1|3
P21 1 -1 pl2=1 -1|n pli=11 e ¢£*|
PE=2 -1 03 pi= 12 &% e |3

D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%))
Rank p(D3)=4 implies

—0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOJO :
22
ol =poipl+ pl) Pi-| B
=1%)(2%)2+ 1)1(20102 P- = P()z()2 1)1212

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
Ar— 1) — o\ N e s s
P=Plp/2 =P(14,)2=( 1+r+r’-i - i,-1,)6

PE=PElp?? = PE(1+,)2=(21-r!-r-i - i+2i, )6
— 1 —_— [ J _ [ J [J [J
PE=Pipl2 = PE(1-13)/2—(21- r-r’+H + 121, )/6

Friday, March 15, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i Let: Cyx=1 1" r’

Pi=1 1 1 e p02 _ 13 /2 g=¢2m/3 p]03= 1 1 113
P11 1 -1)6 pl2={1 -1 pi= 11 ¢ ¢&*3
PE=2 -1 03 pi= 12 &% e |3
D;,> C, Correlation table D;o5C, 0, 1, | Same for Correlation table: D35 Cy 05 15 2,
shows which products of ndi=| 1 A= [
class projector P(® with nA2= -1 nd= 11 -
C,-unit 1 =p"2+ p'> will nfF=11 1 nk = 1 1
make IRREDUCIBLE P(%))

Rank p(D3)=4 implies

—0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOJO :
22
ol =poipl+ pl) Pi-| B
=1%)(2%)2+ 1)1(20102 P- = P()z()2 1)1212

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
pA=pip! =P42(1-ij,)/2=( L+ri+ri-i - i,-i, )6
Pl; = 1?32 = Pl;(1+i3)/2=(21- ri.r’-i - i+2i,)/6
PE=Pp"? =P (1-i,)2=(21-r'-r’+i + i,2i, )/

Friday, March 15, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ o))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R+ B P* = Py, P,

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
Ar— 1) — o\ N e s s
P=Plp/2 =P(14,)2=( 1+r+r’-i - i,-1,)6

PE=PElp?? = PE(1+,)2=(21-r!-r-i - i+2i, )6
— 1 —_— [ J _ [ J [J [J
PE=Pipl2 = PE(1-13)/2—(21- r-r’+H + 121, )/6

Let: C3 K= 1 1‘1 1'2
g=e 2/ pl=11 1 1|3
pi= 11 ¢ ¢&*3

p= 12 e*¢e |3

Same for Correlation table: D35 Cy 05 15 2,

ndi= 1
nA2= 1
nt = 1 1

Rank p(D3)=4 implies
there will be exactly 4
“Cj-friendly” irreducible projectors
P(oc) 1 =P(0c)(p03 + p] 3 4 p23)
Ro,+ R+ B2

373

Friday, March 15, 2013
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

D3 k=1 ri+r’ i+H,
Pi=1 1 1/s
P=1 1 -1)6
PE=2 -1 0|3

D,>C, Correlation table
shows which products of
class projector P(® with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P(%))

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)

R

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)

C,x=1 i,
p”? =1 1|r
pP=1 -1|»
D;,oC, 0, 1,
ndi= 1
nA2= 1
nf=11 1
1 =p02+ p12
Pi= P'Ao]zo2
Po-
"= B, B,

pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
Ar— 1) — o\ N e s s
P=Plp/2 =P(14,)2=( 1+r+r’-i - i,-1,)6

PE=PElp?? = PE(1+,)2=(21-r!-r-i - i+2i, )6
— 1 —_— [ J _ [ J [J [J
PE=Pipl2 = PE(1-13)/2—(21- r-r’+H + 121, )/6

Let:

826-2751'/3

Same for Correlation table: D35 Cy 05 15 2,

Rank p(D3)=4 implies
there will be exactly 4
“Cj-friendly” irreducible projectors
P ] =p(o) (]903 n p] 3 4 p23 )

Bo,* B+ B

Cyx=1 1" r’
p=11 1 1|3
pi= 11 ¢ ¢&*3
p= 12 e*¢e |3
ndi= |1

nA2= 1 -
nt = 1 1

1 =p03 _|_p]3 _|_p23

Pii=
Pi=
Pf =

I ..
R

373
B -
3V3
.PE
1313

E
b

3
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,don’t commute)
o o o _ 1 2
g k=1 '+ i +iH, C,x=1 i Le_t: o Cg k=1 1 r
Pi=1 1 1/s 0, _ e=c p=11 1 1|3
p”? =1 12 ; .
P=1 1 -1ps pl2=1 -1|n pi=11 ¢ &*
PE=2 -1 03 pi= 12 &% e |3
D;,> C, Correlation table D;o5C, 0, 1, | Same for Correlation table: D35 Cy 05 15 2,
shows which products of nli=| 1 - A= [
class projector P(® with nA2= -1 nd= |1
C,-unit 1 =p"2+ p'> will nf= |1 1 N
make IRREDUCIBLE P/%))
Rank p(D4)=4 implies Rank p(D3)=4 implies 0 _1: 2
there will be exactly 4 1 =p02 + pl 2 there will be exactly 4 1 =p”3+p'3+p*
“C,-friendly” irep projectors Pli= PAO]O , “C;-friendly” irreducible projectors ~ Ppdi= ]8/16 .
p©)] =P(°‘)(p02 + p] 2 ) P42: . 22 Pfifz p@] =P(0c)(l)03 n p13 n p23 ) PA2= 13(%633 .
=R+ B PE = B, BE V = RR+ERCEY PPS - RY OB
PA=P1ip02 =PA(1+i,)2=( 1+r+r¥+i+iq+i, )6 P62153=P41p03 =PU(1+r+r?)3=( 1+ri+r+i+ix+ i, )6
Pl=Plp!t =PY(14)o=( I+r+r-i-i,-i)6 | B=Pipls =PU(+ r )= T+ r-i - i, -1, )6
PE=Pp" =P (1+,)2=1-1"-r’-i,- i,2i,)6  BE=Pp/s = PP(1+err'+ er?)s=(1+er'+ e+ )6
PE=Plpl2 =PE(1-i,)2=(21-r/- ¥’ +i + 121, )6 BE=Plp’ = PE(1+er'+ er?)s=(1+ erl+er? )6
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2nd-Stage spectral decompositions of global/local D3

Splitting class projectors using subgroup chains D3> C>and D3DCs
; Splitting classes

Ny
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2nd Step: (contd.)While some class projectors P® split in two,

so ALSO DO some classes «,

Rank p(Dg)=4

idempotents
P

P6352=P4’pOZ =PU(1+,)2=( 1+ri+r+i+ iy g)m
Pl=Plp> P14 )= 1+rier-i,- i)-))6

B§)2= Pip'2 =PE(1+i 3)/2:(' ri-r- Eqi
E — PEp12 - PE(I_iS)/zz(ZE r’-r’ +’i1 + ig'@

A1?212

P~ splits into PE=P" +P" %
class «; splits into K and 1
12 3

)/6
)/6

i -i-1,)/6

D3 k=1 r'+rli ]+i2+i3
1=
, Centrum K(D3)=3 Pi=1 1 1 /6
iﬁjﬁegfe’gt idempotents Pi=1 1 -1le
* P(® P PE=2 -1 03
P(fég:PA]‘po.g =P4](1+ r1+ r2)/3:( _|_ r1+ r2+ i]+ i2+ i3 )/6

B=Plp” =PL(1+ 1+ r)s=( 1+

1 )/6

R =Prp"s = PE(1+err'+er?)s=(1

B£3= Pip’s = PE(1+er'+ 8*1‘2)/32

+Her”|)/6

PE splits into PE=PE +BE,

class x_ splits into x_, and K,

52
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Rank p(Dg)=4

idempotents
P

A

PE splits into PE= —Pf P! PE
class K, Sp?lts into

so ALSO DO some classes «,

P(f({flﬂfp()z =P(1+,)2=( 1+ri+r*+ E 3!
Pi=Pp =P (14,)2=( 1+r'+r’-i,- i,
1352— Pip2 = PE(14,)2=(21-r'-r?- ﬁ i
E=Ppl =PE(1-i,)2=(21: r!- 1’ H, 1

7

i )/6

7‘ $

Klanahcl

r=r,
must

equal
']

=1,
must
equal

Ly

For Local
D,oC,(,)

4 different
idempotent

* P

2nd Step: (contd.)While some class projectors P* split in two,

Centrum K(D4)=3
idempotents

P

D3 k=1 r'+rli i+H,
Pi=1 1 1/s
P=1 1 -1)6
PE=2 -1 03

P62153=P41p03 =P1(1+ r'+ r?)3=( 1+r+ri+ i+i+i)e

B =P p" =P(1+ r'+ r?)3=( 1+rri-i, -

PE = PEp]3 = PE(L+ exrl+ ex?)3=(1+ er’+e*r? )6
PE(1+ er’+ er?)3=(1+

PE pZ 3 —

PE splits into PE=P", + B,
class x_ splits into x_, and K,

symmetry

i, is free parameter

Rank p(D3)= 4

parameters in
either case

- i,-10)/6

¥ el |)/6

7‘

l:l]:lzzlj,

For Local

DoC4()

symmetry
r,andr, are free
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>

3rd-stage spectral resolution to irreducible representations (ireps) and Hamiltonian eigensolutions
Tunneling modes and spectra for D3> C>and D3DCs local subgroup chains
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Cei.fltrum K(D3)=3 D. <1
idempotents 3

P Pi=|]

Pi= 1

Pi=2

1

2 ° L] [
r+r 11+l2+l3

1
1
-1

1

-1 V6

0

/6

/3

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

Rank p(Dg)=4
idempotents
P{%)

Rii= PA=Ppl =P4i(1+i )=

By= RE=Rpl =P )=

2- ° °
r+r+ ]+12

2
r+r -l]- 1 -E

Bi= Bf=Ppl2 = PF(1+,)2=(21- 11

5= Ri=Pp =P/ (1i)2=1-r"-r
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Centrum K(D4)=3 AT Rank p(Dg)=4
idempotents D3 gl e il idempotents
P Pi=1 1 1}s p(c
Pi=1 1 -1 Pii= Pyli=Plipl2 =PU(1+)2=( r’+ i+ )s
PE=2 -1 0} Bl= P=Pp! =PU(1d )o=( Lers v~ i)-i))s
BE= Bfi=Pp’2 = PF(14,)2=1-r-r’-1,- i}7i} )6
PL= PL=Plp/=PL1-i)2=1-r- ¥’ 4 + 1}-2i])/6
. VY Ll P 3 E FI 2 %E
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick

g=1-g-1=(PL+P2+PL +P ).-g-(PoL+P)2+PL +P) )
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Centrum K(D4)=3

idempotents

P(O(‘) PAI:

r’+r?

l]+l2+l3

|
DN — ||

1
1
-1

1 /6

-1 /6
03

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1’ Trick

Rank p(Dg)=4
idempotents
P

_ DAI— 0> _ . . 5 o
Pli= POZ({z—PAIp 2=PU(1+,)2=( 1+r+r’+ E R

p= Pi=Plpl =PU(14)0=( 1+r+r’-j - i

/

" )/6
J-1)6

RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6

By= Ri=Ppl=P/(1i)2=2Lr"-r’++ i

g=1-g-1=(PL+P2+PL +P ).-g-(PoL+P)2+PL +P) )

g=P4 .g.PA P .g. P4 PE .g.PE {PF .g.PE

E E E
'I'Py,y ‘8 Pm,w + Py,y '8 Py,y

-21)/6
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Centrum K(D4)=3

idempotents

I 2 ° L] [
r+r 11+l2+l3

1 1
1 -1
-1 0

P(O(‘) PA]:

2
I ,
DO — |

/6
/6
/3

3rd and Final Step:

Rank p(Dg)=4
idempotents
P{%)

Pii= Pyli=Ppl2 =PU(1+i)2=(

By= PR lp! =Pl

2 ® .
r+ri-u - lz'E)/6

Bi= Bf=Pp’2 = PF(1+,)2=(21-r

-r’- EHE )/6

5= Ri=Pp =P/ (1i)2=Ql-r

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick

r +F1+ i;"%g )/6

g=1-g-1=(PL+P2+PL +P ).-g-(PoL+P)2+PL +P) )

g=P%.g-Ph+Ph.g. PR+P; g P/ +P; g P,

E E E
'I'Py,y ‘8 Pm,x + Py,y '8 Py,y

Order 0(D3)=6
projectors
B
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Centrum K(D4)=3 AT e Rank p(Dg)=4
idempotents D3 gl e il idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+ )6
PE=2 -1 0ys Bi= B=Pp! =PU(14)o=( 1+ e - - i)-1,)
RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6
PL= PL=Pp/ =PL1-i.)2=(21-1'- 1 L+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1’ Trick

g=1-g-1=(PL+P2+PL +P ).-g-(PoL+P)2+PL +P) )

Order ©(D,)=6
g=P% .g.PY P4 .g. P24 PY g Pl +PY g Pl 3

+P£y'g'P£w+P£y'g'Py,y Pmi;(;ors
Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 i i i
RY=(1 1 1 1 1 Db 1 v i i, 1 ¢ i i i
By=(1 1 1-1-1 -Dfs BA=(2<1 -1 -1 -1 +2)fs [RE=(0 -1 1 -1+1 0N3>

BE=(0 1 -1 -1+ O)N32|By=(2 -1 -1+1+1 -2)/6
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Centrum K(D4)=3 I — Rank p(Dg)=4
idempotents D3 kel 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+ )6
PE=2 -1 0} Bi= B=Pp! =PU(14)o=( 1+ e - - i)-1,)
RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6
BL= PE=Pipl>=PL(14,)2=(21-1 - X+, + 1-2))/s
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : NI
The old ‘g-equals-1-times-g-times-1" Trick  P@=wmZ, Do

g=1-g-1=(PL+P2+PL +P ).-g-(PoL+P)2+PL +P) )

Order 0(D3)=6

g = P4 . g p + P4 . g P T Pg,x '8 Pbajl;j,w T Pg,x '8 PE:?J projectors
tPy, 8- Py, +P/, g Py, %)

’

tS’ix D s projectors: _4 idempotents + 2 nilpotents (off-diag.)

1 l'] 1'2 i] 12 13 /
RY=(1 1 1 1 1 Db 1 v i i, 1 ¢ i i i
Ay
R A e I I Ee )/

RE=(0 -1 1 -1+1 03z
BE=(0 1 -1 -1+ O)N32|By=(2 -1 -1+1+1 -2)/6
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Global (LAB) symmetry  [) 3> C ,i, Pro jector states  Local (BOD) symmetry
L) =1RG) 3

T)) ~TR011)- B
=P T|D)=1 ")

05 =PGPI1)

Local @ commute through
to the “inside” to be a g'

12000
1 v r i i, i,

BL=(T T I -1-1 -1)s

i3global )
anti-symmetry  RE=(Q -1 1 -1+1 O)N32
E

> PL=(2 -1 -I+1+1 -2)/s

o > 1
1; global 3
(x) symmetry

. BE=(2 -1 -1 -1 -1+2)/s
Lyelobal ) | BE=(0 1 -1 -1+1 0)N32

anti-symmetry

RU=(1 1 1 1 I 1)/s
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4><

external LAB internal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

LOCAL

(i) =0,
| X-symmelry
i; OK

GLOBAL

GLOBAL LOCAL
(iy) =0, (i3) =0,
x-symmetry |y X-Symmetry
i, OK
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Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
BY=(1 1 1 1 1 Dk 1 i i, i 1 v i i i
By=(1 1 1-1-1 -D)s |1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shawn before)
cCompnlete Hamiltonia
(e iy )
A]-block H+ ]i'+ ]ﬁ_ l'l_'b_

- 1.1 17 147 .4 V ST
A,-block =3k =3k h Z 3("”1””‘11”, )
\3 ' 1: L=yl 1 ll: l

A
\ J
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)

e = _ *— ':.:_.*:.
e e SR N Ml el e

A-level: H +2r +2i+i3
giV@S.' A-level: H +2r _21'—%
E-level: H - 1 - i+i3
E-level: H - ¥ + i—i3
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Global (LAB) symmetry ) ,>C, i, projector states — Local (BOD) symmetry

5[0 =1;PGVI) ‘(m)> :P(bm)‘ 1> L) =73122’”)| 1= Ry 1)
=(-1)¢ |(m)> eb € _ lzl()m)i37”| 1>:(_])b |(m)>

i; global ()
anti-symmetry

anti-symmetry /@

i 3 local

i; global (v)

XX
0 > 1
1; global 3

(x) symmetry
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Nobody Home

where LOCAL
and GLOBAL

—
N
U

When there is no there, there...

i, global ()
anti-symmetry

o > 1
1; global "3
(x) symmetry
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(a) Local D DCZ(Z ) model  (b) Mixed local symmetry D ; model
Il > 1 cos!5°=V[(1+cos 30°)/2]
,’% N \ , ,’\ / ‘ > —(1/;)V(2+v3) =sin75°
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Psuedo-scalar mode

Scalar mode

XX

-y
A, V6P

Vector mode
E,
)}J)

Vector mode
L /
yx

(a) Local D oC 2(1 ;) model

0 N
1 / )\\\> -
r > , Sk, /// ks

R\

L

//‘ =
/ ///////
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