Group Theory in Quantum Mechanics
Lecture 6 .31.13

Spectral Decomposition of Bi-Cyclic (C2CU(2)) Operators

(Quantum Theory for Computer Age - Ch. 7-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 2 )

Review:How symmetry groups become eigen-solvers

C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral op reflection) symmetry conditions:
Minimal equation of o and spectral decomposition of C>(os)

C> Symmetric 2DHO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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Review:How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor G'/KG=K or GKG'=K (Here assuming unitary
KH=HK or H' KH=K or HKH'=K Gi=G-' and H'=H-)

This means K is invariant to the transformation by G and H
and all their products GH, GH?2, G2H.,.. etc. and all their inverses GT,HT,.. etc.

The group gk —{1, G, H,.. }so formed by such operators is called a symmetry group for K.
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In certain ideal cases a K-matrix @K> is a linear combination of matrices (1),(G),(H),... from C?K)

Thursday, January 31, 2013



Review:How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor G'/KG=K or GKG'=K (Here assuming unitary
KH=HK or H' KH=K or HKH'=K Gi=G-' and H'=H-)

This means K is invariant to the transformation by G and H
and all their products GH, GH?2, G2H.,.. etc. and all their inverses GT,HT,.. etc.

The group gk ={1, G, H,.. }so formed by such operators is called a symmetry group for K.

In certain ideal cases a K-matrix @K> is a linear combination of matrices (1),(G),(H),... from C?K)
Then spectral resolution of {(1),(G),(H),.. } also resolves (K).

We will study 1deal cases first. More general cases are built from this 1dea.
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» C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral o reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base state

1 0
|0>=|x>=|2>=(0) D)=p)=|-1)=|;
" ‘ /
AARAAAAR o e AU KRR @ JMAL By 1111111
K |3 ky) k; / ki) = ki

Xp= x,=0

2D HO Matrix operator equations

) kithk, —kp
o M M M
X, —k,  ktk, Xy
M M
__ ISTRIRY. "I | More conventional
Ky Ky Y2 ) coordinate notation
%) = - K |x)  {xox)— {xx2}
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

2D HO Matrix operator equations

(a) unit base state (b) unit base state b+ k _k
i (1 0 ) 17 %1 12
0)=h=12) =g === [ g | T m [ Y ]
oy 707 X —k k +k X
| - M) 2 12 1™ 0 2
| M M
oy k; 0 kp) ~§Ik]
X1= X0~ X1= X= K, K, X :
(¢) equilibrium zero-state |g) =- % More ?On veniion .al
coordinate notation

K X

duu | ; ’ \0/ 21 22 2

AL UL vmm{ |X> = - K |X>
] Kp, ]

xy=0 x;=0

{xo,x1}— {xn,x2}

(a) PE Contours

2D HO kinetic energy T(vi, v2)

1 1
T = Eml)cl2 +—m2)'c§

2D HO potential energy V(xi, x2)
2 2
V=Sl ) =g + =k + ki g

ki+k, —k

1/ il
_E<X‘M‘X> ~ki,  kytky,

_1
2

<X‘K‘X> where: Kz[

d| oT .. 4
—] =mXx, = =—=——= _(kl +k12)x1 +k12x2

dr| 9%, ox, <)

2D HO Lagrange equations ; ' -
- a_T =my¥, = Fy = S 12%1 _(kz +k12)x2 sranse ( T )
dt 8x2 X, e
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C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral o reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base state

0)=h)=2) =9 D=b)=1= ]

2D HO Matrix operator equations

ki+k, =k,
_ M M M
—k,  ktky, Xy

| o @‘ ' @D
___________ \ MMM 77177707 KRR S RO M M
: xﬂ? klzx — : reﬁft)i() x,=0 = ;cg: K. K
= —_— - —_— x .
1 0 I 1 __| i 72 1 | More conventional
Ky Ky Y2 ) coordinate notation
%) = - K |x) oo {xx2)

C> (Bilateral op reflection) symmetry
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base State k. +k —k
1 ) 171 12
0==2)=p =)= 1>— 3 B vE Tl (O
' o Xy —kp Ktk X
| mirror ' , M M
reflection 0 e
- X;= X,= .
! 1 __ ISTRRRSE: 1 More conventional
Ky Kn N % ) coordinate notation
%) = - K [x) Do) e

C> (Bilateral op reflection) Symmetry conditions.

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)
K K
0 K EK k]_K(10)+k(01)
K, K, kK 0 1 10
K= K1 + ko,
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base State

1
0)=h)=2) =[p b1
OB
| mirror W '
reflection =
-> x1=0 X;=

C> (Bilateral op reflection) symmetry conditions:

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

K, K EK k}_K(l 0)+k(0 1)
K, K, kK 0 1 1 0

K = K1 + k'GB

2D HO Matrix operator equations

) ki+k, =k,

o M M M

X, —k,  ktky, Xy
M M

LSTRR ST ][ 1 ] More conventional
K

1 Ky Y2 ) coordinate notation

%) = - K [x) Do) e

K-matrix 1s made of its symmetry operators in

group C>={1,05} with product table: ol 1 o,

1 IGB

Op| Op 1
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C> Symmetric two-dimensional harmonic oscillators (2DHO)
2D HO “binary” bases and coord. {xo,x1}

(a) unit base state

; (b) unit base State
0==2)=p

[D=ly)= |1>—

OB
| mirror
reflection

<-|->

C> (Bilateral op reflection) symmetry conditions:

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

K, K [K k}_K(l 0)+k(0 1)
K, K, kK 0 1 1 0

K = K1 + k'GB

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1)

2D HO Matrix operator equations
kitky,  —hy

Xy _ M M M
X, —k,  ktky, Xy
M M

LSTRR ST "I | More conventional
K 22

2 K Y2 ) coordinate notation

%) = - K |x)  {xoxr)— {rxo)

K-matrix 1s made of its symmetry operators in

group C> ={1,05} with product table: o1 o,

1 IGB

Op| Op 1

, [1)=05]0)=|os)}

(fr) (tffoy) | (1 o (1oy|1) (tfoglon) | (0 1
[ <GB‘1|1> <GB|1|GB> ]_[ 0 1 ]’ [ <GB‘GB|1> <GB|GB’GB> ] ( 1 0 ]
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C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral o reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State (b) unit base Sm?te\ ki +k, ki,
0==2)=p 1=p)=-1=| R T Tl
p Xy —k, Ktk )

M M
k) kpp kp) 1

f Q0000000
MUM ‘x> = - K |X> {xz,xz}
i L
1 x0 2

K,=K=K,, and: K,, =k=K,, =—k;, (Lett M=1) _
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

Oy | Op 1
K= K1 + &k

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

(fr) (tffoy) | (1 o (1oy|1) (tfoglon) | (0 1
[ (o51]1) (o4]1]oy) ]_( 01 ), [ (05]05]1) (05]os|0) ] ( 1o ]

Minimal equation of o3 is: op%=1
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State (b) unit base Sm?te\ ki +k, ki,
0)=x)=(2) = 0 D=p)=l-1)=| S I N V7 M X
p Xy —k, Ktk )

M M
k) kpp kp) 1

Mm
MUM ‘x> = - K |X> {xz,xz}
/2 |

K,=K=K,, and: K,, =k=K,, =—k;, (Lett M=1) _
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

1

K= K1 + &k AR
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=053|0)=|os)}
(11f1)  (1ft]o,) =£1 0) (1oy[1)  (1]oy]o,) :(0 1]
(osl1[1) {o4]1]oy) 01 (05]05]1) (05]os|0) Lo

Minimal equation of o3 is: op%=1

or: 0p?—1=0=(os—1)(0s+1)
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State (b) unit base Sm?te\ ki +k, ki,
0)=x)=(2) = 0 D=p)=l-1)=| S I N V7 M X
p Xy —k, Ktk )

M M
k) kpp kp) 1

Mm
MUM ‘x> = - K |X> {xz,xz}
/2 |

K,=K=K,, and: K,, =k=K,, =—k;, (Lett M=1) _
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

1
K= K1 + Kk 5%
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=053|0)=|os)}
(11fr)  (1ftfo) =£1 0) (1ox|1)  (1foo4) :(0 1]
(os[1]1) (o4/1]o) 01 (05l05|1) {o4]04]04) Lo
Minimal equation of o3 is: op%=1

or: 0p?—1=0=(os—1)(0s+1)

with eigenvalues:
IXT(op)=+1, x (op) = —1]
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base state (b) unit base state ko +k

0)==2) =3 D=p=-1)=% [ i J_ ST [ Y ]

o ||k, kot x
pu mﬂm X2 12 1o 2
o DR o
K l_> ki, ™ . ki, k;
xl: :

1

=
10004
A%W& %) = - K |x) {x1,x2}
X() ,

K,=K=K,, and: K,, =k=K,, =—k;, (Lett M=1) .
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

1
K= K1 + Kk 5%
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=0c5|0)=|0z)}
(11fr)  (1ftfo) :ZL 10 ) (1ox|1)  (1foo4) :( 0 1 ]
(os[1]1) (o4/1]o) 01 (05l05|1) {o4]04]04) bo
Minimal equation of o3 is: o5%=1
or: 052—1=0=(c3—1)(os+1) Spectral decomposition of Cz(o5) into {P1,P~}

o , 1 =P"+P
with eigenvalues:
X (op)=+1, x (0p)=—1} o —P P
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

i 1 TR 12
. e . p Xy —k,  ktky Xy
A omm - O J A
: Y | ki, = k;
10000000
M UM X) = - K |x) {x1,x2}

K,=K= K:22 and: K., =k=K,,=-k, (Let: M=1) .
group C>={1,05} with product table: - | 1 o,

K. K 2
11 2 |_ K k _ K 1 O Tk 1 1 o,
K, K, k K 0 1

opl0, 1
K= K1 + Kk

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0os)}

(aft[1)  {thfo,) | (1 o (loyty (lolos) ) (o N
[<GB|1|1> sf1]os) ]_L ’ 1), [<GB|GBI> <GBGBGB>] (1 0] P=-projectors:

1 1

Minimal equation of o is: 03%=1 pr_1+0s | 2 2
.. . 1 1

or: 052=1=0=(c3—1)(os+1) Spectral decomposition of Cz(o5) into {P1,P~} ? L 2 2
| 1 =P +P~ L
with eigenvalues: Bl pr 1705 | 1 72
(X" (05)=+1, x(08) = —1} o,=P"—P" 2 |
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» C> Symmetric 2DHQO eigensolutions and D-Tran
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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C> Symmetmc 2DHQO eigensolutions

= K1 - k12 'O g

Kk |_gl 1O, [0 1 |_ ky+ky
kK 0 1) 210 —ky, kK,

C2(os) spectrally decomposed into {P*,P—!projectors: p+=—28_

1 =P +P

Eigenvalues: of o : |
XH(op) =+1, X (08) = —1}

D= N —

N —

N —

N = NI —

| —

[\)l’—‘ N
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C> Symmetric 2DHQO eigensolutions

ko= M b2 K-matrix is made of its symmetry operators

1 0 0 1 | | kthky —ky : _ : .

K — ki, = in group C> ={1,05} with product table:
0 1 10 —ky, K +k, R

Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+26B = ? ? }

1 =P"+P~ 2 2
+ _ 1 1
O p :.P —P P_=1_GB_ 5 -3
, Lol
Eigenvalues.of o5 : | ’ L 2 2

X(op) =+1, x(0p) = —1}

C2 1 Oy
1 1 Oy
Op| Op 1
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C> Symmetric 2DHQO eigensolutions c,

K = Kl — k : : : .
1295 K-matrix 1s made of its symmetry operators 1

k +k —k
K( Lo ]—klz[ vl ]:[ 12 2 ] in group C> ={1,05} with product table: 95

0 1 o —ki, Ktk O
Ca(o5) spectrally decomposed into {P+,P~}projectors: p*= 1+2GB _ ? ? }

1 =P"+P~ 7 2

t_p- 1

GB :'P :_P P—=1_GB= 2 2

: 5 L

Eigenvalues.of o5 : | 22

(o) =+1, x"(05) = =1}

Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = ki+2ki>
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C> Symmetric 2DHQO eigensolutions o1 o,
K= K1 = hyoy K-matrix 1s made of its symmetry operators 1 | 1 o,
1 0 0 1 itk —ky - : o,|lo, 1
K —k = — h A bl . B B
( - ] 12[ L ] [ e,k ] in group C> {:,03} wit lprola’uc (tale
C2(os) spectrally decomposed into {P*,P~}projectors: p*= +ZGB — ? ? = [12 ®( (lz (lz )=|+><+|
1 =P"+P 2 2 V2
N factored projectors
— - 1
Op _.P P _ 1-04 : ‘% 2 1 -1
o TELTRLL T I N AR
Eigenvalues.of o5 : 5 3 >

(o) =+1, x"(05) = =1}

Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = ki+2ki>

Thursday, January 31, 2013
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C> Symmetric 2DHQO eigensolutions

K = K1

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

ki 05

Ca(o5) spectrally decomposed into {P+,P~}projectors: p*= 1+, =[

1 =P +P

Eigenvalues: of o : :
X" (o) =+1, x (0op)=—1j

Eigenvalues of K=K1 - ki>op:
e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2ki2

K-matrix 1s made of its symmetry operators 1 | 1 o,

[ —

N'*—‘ ()

2

1
P‘=1_GB= 2
2 1

A~

Diagonalizing transformation

kitk,, =k
—kiy itk

|

N JI— &w
|

= o]

Si— S—
Si— Su—

Se S

CzlaB

in group C>=1{1,0z} with product (table: 05| %5 1
11 1
2 2 V2 11
B ] Lol & &
7 2 NG

factored projectors
of & & )

D-tran) of K-matrix:

k, 0
0 k1+2k12

[—

Thursday, January 31, 2013
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C> Symmetric 2DHQO eigensolutions

K = K1 - k,o,

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

Ca(o5) spectrally decomposed into {P*+,P~}projectors:

1 =P +P

Eigenvalues: of o : :
IX(os) =+1, x (05) = —1;
Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2k1>

K-matrix 1s made of its symmetry operators 1 | 1 o,

in group C> ={1,05} with product

1 o1
NCIEND)

ble:
(tale

PJr:1+ch _

——--a factored projectors

o 4 4 ]

Thursday, January 31, 2013

26



C> Symmetric 2DHQO eigensolutions

K = K1

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

ki 05

1 1
Ca(o5) spectrally decomposed into {P+,P~}projectors: p*= 1+0, =[ ? ? }z
2 2

1 =P +P

Eigenvalues: of o : :
X" (o) =+1, x (0op)=—1j

Eigenvalues of K=K1 - ki>op:
e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2ki2

in group C>={1,05§ with product fable;
"1

K-matrix 1s made of its symmetry operators 1 | 1 o,

——--a factored projectors

o & 2 J-HH

i3
2 1:
.'k"\E':
o1 ) L
P L eI R U
2 1 1 | =1
2 2 E\ )
[ r]‘/1

11
V2 V2 [ kitk,, =k ]

1, 1,
N2 2| Ky 0
\é—l 0 k+2k,,

(D-tran 1s 1ts
Own Inverse
in this case!)

Thursday, January 31, 2013
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C> Symmetric 2DHQO eigensolutions cl1 o
2 B
Ko= K1 = ko, K-matrix is made of its symmetry operators 1 | 1 o,
1 0 0 1 itk —ky - : o,|lo, 1
K —k = = :
( 0 ] 12[ o ] [ ) kk, ] in group C>=1{1,03} Wlthlprolduct(ta:_lgl[:e 5|95
. L Do : Lot 1t0, | 7 7 || W2 I
C2(os) spectrally decgmp(_)sed into {P*,P~}projectors: p*= . B _[ L }_ % ®(' G op )_|+><+|
1 =P +P 2 2 -k--\ﬁ-: '
+ B S " g 1 ------ - factored projectors
OB :,P 7P -0, ; _% */_5' 1 -1 |_
It : o eelm) 2 D e ) )
Eigenvalues:of o5 : : : 2 = - N
+ 0] - _ ! R SR W ok AN - ,
X(op) =+1, x (08) = — 1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-cr]f: \élz [ k+k, —k, ] \é \é _[ ke 0
et (K)=K—ki, e (K)=K +ki> U || ke ketk || atieri T 0 k2
=ky = ki+2ki> - V2 2 e 2 2 e
________________________ gD—tran)
--------------------- 1 1
-------------------- o2 |
(+x) (+axy) kith, k) (al+) (ul-) ki 0 L A
= 2 V2
(<) (=|x,) ki, gtk (xy|+) (xy]-) 0 k+2k,
(al+) (x]-)
) bl () ol
2 2
(x) ()

(al+) (xal)

<x2|K|x1> <x2|K|x2>
Full Dirac notation

(u[K]x)  ([K]x) ][ (w+) {xl-) ][ (+/K[+) <+K—>]

(D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHO eigensolutions o1 o,

K = K1 - k,o,

K-matrix 1s made of its symmetry operators 1 | 1 o,

k +k —k
K( Lo ]—klz[ vl ]:[ 12 2 ] in group C>=1{1,03} Withproduct(ta_b{e: 05| %5 1

0 1 Y —ki, Ktk O 1
Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+ZGB — ? ? — “? ®( (lz (lz )=|+><+|
1 :P++P_ 2 2 _k"\E_E A
N R ol - factored projectors
_ R ) o1
8T T R e ST
Eigenvalues: of o : | E 2 R : —g V2 V2
_ - _ L eeees A G - .
IXT(op) =+, x7(0p) = —1] . Diagpnalizing transformatipn (%—tran) of K-matrix:
Figenvalues of K=K'1 - ki>op: \é 12 k+ky, =k, \é \é k, 0
e'(K)=K—knn, e (K)=K+ki I R Ty Y S | L0 k2K,
=k = kit2ki2 \52, *52
T et e e gD—tran)
""""""""""""""""""""""""" 11

-

) etk ky, (x|+)  {x]-) k0 1o |
{ P R ] [ (xy|+) (xy]-) =[ 0 k+2k, ] f| f< ;
(5 [K]x) <x1|1<x2>] (sl fel-) H (+IK+) <+K—>] NN <,;>]

(0|K|x) (olKlxn) | (o) (o) (D-tran 1s 1ts
“Full Dirac notation own inverse
R ' g in this case!)

T x) KT+ x)
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C> Symmetric 2DHO eigensolutions o1 o,

K = K1 - k,o,

K-matrix 1s made of its symmetry operators 1 | 1 o,

k +k —k
K( Lo ]—klz[ vl ]:[ 12 2 ] in group C>=1{1,03} Withproduct(ta_b{e: 05| %5 1

0 1 Y —ki, Ktk O 1
Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+ZGB — ? ? — “? ®( (lz (lz )=|+><+|
1 :P++P_ 2 2 _k"\E_E A
N R ol - factored projectors
_ R ) o1
8T T R e ST
Eigenvalues: of o : | E 2 R : —g V2 V2
_ - _ L eeees A G - .
IXT(op) =+, x7(0p) = —1] . Diagpnalizing transformatipn (%—tran) of K-matrix:
Figenvalues of K=K'1 - ki>op: \é 12 k+ky, =k, \é \é k, 0
e'(K)=K—knn, e (K)=K+ki I R Ty Y S | L0 k2K,
=k = kit2ki2 \52, *52
T et e e gD—tran)
""""""""""""""""""""""""" 11

-

<x2|+> <x2|—> 1o ki+2k,, <x|+> <x|_>
(5 [K]x) <x1|1<x2>] (sl fel-) H (+IK+) <+K—>] NN <,;>]

(0|K|x) (olKlxn) | (o) (o) (D-tran 1s 1ts
“Full Dirac notation own inverse
R ' g in this case!)

~

T(Eexp)|xr)= H‘> x1)= T (E£x)[+) f
T(tex)le2)=|—) Tt x) KT x) )= TH x| ) T(Eex) =T (x4 =%)
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C> Symmetric 2DHQO eigensolutions

ko= & b2 K-matrix 1s made of its symmetry operators
k| VO k| V1= SRRIE in group C>=1{1,03} Withproduct(table:
o1 ) L1 o0 N ’ . i
Ca(os) spectrally decomposed into {P+,P—}projectors: P+=1+ZGB :[ 2 }= “? ®( L )=|+><+|
1 :P++P_ 2 2 _k"\E_E A
e SR EEEL - factored projectors
_ R ) o1
o5 =F P p-_ 1705 _ 3 | i of L -L |_
Ej ' of o : ' D O A V2 2 _|_><_|
1genvalues: of o5 : | . N2 V2
+ 0] - _ R SR W ok AN - ,
IX'(os) =+1, x"(08) = =1} Diagpnalizing transformatipn (%—tran) of K-matrix:

Eigenvalues of K=K1 - ki>op:
e"(K)=K—k, e (K)=K +ki
= ki = kit2ki2

11
L || Rtk 12 :
—kiy itk

C, mode phase character tables

p 1s position

p=0  p=I

1 1
1 -1

m=0
2

m=1
2

IN2

m is wave-number
or “momentum’’

norm.

I R
0 k+2k,

(D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHQO eigensolutions

K = K1 -  k,o . -
12738 K-matrix 1s made of its symmetry operators

k. +k —k
K( L0 ]—klz[ vl ]:[ 17z 2 ] in group C> ={1,03} Withproduct(tablle:

0 1 0 —kp  kthy o 1
Ca(os) spectrally decomposed into {P+,P—}projectors: P+=1+ZGB = 2 2= “? ®( L ):|+><+|
1 :P++P_ 2 2 _k"\E_E A
N Peeeeeemsessssssessscessessssseeese- SR EEEL - factored projectors
_ R ) o1
?fg____.P P . p =19 2 3 | - ®( o )=|‘><‘|
Eigenvalues; of 05 : | E 2 4 | L V2 V2
+ 0] - _ ! R SR W ok AN - ,
IX'(os) =+1, x"(08) = =1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-crlf: \é\é [ k+k, ki, ] \é \é _[ k, 0
et (K)=K—ki, e (K)=K +ki> U || ke ketk || atieri T 0 k2
= ki = ki+2k;> V2 Vo 2 A 32 \E e
v gD—tran)
Even mode |+)=(0,) = ( 71A2 C, mode phase character tables Lo
p 1S position JIE J? =
p=0_ p=Ii no

P RS R R R T S A S SR 8 8 e

m=02 1 1 norm. <x2|+> <x2|_>

1 @@1/\/2 (D-tran is its

Xp=IN2  X/=IN2
Odd mode |-)=|1,) = ( g

Oown 1nverse
in this case!)

m=1 |1
2

m is wave-number
or “momentum”
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C> Symmetric 2DHQO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling and mixed mode projector algebra
2D-HO beats and mixed mode geometry

Thursday, January 31, 2013
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {xj1,x2}-basis

Yo\ | kthky —ky X
X ~ki, Ktk )

V= ok Iy

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

:

Xy _ ki +ky, =k X
X, —ki,  ktky, )

9 - xRy

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

_ | ltky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X
- -k --

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)

H (oK) Totwls) [ W

=
S
T
<
&l
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
( Xy =_( kythky ]( & J [ i, ]_ [ k, 0 ]( X,
X, —ki,  ktky Xy i | 0  k+2k, X
- kR | g
( (x]%) ]_[ (n|K[x)  (qfKlxy) | (xlx) ] [ (+x J ( (+/K]+) MJ[
<x2|x> (| o
C> Symmetric 2DHQO uncoupled dynamics Eigenbra veetors: (4=( 5 1) (4 %)

<x2|x> <x2|K|x1> <xz|K|x2>
Each mode runs independently
Mx + (). |10 (+)-mode at frequency wy=v (ki/M) L
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M ’ -

5
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

- ok N | g
(3] %) _ (| K[a)  (xn|Kx) | (x]x) (+x ) (+/K]+) m
(ols) |77 feliln) Colil) )| (ol He) |
C> Symmetric 2DHQO uncoupled dynamics Eigenbra veetors: (4=( 5 1) (4 %)
Each mode runs independently
MX + (k)x, | o (+)-mode at frequency wy=v (ki/M) L
M3+ (k+2k 5 )x_ 0 (—)-mode at frequency w-—=/ (ki+2k12)/M I
Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0):

1-x<0>=<P++P_>( ; ]= lels s )( ; )* (4 & )[ (1> ]

5

2 Np)
-1

V2

1

2

Thursday, January 31, 2013 38



C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

.X,'l B

|
|

%)
<x1’X>
<x2 | X>

C> Symmetric 2DHQO uncoupled dynamics

Mx++

|

x(0) = f
&

MX_+ (k+2k;5)x_

| mithky ok X
—ki, Ktk )
- K x)

<x1|K|x1> <x1|K|x2>
<x2|K|x1> <xz|K|x2>

-

(), 0

0

H

|

\5®(1 1

NG

1
NG

>(

1
NG

1
NG

Spect/al decomposition of initial state
1
1-x(0)=(P++P)[ (1) ): ] (

o
|

|

(e mf[

<x1’X>
<x2 | X>

|

Eigenbra vectors: <+|=( i 5 ) (-] ( i f;)
Each mode runs independently
(+)-mode at frequency wi=v (ki/M) 1 1
Eigenket vectors: |+)= . |-y = 2
(—)-mode at frequency w-_= vV (ki+2ki2)/M JIE A

1

V2 1 -1

O+ &

-1
V2

j(())()q x2) =(1,0):

V) ()

N = N =
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | X)
(<xlx> ][ (n|Klx)  (x[K]x,) [<+ -- J (<+K+> M][
<_ . -

<x2|x> <x2|K|x1> <xz|K|x2>

<x1’X> ]
<x2 | X>

C> Symmetric 2DHQO uncoupled dynamics Eigenbravectors: (1= & L) ¢1=( 4 2
Each mode runs independently
Mx + (). 1o (+)-mode at frequency wy=v (ki/M) . 5 5
Mx + (k1+2k12)x_ 0 (—)-mode at frequency w-_= Vv (ki+2ki2)/M Eigenket veciors: +>{ 5 ] _>[ 7

NG
1

V2

V2
-1
N

Spect/al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics
1

o b 4N o) 5 fela 2]

1-X(0)=(P++P)[ (1) ]:

xO=| (4] (JIE):JIE|+>+¢15|_>:[
& N

1

—iw_t 2
+e 1
2

D = =

s0: X(t)=e " [

N = D =
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

Yo\ | kthky —ky X X, k, 0 X,
X, —ki,  ktky, Xy i | 0  k+2k, X
- -x AR

<x1|K|x1> <x1|K|x2>
<x2|K|x1> <x2|K|x2>

| X)
(%) (x]%) (+]3 (+K|+) Trk|s
o g | e s

-

C> Symmetric 2DHQO uncoupled dynamics Eigenbra vectors: 1=( 5 L) C=( L 3)
Each mode runs independently
Mx + (k)x, 1o (+)-mode at frequency wy=v (ki/M) . A A
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M Eigenket vectors. +>{ A ] _>[ #

Mixed mode dynamics

1 -1

®( & &

11 V2
1 ®(J§ 2

-1

V2

Spect/al d]composition ofinitial(tate j(())()q x2) =(1,0):
1

1.x(o)=(P++P)[ (1) ]= . 3 )( (1) j+ : )( (1) }

V2

]

V2 1 !
1

NG

xO)=| 7 (]
2 p
: ]_'_eiwt[ _i J

AM modulation results

D = =

—_ DN =

s0: X(t)=e " [

e

—im,t

+e

—iw_t

x (1)
X (1)

e

2

—iw,t e—ia)_t

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | X)
(<xlx> ][ (n|Klx)  (x[K]x,) [<+ -- ] (<+K+> M][
<_ . -

<x2|x> <x2|K|x1> <x2|K|x2>

<x1’X> ]
<x2 | X>

C> Symmetric 2DHQO uncoupled dynamics Eigenbravectors: (1= & L) ¢1=( 4 2
Each mode runs independently
Mx + (). 1o (+)-mode at frequency wy=v (ki/M) . 5 5
Mx + (k1+2k12)x_ 0 (—)-mode at frequency w-_= Vv (ki+2ki2)/M Eigenket veciors: +>{ 5 ] _>[ 7

NG
1

V2

NG
-1

V2

Spect/al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics
1

o b 4N o) 5 fela 2]

1-x(0)=(P++P)[ (1) ]:

xO=| (4] (JIE):JIE|+>+¢15|_>:[
& N

1 1
: 2
—i_t
L +e 1
2 2 ) ia—b l_a—b
ia / .a+ A L
e

AM modulation results

D = =

—_ DN =

s0: X(t)=e " [

e—ia) W e—ia)_t

x| 2
X5 (1) e—ia)+t . e—ia)_t

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
( Xy :_[ btk o~k ]( X J { X, ]_ [ k, 0 ]{ X,
X —kyy  kyt kg, Xy i | 0  k+2k, X
%) = - K x) | x)
( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+/K]+) M][
(,]%) (| -
C> Symmetric 2DHQO uncoupled dynamics Eigenbravectors: #1=( 4 &) @=(4 %)

<x2|x> <x2|K|x1> <x2|K|x2>
Each mode runs independently

5

Mx + (). 0 (+)-mode at frequency wy=v (ki/M) L L
= Eigenket vectors: |+)= 2 -y=| Y2
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M A A
Spect/ald composition of initial state X(0)=(x1 x2) =(1,0): Mixed mode dynamics
1 1
_ I 1 | v 1 1 1 V2 1 -1 1
l.x(O)—(P++P)( . ]— | ]@(ﬁ A )[ . j+( ; j@(ﬁ * )( . ]
V2 V2
1 1 1 1
V2 V2 2
x0)=| 7 (O (D= T ] ]
V2 2 2 2
1 1
s0: X(1)=e " ? +e ' _21
2 2 .a—b .a—b
. ia b T
AM modulation results ——=e? .
e_iw+t + e_iw‘t _(0,+0_) ; (w,—w_) (w,—w_)
I— -1 t l t
x(0) | 2 e 2 e 2 +e 2
xz(t) B e—iw+t _e—iw_t B 2 _i(a)+—a)_)t l,(a)+—a)_)t
5 e 2 _e 2
43
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | >

(<xlx> ][ (s/Klx) ([, <xlx>] [<] (<+K+> Thiice).
(3,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Each mode runs independently

M3 + (). _| 0 (+)-mode at frequency wy=v (ki/M) Fivonk
Mk _+(kp+2k;,)x_ 0 (=)-mode at frequency w-=/(ki+2kiz)/M ‘genket vectors: |4

Spect/al d]composition ofinitial(tate j(())(x; x2) =(1,0): Mixed mode dynami(’s

| b | IR
_ 1| 11 1 11 1 £y R T

12 12 | N
X(O):[ i ](jm[ i <f;>=jz|+>+j;|—>=[ ) H 4 ] ;{ﬂ;@ =‘}};b
V2 2 2 2 i‘!ét@? PR o

B .w - --E_. 7 ‘ ',v
—iw_t % :
e =

ZEE (9)mode
L

s0: X(¢)=e [

D = DN =

.a=b - .
0 ) Ja g b 4t T T +b a—b [ axts
100% AM modulation results =’ 5 =e 2 cos(
¢ 1O g IO (0, +0_) (0, —w_) (0, —®_) (® —o )t
—j——t =7 _ o\ =z A\ = - +
xp (1) _ 2 e 2 e T +el > B e_l.(a)p;a)_)t cos ;
X5 (1) o0 _ it 2 _lo-o),  (0.-0), R
e 2 _e 2 i sin
2 2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Each mode runs independently

Mx + (kpx, _| 0 (+)-mode at frequency wy=v (ki/M) - | 2 s
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-=/ (ki+2ki2)/M igenket vectors: |+)= ) , -)=| ¥

Spect/al d]composition ofinitial(tate j(())(x; x2) =(1,0): Mixed mode dynami(’s

! wmp k
_ 1 |_| & 11 1 1o-1 1 £ SR
I'X(O)‘(P++P)[ 0 )‘ 1 ®(J§ 7 )[ 0 jJ’ ®(ﬁ o )( 0 ] o i
\/5 RN AN

. (4)-mode
1
2
XO= ()
b

e (XIS SERE k'-f

' 5 "-*ﬁ\h Y s Sm:isr
] 2 e AN __} g ¥ cos(@yro)t/

N = s”’—‘
—~
S
~
[l
Si—
+
~
+
Si—
L
[l
7~ 2\
N = N =
N
+
7~ N\
l\)l*l—‘ 0 =

Y I

1 1 B SRSiN SRR RIS | I
so:x(t)=e ™| ? |ye| TN WA IEEERE LS ﬂ Mg
’ 1 -1 wiEs (—)-mode| PN il e
2 W .a—b .a—b n el i [ i E: : EE
ia b atb T T i : TRTERT IR TR
. e +e i——e +e a—-b : i
100% AM modulation results ——=e? =’ cos( = LY
—im,t —im_t
e "t +e - (0, +o_ - - _ - !
(1) 5 e—z—( 5 ), _i(w+2a)_)t+ i(w+2w‘)t (@, 40) | cos (@ -0,
1 e e R 2
— . . — :e
Xy (t) e—1w+t . e—zw_t 2 _l.(a)+—(u_)t l.(w+—a)_)t . (0_-w,)t
Note the'i phase
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C> Symmetric 2DHQO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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2D-HO beats and mixed mode geometry

(a)

r’ ©=0) r' (¢o=m)

180°

1/4 )

revivals
or beats

1/2

3/4 ¢

Coupled Optical
Pendula E(t)
even  445°

[+)

parity
states odd -45°

02
- A %
!0

local

H)+H=) Uo
\2 \u’

Lauoc@

fhpped Y

|+}—|—}°' $
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2D-HO beats and mixed mode geometry

0 — 1 — Coupled Optical
A “visualization gauge” (a) I' ((1) O) r ((1)_ TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

...................................... parity
states odd -45°

180° Q
1 88~
2 ¢0
(b) localiéed X
1)+ WO
t=0 TR
1/4 O e oo@
or et ﬂ’pped A
1/2 ﬁtﬁ?og $
3/4
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
Ya <
¢

~and let these two votate at beat frequency

li

loca

..

)+ Uo
\2 \u»

LELQOO@

1/4
revivals ﬂzpped y
or beats

1/2 liﬂ:}ov —17

3/4 ¢
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

and let these two

tate at beat frequency

t=1/6

revivals
f= 1/ or beats

1/2

1/4 {3

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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