
Group Theory in Quantum Mechanics
Lecture 29  (4.30.15) 

Rotational eigenstates and spin-permutation symmetry 
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 21-25 )

(PSDS - Ch. 5, 7 )

          

Based on AMOP Lecture 18-19

Review: SF6 levels and nomograms for Coriolis PQR structure
Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
Conservation (or not!) of rovibronic spin-symmetry-species
 Entanglement and related issues
Diatomic or linear molecule symmetry O(3)⊃D∞h⊃C∞v

  Labeling by symmetry O(3)⊃D∞h

   Coriolis and λ (or Λ)-doubling levels
   Dipole-allowed transitions
Sn Young Tableaus and spin-symmetry for Xn and XYn molecules
S4 and spin-symmetry for XY4 molecules (Introducing hook-length formulae)
S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
C60 Buckminster Fullerene (“Buckyball”) structure and spectra
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Review: SF6 levels and nomograms for Coriolis PQR structure
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J=1

J=2

J=3

J=0

N=0
=J

N=1
=J

N=2
=J

N=1
N=2
N=1
N=0

N=1

N=2

N=3

N=2

N=3

N=4

H
Scalar Coriolis

= -Bζ 2JTotal•vibe
= -Bζ [ J2-(J-)2+2]
= -Bζ [ J2 - N2 +2]

= -Bζ [ J(J+1)-N(N+1)+(+1)]

<H> ~ ν
vib
+BJ(J+1)+<HScalar Coriolis>+<HTensor Centrifugal>+<HTensor Coriolis>+<HNuclear Spin>+...

ζ=0

N+1 for : J=N+1
<H> ~ ν

vib
+BN(N+1)+2B(1-ζ ) · 0 for : J=N

N for : J=N-1

ν
4
SF
6

ζ
4
=-0.22

ν
4
SF
6

mostly goes

left handed

Rotation-polarized
|x> + i|y>
mode

Involves:
angular momentum  of vibration “orbits”  
angular momentum N (or R) of rotating nuclei
total momentum J =+N of whole molecule.
Let: R=N=J−,    and:    N2= J2−2J⋅+2

so: 2J⋅= J2−N2+2

〈2J⋅〉=J(J+1)−N(N+1)+(+1)

Review: SF6 levels and nomograms for Coriolis PQR structure
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J=1

J=2

J=3

J=0

N=0 N=1 N=2

<H> ~ ν
vib
+BJ(J+1)+<HScalar Coriolis>+<HTensor Centrifugal>+<HTensor Coriolis>+<HNuclear Spin>+...

ν
4
SF
6

ζ
4
=-0.22

Summary of

low-J (PQR)

ro-vibe structure

(Using rovib. nomogram)

N=3...
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more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

CASE 24 Extreme mixing
in tight C4-CLUSTERS

CASE 23
Major mixing
in lowest two

less
mixing more

......==KK44

KK33 ==......

C4-CLUSTERS

C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction 
between vibrational angular momentum   
and total momentum J =+N of rotating nuclei

P(N)=P(88) structure due to tensor centrifugal/Coriolis 
due to vibrational   and total momentum J =+N

Review: SF6 levels and nomograms for Coriolis PQR structure
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Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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<H> ~ ν
vib
+BJ(J+1)+<H

Scalar Coriolis
>+<H

Tensor Centrifugal
>+<H

Tensor Coriolis
>+<H

Nuclear Spin
>+...

JJ ==8888

KK
44
==88

==87

==87

eettcc..

eettcc..

==8866

==8877

KK
33
==8888

(next page shows slice)

(JJ,K) cones intersect JJ ==8888

RE surface at angle θ

O
h
or T

d
Spherical Top: (Hecht CH

4
Hamiltonian 1960)

H = B J
x

2 + J
y

2 + J
z

2( ) + t440 J x4 + J y4 + Jz4 − 35 J4⎛
⎝⎜

⎞
⎠⎟
+

= BJ
2 + t440 T

0

4 +
5

14
T
4

4 + T−4
4⎡

⎣
⎤
⎦

⎛

⎝
⎜

⎞

⎠
⎟ +

J=N

=88

vibration

ground-

state

rotation

levels

RE Surface

topo-lines track

precessing

semi-classical

JJ vector

θ =6.08°
8888

88

θ =10.5°
8888

87

θ =13.6°
8888

86

θ = acos[K/√J(J+1)]
K

K

K
4
=88

87
86

J
(J
+
1
)

Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

CASE 24 Extreme mixing
in tight C4-CLUSTERS

CASE 23
Major mixing
in lowest two

less
mixing more

......==KK44

KK33 ==......

C4-CLUSTERS

C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction 
between vibrational angular momentum   
and total momentum J =+N of rotating nuclei

P(N)=P(88) structure due to tensor centrifugal/Coriolis 
due to vibrational   and total momentum J =+N

Superfine structure modeled by J-tunneling in body frame
(Underlying F-spin-permutation symmetry is involved, too.)

Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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more

species mixing

less

mixing more

Primary AET species mixing

increases with distance from

“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

pure A1 T1 E T2 A2 species
species more mixed

mixed

Internal 3-fold axial quanta

label C
3
-CLUSTERSC
3
-CLUSTERS

......==KK44

KK33 ==......

(0)4 (1)4 (2)4 (3)4=(-1)4
A1 1 • • •

A2 • • 1 •

E. 1 • 1 •
T1 1 1 • 1

T2 • 1 1 1

Cubic

Octahedral

symmetry

O

4-fold (100)-clusters C
4
symmetry

3 modulo 4

equals

-1 modulo 4

(and

83 mod 4)

83=84-1

(0)3 (1)3 (2)3=(-1)3
A1 1 • •

A2 1 • •

E. • 1 1

T1 1 1 1

T2 1 1 1

3-fold (111)

C
3
symmetry

clusters

(2 modulo 3

equals

-1 modulo 3 and

86 mod 3)

86=88-1

4-fold (1oo)

C
4
symmetry

clusters

Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

CASE 1 Unmixed
primary A1 T1 E T2 A2 species
(Whole 6-box tableaus)

CASE 24
Broken 4 + 2 tableau state description

CASE 23
Broken 3 + 3 Tableaus

less
mixing more

......==KK44

KK33==......

Spin-rovib ENTANGLEMENT symmetry
might be controllable!

Review: SF6 spectral clusters of symmetry species O⊃C4 and O⊃C3 symmetry correlation
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Conservation (or not!) of rovibronic spin-symmetry-species
 Entanglement and related issues
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NNOOTT!!
“...transitions between...species (A1,..E,..T2..)

...are vveerryy ssttrriiccttllyy ffoorrbbiiddddeenn...”

...for diatomic molecules...I p. 150

...for D2 asymmetric tops...II p.468

...for Dn symmetric tops...II p.415

...for O-Td spherical tops...II p.441-453

...during transitions involving...

CONSERVATION OF ROVIBRONIC SPIN-SPECIES - Two Views:
OOlldd versus NNeeww ((11997788-- 22000055))
(1939, 1945, and 1966)

...rotational states,...III p.246

...vibrational states,... ′′ ′′

... electronic states,... ′′ ′′

... collisional states... ′′ ′′

NNoo WWaayy!! versus WWAAYY!!
Conversion, perversion

or transition?

SSttrriiccttllyy versus

[review of C2H4 study:
Sun, Takagi, Matsushima,
Science 310, 1938(2005)]

Conservation and
preservation?
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NNOOTT!!
“...transitions between...species (A1,..E,..T2..)

...are vveerryy ssttrriiccttllyy ffoorrbbiiddddeenn...”

...for diatomic molecules...I p. 150

...for D2 asymmetric tops...II p.468

...for Dn symmetric tops...II p.415

...for O-Td spherical tops...II p.441-453

...during transitions involving...

CONSERVATION OF ROVIBRONIC SPIN-SPECIES - Two Views:
OOlldd versus NNeeww ((11997788-- 22000055))
(1939, 1945, and 1966)

...rotational states,...III p.246

...vibrational states,... ′′ ′′

... electronic states,... ′′ ′′

... collisional states... ′′ ′′

NNoo WWaayy!! versus WWAAYY!!

SSttrriiccttllyy versus

[review of C2H4 study:
Sun, Takagi, Matsushima,
Science 310, 1938(2005)]

Widespread and extreme mixing of species
reported in CF4, SiF4 and SF6 :

Ch. Borde, Phys. Rev. A20,254(1978)(expt.)
Harter, Phys. Rev. A24,192 (1981)(theory)

perversion

To preserve vs. To pervert
To conserve vs. To convert

Conversion, perversion
or transition?

Conservation and
preservation?

perversion
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HOW CONSERVED IS ROVIBRONIC-SPIN SYMMETRY?
WWhhaatt pprreesseerrvveess iitt?? versus WWhhaatt mmiixxeess iitt uupp??

NNoo WWaayy!! WWAAYY!!

What is it?

and...

SPIN SYMMETRY correlation has a new name...
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Conservation (or not!) of rovibronic spin-symmetry-species
 Entanglement and related issues
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HOW CONSERVED IS ROVIBRONIC-SPIN SYMMETRY?
WWhhaatt pprreesseerrvveess iitt?? versus WWhhaatt mmiixxeess iitt uupp??

NNoo WWaayy!! WWAAYY!!

What is it?

and...

SPIN SYMMETRY correlation has a new name...SPIN SYMMETRY correlation has a new name...

it’s now called ENTANGLEMENT!
Herzberg’s terms:
“..Overall ...symmetry...”

Better terms:
..Under-all ... or internal symmetry...spin frame.....“Bare” rotor

(From an overall “Coupled” state we SUBTRACT vibronic “Activity” to get underlying “Bare” rotor.)
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HOW CONSERVED IS ROVIBRONIC-SPIN SYMMETRY?
WWhhaatt pprreesseerrvveess iitt?? versus WWhhaatt mmeesssseess iitt uupp??

...too darn small (~kHz)...

...because nuclear moments...

...are so very slight...”

perturbation ~ | (A1g
3|spin-rovib.|E2g

5) |2

A1g
3 E2g

5E - E

...too darn big (like10MHz)...

A1g
3

E2g
5

A2u
1

NNoo WWaayy!!
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HOW CONSERVED IS ROVIBRONIC-SPIN SYMMETRY?
WWhhaatt pprreesseerrvveess iitt?? versus WWhhaatt mmiixxeess iitt uupp??

...too darn small (~kHz)...

“...because nuclear moments...
...are so very slight...”

perturbation ~ | (A1g
3|spin-rovib.|E2g

5) |2

A1g
3 E2g

5E - E

...too darn big (like10MHz)...

A1g
3

E2g
5

A2u
1

NNoo WWaayy!! WWAAYY!!
...because levels of different species
are forced together by angular wave
localization or “level-clustering” or
(rarely) by “accidental” degeneracy.

“Accidental” degeneracy
Lea, Leask & Wolf JPCSol.23,1381(1962)

Level-clustering
Dorney and Watson JMS 42,135(1972)
Harter and Patterson PRL38,224(1977)

JCP 66,4872(1977)
RE Surface precession vs. tunneling
Harter and Patterson JMP 20,1453(1979)

JCP 80,4241(1984)
RE Superhyperfine transitions
Hyperfine effects may rule! A1 T1 E T2 A2 get seriously mixed up.

Harter,Patterson,and daPaixao, Rev.Mod.Phys. 50, 37(1978)
Harter and Patterson, Phys. Rev. A19,2277(1979) (CF

4
)

Harter, Phys. Rev. A24,192-262(1981) (SF
6
)

A1
T1E

...exponentially
tiny!

(like 10-50Hz) A1
T1
E

JPCS=Journal Phys. Chem. Solids
JMS=Journal Molecular Spectroscopy
PRL=Phys. Rev. Letters
JCP=Journal of Chemical Physics
JMP=Journal of Mathematical Physics
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Diatomic or linear molecule symmetry O(3)⊃D∞h⊃C∞v

  Labeling by symmetry O(3)⊃D∞h

   Coriolis and λ-doubling levels
   Dipole-allowed transitions
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Rev. Mod. Phys. 50,1,1 (1978)

Diatomic or linear molecule symmetry O(3)⊃D∞h

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞h
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞h
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

A=Activity (of vibrations, electrons)
B=Bare rotor (rotations, nuclear spin)
C=Coupling or Constriction of A⊗B 

Types of symmetry labels
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Rev. Mod. Phys. 50,1,1 (1978)

Diatomic or linear molecule symmetry O(3)⊃D∞h

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞h
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞h
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

A=Activity (of vibrations, electrons)
B=Bare rotor (rotations, nuclear spin)
C=Coupling or Constriction of A⊗B 

Types of symmetry labels
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Rev. Mod. Phys. 50,1,1 (1978)

Diatomic or linear molecule symmetry O(3)⊃D∞h

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞h
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞h
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

A=Activity (of vibrations, electrons)
B=Bare rotor (rotations, nuclear spin)
C=Coupling or Constriction of A⊗B 

Types of symmetry labels
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Diatomic or linear molecule symmetry O(3)⊃D∞h⊃C∞v

  Labeling by symmetry O(3)⊃D∞h

   Coriolis and λ-doubling levels
   Dipole-allowed transitions
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Rev. Mod. Phys. 50,1,1 (1978)

Diatomic or linear molecule:Labeling by symmetry O(3)⊃D∞h

A=Activity (of vibrations, electrons)
B=Bare rotor (rotations, nuclear spin)
C=Coupling or Constriction of A⊗B 

Types of symmetry labels

A=Σ symmetry Λ=0 
(no e or v activity)

A=Π symmetry Λ=±1 
(unit quantum of

e or v activity 
“riding” on rotor)
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Simple diatomic examples: Hypothetical C2 Levels (Bare rotor)

12C2 Levels 12C13C Levels 13C2 Levels

0+
1−

2+

3−

B=Σg+

0+
1−

2+

B=Σ

0+
1−

2+

B=Σg+

3− 3−

0+
1−

2+

B=Σu+

3−

( 1 2 • • )
orbit , spin-0

( 1 2 • ↓↓ )
orbit , spin-0 spin-

↑

↑

↓

↑

↓

↑

↓

↑

↓

( )
orbit , spin-

↓ ↓

↑ ↓

↑ ↑

1
2

↑
↓1 2 ( )

orbit , spin-
Para-
Species

Ortho-
Species

Ortho-
Species
(only)

(excluded by
no Σ+correlation)

(excluded)

•

•

•

•

B= Σg
+ Σu

+ Σg
− Σu

− Πg Πu Δg Δu...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1
3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

g

O(3) D∞v spin-symmetry species
3D Orthogonal group O(3)
correlates with D∞v symmetry
Angular atomic molecular
momentum label label
=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

1
2

1
2

1
2

13C has nuclear spin-12C has zero nuclear spin 1
2

Pairs of Fermi (spin-  ) nuclei
required by Pauli principle
to be totally antisymmetric:

1
2

Either Even-Odd or Odd-Even

1
2

Diatomic or linear molecule:Labeling by symmetry O(3)⊃D∞h ⊃C∞v

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞h
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞h
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ
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12C2 Ground Levels
12C13C Ground Levels

13C2 Ground Levels

0+
1−

2+

3−

0+

1−

2+

B=Σ

0+

1−

2+

B=Σg+

3− 3−

0+

1−

2+

B=Σu+

3−

↑

↓

↑

↓

↑

↓

↑

↓

(excluded)

(excluded)

B=Σg+

( 1 2 • • )

orbit , spin-0

( 1 2 • ↓↓ )

orbit , spin-0 spin-

↑

( )

orbit , spin
↓ ↓

↑ ↓

↑ ↑

1

2

↑
↓1 2 ( )

orbit , spin-

Para-Species Ortho-Species

Ortho Species

(only)

12C2 Σu+ Excited Levels 12C13C Σ Excited Levels 13C2 Σu+ Excited Levels

0+

1−

2+

0+

1−

2+

C=Σ

0+

1−

2+

3−

C=Σu+

3−

C=Σg+

↑

↓

↑

↓

↑

↓

↑

↓

(excluded)

(excluded)

C=A⊗B=Σu+⊗Σg+=Σu+

Longitudinal

Dipole (1
−
)

Excitation

“Activity” Label

A=Σu+

A=Σg+
(No excitation

activity

so A=B=C )

A=Σ A=Σu+

3−

“Coupled”

or

“Constricted”

Rotor

Label C

“Bare” Rotor

Label

1−

2+

3−

0+

A=Σ A=Σg+

1
2

1
2

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞v
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞v
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u

Δ
g

Δ
u
...

0+ 1 . . . . . . .

0− . . . 1 . . . .

1+ . . 1 . 1 . . .

1− . 1 . . . 1 . .

2+ 1 . . . 1 . 1 .

2− . . . 1 . 1 . 1

3+ . . 1 . 1 . 1 .

3− . 1 . . . 1 . 1

A, B, or C Correlations

O(3) D
∞h
spin-symmetry species

3D Orthogonal group O(3)

correlates with D
∞h
symmetry

Angular atomic molecular

momentum label label

=0 s or S σ or Σ
=1 p or P π or Π
=2 d or D δ or Δ
=3 f or F φ or Φ

Diatomic or linear molecule:Labeling by symmetry O(3)⊃D∞h ⊃C∞v

27Friday, May 1, 2015



Diatomic or linear molecule symmetry O(3)⊃D∞h⊃C∞v

  Labeling by symmetry O(3)⊃D∞h

   Coriolis and λ-doubling levels
   Dipole-allowed transitions
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J

0+

1−

2+

B=Σg+

3−

0+

1−

2+

B=Σu+

3−

( )

orbit , spin-

↑
↓1 2

Para-Species

↓ ↓

↑ ↓

↑ ↑

1

2( )

orbit , spin-

Ortho-Species

13C2 Σu+ Πu(±)
Excited Levels

0+

1−

2+

3−

C=Σu+ C=Σg+

A=Σu+

1−

2+

3−

0+

A=Σg+

13C2 Σg+ Ground Levels

0+

1+

2+

3+

C=Πu C=Πg

A=Πu

1−

2−

3−

0+

J
J

JJ

Top View Down

J axis
Top View Down

J axis

Top View Down

J axis
J

Transverse Dipole (1
−
)

“Activity” Label

A=Πu(+) ( || to J)

B= Σ
g

+ Σ
u

+ Σ
g

− Σ
u

− Π
g

Π
u
...

0+ 1 . . . . .

0− . . . 1 . .

1+ . . 1 . 1 .

1− . 1 . . . 1

2+ 1 . . . 1 .

2− . . . 1 . 1

3+ . . 1 . 1 .

3− . 1 . . . 1

A, B, or C Correlations

Transverse Dipole (1
−
)

“Activity” Label

A=Πu(-) (⊥ to J)

Longitudinal Dipole (1
−
)

“Activity” Label

A=Σu+ ( ⊥ to J)

The Σu,Πu waves
are slipping!

But, not a big deal

for 1+

1
2

1
2

Coriolis and λ-doubling levels
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Diatomic or linear molecule: Coriolis and λ-doubling levels

λ-(orΛ)-doubling

J (on 2-axis)
spins
 Π+

into
Σ+

J

J

Π− not affected

(J =1)-case
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Diatomic or linear molecule: Coriolis and λ-doubling levels

λ-(orΛ)-doubling

λ-
doublets

J (on 2-axis)
spins
 Π+

into
Σ+

J

J

Π− not affected

(J =1)-case
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Diatomic or linear molecule symmetry O(3)⊃D∞h⊃C∞v

  Labeling by symmetry O(3)⊃D∞h

   Coriolis and λ-doubling levels
   Dipole-allowed transitions
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Rev. Mod. Phys. 50,1,1 (1978)

Diatomic or linear molecule: Dipole-allowed transitions

When excited states
have lower B=1/2I
(Greater inertia I)
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Rev. Mod. Phys. 50,1,1 (1978)

Central Q-branch missing from Σ↔Σ spectra of D∞h molecules
Q(missing)

Diatomic or linear molecule: Dipole-allowed transitions

Transitions forbidden between states
of different Bare Rotor quantum labels
(Spin-symmetry species conserved)
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Rev. Mod. Phys. 50,1,1 (1978)

Central Q-branch missing from Σ↔Σ spectra of D∞h molecules

R(2) R(1) R(0) Q(1)
Q(2)

Q(3)
P(1) P(2) P(3)

Q(missing)

Diatomic or linear molecule: Dipole-allowed transitions

Transitions forbidden between states
of different Bare Rotor quantum labels
(Spin-symmetry species conserved)
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules
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S
4
~T

d

S
6
>O

h

S
2
~C

2

S
3
~C

3v
~D

3

S
4
>C

4v
~D

4

Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

1 2

1

2

(1)(2)   (12) 

   1         1

   1         -1

C2    1      σ 

A1     1       1

A2     1       -1

S2

Permutation                    Point group
group Sn   is equivalent to     G

A1

A2
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

S
4
~T

d

S
6
>O

h

S
2
~C

2

S
3
~C

3v
~D

3

S
4
>C

4v
~D

4

1 2

1

2

(1)(2)   (12) 

   1         1

   1         -1

C2    1      σ 

A1     1       1

A2     1       -1

(1)(2)(3) (123)     (12) (13) 
               (132)             (23) 

   1         1         1

   1         1         -1

   2         -1        0

1 2 3

1

2

3

1 2

3 1

2

3

S2

S3
C3v  1      r2     σ3

A1     1       1        1

A2     1        1      -1

E       2       -1      0

σ1σ2r1

Permutation                    Point group
group Sn   is equivalent to     G

A1

A2

E

A1

A2
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

S
4
~T

d

S
6
>O

h

S
2
~C

2

S
3
~C

3v
~D

3

S
4
>C

4v
~D

4

1 2

1

2

(1)(2)   (12) 

   1         1

   1         -1

C2    1      σ 

A1     1       1

A2     1       -1

(1)(2)(3) (123)     (12) (13) 
               (132)             (23) 

   1         1         1

   1         1         -1

   2         -1        0

1 2 3

1

2

3

1 2

3 1

2

3

S2

S3
C3v  1      r2     σ3

A1     1       1        1

A2     1        1      -1

E       2       -1      0

σ1σ2r1

Permutation                    Point group
group Sn   is equivalent to     G

Td 1 r1...4 ρxyz Rxyz σ1...6
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T2 3 0 -1 -1 1
T1 3 0 -1 1 -1

180° I·90° I·180°

Tetrahedral:G =Td

1 2 3

1

2

3

1 2

3 1

2

3

S4
4

4

(1)(2)(3)(4)        (12)(34)               (12)(3)(4)
             (123)(4)                (1234) 

   1         1         1         1         1

   1         1         1        -1        -1

   2         -1        2         0         0

   3         0        -1        1         -1

   3         0        -1        -1        1

1 2 3

4 4

4

1

2

3

1 2

3

4
1

2

3

4
4

1 2

3 4

1 3

2 4

A1

A2 E

T2

T1

A1

A2

E

A1

A2

39Friday, May 1, 2015



Rev. Mod. Phys. 50,1,1 (1978)
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6
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

1 2

1

2

(1)(2)   (12) 

   1         1

   1         -1

C2    1      σ 

A1     1       1

A2     1       -1

(1)(2)(3) (123)     (12) (13) 
               (132)             (23) 

   1         1         1

   1         1         -1

   2         -1        0

1 2 3

1

2

3

1 2

3 1

2

3

S2

S3
C3v  1      r2     σ3

A1     1       1        1

A2     1        1      -1

E       2       -1      0

σ1σ2r1

Permutation                    Point group
group Sn   is equivalent to     G

1 2 3

1

2

3

1 2

3 1

2

3

S4
4

4

(1)(2)(3)(4)        (12)(34)               (12)(3)(4)
             (123)(4)                (1234) 

   1         1         1         1         1

   1         1         1        -1        -1

   2         -1        2         0         0

   3         0        -1        1         -1

   3         0        -1        -1        1

1 2 3

4 4

4

1

2

3

1 2

3

4
1

2

3

4
4

1 2

3 4

1 3

2 4

A1

A2 E

T2

T1

A1

A2

E

A1

A2
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

S
4
~T

d

S
6
>O

h

S
2
~C

2

S
3
~C

3v
~D

3

S
4
>C

4v
~D

4

Methane-like:XY4
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

S
4
~T

d

S
6
>O

h

S
2
~C

2

S
3
~C

3v
~D

3

S
4
>C

4v
~D

4

Hexa-flouride-like:XY6
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Sn Young Tableaus and spin-symmetry for Xn and XYn molecules

Sn Young Tableau irrep dimension formula

 

 µs[ ](Sn ) =
Dimension

of Sn Tableau
µ1[ ] µ2[ ]··· µn[ ]

= n!=n ·(n−1)·(n−2) ⋅⋅⋅3·2·1

hook-
length
product

• • • • •
• • •
• •
•

 8    6    4    2    1
 5    3    1
 3    1
 1    

Examples:

(1)(2)(3) (123)     (12) (13) 
               (132)             (23) 

   1         1         1

   1         1         -1

   2         -1        0

1 2 3

1

2

3

1 2

3 1

2

3

S3

A1

A2

E

 

A1= 3,0,0[ ](S3)= 3·2·1

                  = 1
3 2 1

 

A2 = 1,1,1[ ](S3)= 3·2·1

                  = 1
3

2

1

 

E= 2,1,0[ ](S3)= 3·2·1

 
             = 2

3 1

1

 

 µs[ ](Um ) =
Dimension

of Sn∗UmTableau
µ1[ ] µ2[ ]··· µm[ ]

=

m -
dimension
product

m m+1 m+2 m+3 m+4

m-1 m m+1

m-2 m-1

m-3

hook-
length
product

• • • • •
• • •
• •
•

 8    6    4    2    1
 5    3    1
 3    1
 1    

Examples:

 

 2,1,0[ ](S3∗U (3))=
 
             = 8

3 1

1

3 4

2

 

 3,0,0[ ](S3∗U (3))=
 
             = 10

3 4 5

3 2 1
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S4 and spin-symmetry for XY4 molecules (Introducing hook-length formulae)

A1 A2 E F1 F2

E
F1

F1

F2

F2

A2

F1
F2

E
F1F2

E

A2

F2
F1F2

A1

E
F1

A1
E

F1
F1

F2

EF2A2
F2

F1

5
3
3
5

3

3
2

5
3
2

3
3

3
5

2

3
3

6

1010

6

16

8

A2 A1

E
F13

5

2

10?
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S4 and spin-symmetry for XY4 molecules (Introducing hook-length formulae)

A1 A2 E F1 F2

E

E

F1

F1

F
1

F2

F2

A2

A
2

A2

F1EF2F2F1

Transitions forbidden between states
of different Bare Rotor quantum labels
(Spin-symmetry species conserved here)

5
3

weight 3

weight 5

weight 2
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weight 3

weight 5

weight 2

(Spin-symmetry species conserved here)(Spin-symmetry species NOT conserved here)
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Example of frequency
hierarchy

for 16µm spectra 
of CF4 

(Freon-14)
W.G.Harter

Ch. 31
Atomic, Molecular, &

Optical Physics Handbook
Am. Int. of Physics

Gordon Drake Editor
(1996)
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S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
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S6 and XY6 molecules 

Review O⊃C4 correlations:
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04

24

04
24

0434

14

2434
14

S6 and XY6 molecules 

Review O⊃C4 correlations:
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04

24

04
24

0434

14

2434
14

A
1g

T 1
u

E 1
g

+
2S -4
S

Tunneling (s) between axes 
splits the 04 cluster as 
shown on following pages

04 cluster splitting (derived on following page)

S6 and XY6 molecules 

Review O⊃C4 correlations:
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H 0 s s s s
0 H s s s s
s s H 0 s s
s s 0 H s s
s s s s H 0
s s s s 0 H

+1
−1
0
0
0
0

1
2
= H + 0( )

+1
−1
0
0
0
0

1
2

H 0 s s s s
0 H s s s s
s s H 0 s s
s s 0 H s s
s s s s H 0
s s s s 0 H

1
1
1
1
1
1

1
6
= H + 4s( )

1
1
1
1
1
1

1
6

s

s

Up

Down

East
West North

South

|U>|D>|E>|W>|N>|S>
H 0 s s s s

0 H s s s s

s s H 0 s s

s s 0 H s s

s s s s H 0

s s s s 0 H

Internal J gets “stuck” on RES axes
Must “tunnel” axis-to-axis at rate s

s

s

H 0 s s s s
0 H s s s s
s s H 0 s s
s s 0 H s s
s s s s H 0
s s s s 0 H

+2
+2
−1
−1
−1
−1

1
12

= H − 2s( )

+2
+2
−1
−1
−1
−1

1
12

s

sA1g

+
s

sEg
(x2-y2)√3

--
+

0
0
+1
−1
0
0

1
2

0
0
0
0
−1
+1

1
2

s

sT1uz

+

-

s

sT1uy

- +
s

sT1ux

-+

Tunneling s=-S
is negative here

A1g

T1u

E1g

+2S

-4S

s

sEg
2z2-x2-y2

+
-
+
---

+2
+2
−1
−1
−1
−1

1
12

0
0
−1
−1
+1
+1

1
2

1
1
1
1
1
1

1
6

04 cluster splitting
Review O(04)⊃C4 cluster:

S6 and XY6 molecules 
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04

24

04
24

0434

14

2434
14

S6 and XY6 molecules 
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S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
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. . . 1 1 1 .

1 1 1 . . . 1

1 . . 1 . . .

. . . . . . 1

I=0

I=1

I=2

I=3

Spin-Permutation to Octahedral Correlations S ⊃ O
h6

8 3 3 6 1 1 10

C4 0044 1144 2244 3344
A1 1 . . .
A2 . . 1 .
E1 1. . 1 .
T1 1 1 . 1
T2 . 1 1 1

A1T1E1 T1 T2
Greatly simplified
sketches of ultra
high resolution IR
SF6 spectroscopy of
Christian Borde´,
C. Saloman, and
Oliver Pfister
(Pfister did SiF4, too.)

T2gT1gT1uEu A2uA1g

With rotation
all six nuclei are equivalent

How F-nuclei become
entangled

total-spin-I-symmetry Oh species

in SF6.

8 6 2 6 6

Entanglement! A1u

Species Spin Weights

Forbidden
SF6

species:   
Eg , T2u , A2g
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. . . 1 1 1 .

1 1 1 . . . 1

1 . . 1 . . .

. . . . . . 1

I=0

I=1

I=2

I=3

Spin-Permutation to Octahedral Correlations S ⊃ O
h6

8 3 3 6 1 1 10

C4 0044 1144 2244 3344
A1 1 . . .
A2 . . 1 .
E1 1. . 1 .
T1 1 1 . 1
T2 . 1 1 1

A1T1E1

0044

T1 T2
Greatly simplified
sketches of ultra
high resolution IR
SF6 spectroscopy of
Christian Borde´,
C. Saloman, and
Oliver Pfister
(Pfister did SiF4, too.)

T2gT1gT1uEu A2uA1g

Without rotation being stuck on C4 axis
all six nuclei are equivalent

With rotation stuck on C4 axis
polar nuclei are “lleefftt oouutt iinn tthhee ccoolldd“

If ppoollaarr nnuucclleeii in greater B-field than equatorial-nuclei... If eeqquuaattoorriiaall nnuucclleeii in greater B-field than polar-nuclei...

““BBrrrrrr--rrrr iitt’’ss
ccoolldd!!””

““WWEE lliikkee
iitt HHOOTT!!””

How F-nuclei become
distinguished

(but not distinguishable)
in SF6.

↑↑ ↑↑ ↑↑ ↑↑ ↑↑ ↑↑ ↑↑ ↓↓ ↑↑ ↑↑ ↓↓ ↓↓ ↑↑ ↓↓ ↓↓ ↓↓ ↓↓ ↓↓ ↓↓ ↓↓

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↓ ↑ ↑ ↓ ↓ ↑ ↓ ↓ ↓ ↓ ↓ ↓ ↓

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↓ ↑ ↑ ↓ ↓ ↑ ↓ ↓ ↓ ↓ ↓ ↓ ↓

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↓ ↑ ↑ ↓ ↓ ↑ ↓ ↓ ↓ ↓ ↓ ↓ ↓

↑ ↑
↓ ↓ ↓ ↓↑ ↓ ↓ ↓↑ ↑ ↓ ↓↑ ↑ ↑ ↓↑ ↑ ↑ ↑

↓↓↑
↓↓
↑ ↓↓ ↑ ↑ ↓↑

↓
↑ ↓↓

Triplet-singlet
of

Quintets

Quintet
of

Triplet-singlets↓↓ ↑ ↑ ↓↑
↓
↑ ↓↓ ↑ ↑ ↓↑

↓
↑ ↓↓ ↑ ↑ ↓↑

↓
↑ ↓↓ ↑ ↑ ↓↑

↓
↑ ↓↓

8 6 2 6 6

16

DISentanglement! A1u

Species Spin Weights

12

weight 3

weight 5

weight 3+1

weight 5

weight 1

weight 7

Spin

weight 5
weight 3+1

Forbidden
SF6

species:   
Eg , T2u , A2g
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S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
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S6 and XY6 molecules 

Harter, Phys. Rev. A 24, 192-263 (1981)
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Harter, Phys. Rev. A 24, 192-263 (1981)

Forbidden
SF6

species:   
Eg , T2u , A2g

Hence
missing

crossover
resonance!

Eu - T1u
crossover
resonance!

Example of subtle parity effect in SF6 superfine-hyperfine transitions
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S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
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more
species mixing

Primary AET species mixing
increases with distance from
“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

CASE 24 Extreme mixing
in tight C4-CLUSTERS

CASE 23
Major mixing
in lowest two

less
mixing more

......==KK44

KK33 ==......

C4-CLUSTERS

C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

Harter, Phys. Rev. A 24, 192-263 (1981)

61Friday, May 1, 2015



Harter, Phys. Rev. A 24, 192-263 (1981)

weight 8=5+3

weight 6=5+1

weight 10=7+3
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weight 8=5+3

weight 6=5+1

weight 10=7+3

63Friday, May 1, 2015



. . . 1 1 1 .

1 1 1 . . . 1

1 . . 1 . . .

. . . . . . 1

I=0

I=1

I=2

I=3

Spin-Permutation to Octahedral CorrelationsS ⊃ O
h6

8 3 3 6 1 1 10

C4 0044 1144 2244 3344
A1 1 . . .
A2 . . 1 .
E1 1. . 1 .
T1 1 1 . 1
T2 . 1 1 1

A1T1E1

0044

T1 T2

T2gT1gT1uEu A2uA1g

8 6 2 6 6

16

A1u

Species Spin Weights

120044 3344
16 12

weight 3

weight 5

weight 1

weight 7

Spin

Forbidden species:   Eg                    T2u                             A2g
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S6 and spin-symmetry for XY6 molecules
  Entanglement and Disentanglement
  Resulting hyperfine spectra
   Superhyperfine spectra
  Spin-0 nuclei give Bose Exclusion
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Without nuclear spin: Forget all this stuff!

Goodbye clusters! (Goodbye Columbus)

Spin-0 nuclei give Bose Exclusion
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Question: Where did those 200 levels go?

Example of extreme symmetry exclusion

... (and partial recovery)

Better Question: Where did those 1.15 octillion levels go?

Only 1 hyperfine state: I=0

24=16 hyperfine

states: I=0-2
26=64 hyperfine

states: I=0-3
260=1.15x1018

hyperfine

states: I=0-30

Some examples of Bose Exclusion

Some examples of Fermi (non) Exclusion

Spin-0 nuclei give Bose Exclusion
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N=0 10 20 30 40 50 60 70 80 9080 70 60 50 40 30 20 10

Fine Structure

Possible C Rovibrational Structure

R-Branch Q-Branch P-Branch

Local Symmetry Clusters {12-fold}

12 1212

12
12

20 20

Relative

Peak

Heights

5

3

1

C60
12

C60
13

3
5

4
5

0
5

C5

2
5

1
5

1
3

2
3

{20-fold}C3

C60
12

C60
13

Icosahedral Symmetry Species

A

A

T1 T3H

C60
13

C60
12

Relative

Cluster

Intensities

Superfine

Structure

Possible Hyperfine splittings.

(May exceed superfine splittings)

60

A

A

05 or 03

G
T3T1

H
G
H

T1

H

GT3H

G T1H

T3HT1A

GT3H
GT3T1 HH

J=50
Fine structure
comparing
 13C60 (260 Hyperfine levels)
with 
12C60 (160 Hyperfine level)

W.G.Harter, D.E.Weeks,
Chem. Phys. Letters 194,3(1992)
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Buckyballs “Seen” in Space
A brief history of C60 spectroscopy

Bill Harter
UAF - Physics
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Buckyballs “Seen” in Space
A brief history of C60 spectroscopy
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1st Try at “Seeing” in Lab
Mass spectroscopy gives something

with atomic weight 720

Richard Smalley, Bob Curl, and Harry Kroto (1985)
Guess structure is C60 “soccer ball”
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C

Three Golden rectangles
(Ratio: (√5+1)/2 : 1=1.618...)

underlie C60 
Buckminsterfullerene

“Buckyball”
60 C atoms:

one C at each
 vertex

of a
Soccerball

C C

C C C C
CC

C

C

C

CC

C

CC
C

C

CC
C

C
C

C C C

C
C

C
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2nd Try at “Seeing” in Lab
Rotational spectroscopy predicted

(but still too hard to see)

74Friday, May 1, 2015



3·60=180 coordinates of C60 
“Buckyball” vibrational coordinates

3rd Try at “Seeing” in Lab
Vibrational spectroscopy predicted

(Should be easier to see... but not at first)
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3rd Try(contd)
Vibration spectra predicted (Easy to see... just 2 pairs of lines)
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3rd Try(contd)
Just 2 pairs of lines
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Two (or Three) forms of Carbon on one license plate!
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