
Group Theory in Quantum Mechanics
Lecture 6 (1.29.15) 

Spectral Decomposition of Bi-Cyclic (C2⊂U(2)) Operators 
(Quantum Theory for Computer Age - Ch. 7-9 of Unit 3 )

(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 2 )

Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling and mixed mode projector algebra
       2D-HO beats and mixed mode geometry

Three famous 2-state systems and two-complex-component coordinates
ANALOGY:U(2) vs R(3):2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 vs. Classical 2D-HO: ∂2tx=-K•x 

Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ
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Review:How symmetry groups become eigen-solvers
Suppose you need to diagonalize a complicated operator K and knew that K commutes 
with some other operators G and H for which irreducible projectors are more easily found. 

KG = GK 	
or    G†KG = K   or   GKG† = K  

This means K is invariant to the transformation by G and H 
and all their products GH, GH2, G2H,.. etc. and all their inverses G†,H†,.. etc.

The group G K = {1, G, H,.. }so formed by such operators is called a symmetry group for K.

KH = HK 	
or    H†KH = K   or   HKH† = K  

In certain ideal cases a K-matrix 〈K〉 is a linear combination of matrices 〈1〉,〈G〉,〈H〉,... from G K. 
Then spectral resolution of {〈1〉,〈G〉,〈H〉,.. } also resolves 〈K〉. 

We will study ideal cases first. More general cases are built from this idea.

(Here assuming unitary
 G†=G-1  and  H†= H-1.)
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(b) unit base state
|1〉=|y〉=|-1〉=
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(c) equilibrium zero-state 0
0

k1 k12 k1

k1 k12 k1

k1 k12 k1

C2 Symmetric two-dimensional harmonic oscillators (2DHO)

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12
M

−k12
M

−k12
M

k1 + k12
M

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

            = −
K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =      − K         x

2D HO Matrix operator equations 2D HO “binary” bases and coord. {x0,x1}

More conventional 
coordinate notation 
{x0,x1}→ {x1,x2}

C2 (Bilateral σB reflection) symmetry conditions:

   

K11 ≡ K ≡ K22  and: K12 ≡ k ≡ K12 = −k12   ( Let: M= 1 )

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= K k

k K
⎛

⎝⎜
⎞

⎠⎟
= K 1 0

0 1
⎛

⎝⎜
⎞

⎠⎟
+ k 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟

                                           K =          K ·1    +      k·σ B

K-matrix is made of its symmetry operators in

group C2 ={1,σB} with product table:

   

C2 1 σ B

1 1 σ B

σ B σ B 1

Minimal equation of σB is: σB 2=1 
or: σB 2−1=0=(σB−1)(σB+1) 

   

1 1 1 1 1 σ B

σ B 1 1 σ B 1 σ B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛

⎝⎜
⎞

⎠⎟
,            

1 σ B 1 1 σ B σ B

σ B σ B 1 σ B σ B σ B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟

Symmetry product table gives C2 group representations in group basis{|0〉=1|0〉≡|1〉 , |1〉=σB|0〉≡|σB〉}

σB 
mirror

reflection

with eigenvalues: 
{χ+(σB) = +1, χ−(σB) = −1}
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K-matrix is made of its symmetry operators in

group C2 ={1,σB} with product table:

   

C2 1 σ B
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Minimal equation of σB is: σB 2=1 
or: σB 2−1=0=(σB−1)(σB+1) 

   

1 1 1 1 1 σ B

σ B 1 1 σ B 1 σ B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛

⎝⎜
⎞

⎠⎟
,            

1 σ B 1 1 σ B σ B

σ B σ B 1 σ B σ B σ B

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟

Symmetry product table gives C2 group representations in group basis{|0〉=1|0〉≡|1〉 , |1〉=σB|0〉≡|σB〉}

σB 
mirror

reflection

   

  1 = P++ P−

σ B = P+− P−

Spectral decomposition of C2(σB) into {P+,P−}

with eigenvalues: 
{χ+(σB) = +1, χ−(σB) = −1}
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K-matrix is made of its symmetry operators in

group C2 ={1,σB} with product table:

   

C2 1 σ B
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Minimal equation of σB is: σB 2=1 
or: σB 2−1=0=(σB−1)(σB+1) 
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Symmetry product table gives C2 group representations in group basis{|0〉=1|0〉≡|1〉 , |1〉=σB|0〉≡|σB〉}

σB 
mirror

reflection

P±-projectors:

   

P+ =
1+σ B

2
= 2

1
2
1

2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

P+ =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

   

  1 = P++ P−

σ B = P+− P−

Spectral decomposition of C2(σB) into {P+,P−}

with eigenvalues: 
{χ+(σB) = +1, χ−(σB) = −1}
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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P+ =
1+σ B

2
= 2

1
2
1

2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

P− =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

   

         K       =          K ·1     −      k12·σ B

K k
k K

⎛

⎝⎜
⎞

⎠⎟
= K 1 0

0 1
⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

C2 Symmetric 2DHO eigensolutions
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P+ =
1+σ B

2
= 2

1
2
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2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

P− =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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2
1

2
1

2
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⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
1⎛

⎝⎜
⎞
⎠⎟
= + +

P− =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
−1⎛

⎝⎜
⎞
⎠⎟
= − −

K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

factored projectors

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

factored projectors

Diagonalizing transformation (D-tran) of K-matrix:

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions
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σ B σ B 1

factored projectors

Diagonalizing transformation (D-tran) of K-matrix:

(D-tran)
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⎜
⎜
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⎟
⎟
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⎛

⎝
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⎟
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⎟
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⎜
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⎟
⎟
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⎜
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

Diagonalizing transformation (D-tran) of K-matrix:

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
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⎜
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⎟
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⎜
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⎟
⎟
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⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           

factored projectors

(D-tran)

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

Diagonalizing transformation (D-tran) of K-matrix:

factored projectors

(D-tran)

  

2
1

2
1

2
1

2
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⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
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⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

   

+ x1 + x2

− x1 − x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     
k1+k12 k12

k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

      
x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x1 + x2

− x1 − x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛
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⎜
⎜

⎞

⎠
⎟
⎟

x1 + x1 −

x2 + x2 −
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⎜

⎞

⎠
⎟
⎟
=

+ K + + K −

− K + − K −

⎛
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⎜
⎜

⎞

⎠
⎟
⎟

Full Dirac notation

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1
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⎠⎟
− k12

0 1
1 0
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⎠⎟
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⎛

⎝
⎜
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⎠
⎟
⎟

  

2
1

2
1

2
1

2
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⎜
⎜
⎜

⎞
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⎟
⎟
⎟
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−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
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2
1

2
1

2
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⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

Diagonalizing transformation (D-tran) of K-matrix:

factored projectors

(D-tran)
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                                           (D-tran is its
own inverse 
in this case!)

Full Dirac notation

T(±←xj)·K·T†(±←xj)

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛
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− k12

0 1
1 0
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⎟
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⎟
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⎟
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⎟
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⎜
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⎟
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⎟
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⎟
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⎟
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

C2 Symmetric 2DHO eigensolutions

   

C2 1 σ B

1 1 σ B

σ B σ B 1

Diagonalizing transformation (D-tran) of K-matrix:

factored projectors

(D-tran)

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

Full Dirac notation

T(±←xj)·K·T†(±←xj)
T(±←xj)⏐x1〉= ⏐+〉
T(±←xj)⏐x2〉= ⏐−〉

⏐x1〉= T†(±←xj)⏐+〉
⏐x2〉= T†(±←xj)⏐−〉 T†(±←xj)=T(xj←±)

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           

   

+ x1 + x2

− x1 − x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

     
k1+k12 k12

k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

      
x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x1 + x2

− x1 − x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

+ K + + K −

− K + − K −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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⎟
⎟ =

2
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⎛
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⎜
⎜
⎜

⎞
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⎟
⎟
⎟
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2
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2
1⎛

⎝⎜
⎞
⎠⎟
= + +

P− =
1−σ B

2
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⎜
⎜

⎞

⎠

⎟
⎟ =

2
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2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
−1⎛

⎝⎜
⎞
⎠⎟
= − −

K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions

(D-tran)

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

factored projectors

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22

xx
00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22

p=0 p=1

m=0
2
1 1

m=1
2
1 -1

p is position

m is wave-number

or “momentum”

(c) C
2
mode phase character tables

MM

MM

norm:

1/√2

k
1

k
12

k
1

k
1

k
12

k
1
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K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions

(D-tran)
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2
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⎛

⎝

⎜
⎜
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⎛

⎝
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⎜
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⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

factored projectors

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22

xx
00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22

p=0 p=1

m=0
2
1 1

m=1
2
1 -1

p is position

m is wave-number

or “momentum”

(c) C
2
mode phase character tables

MM

MM

norm:

1/√2

k
1

k
12

k
1

k
1

k
12

k
1
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P+ =
1+σ B

2
= 2

1
2
1

2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
1⎛

⎝⎜
⎞
⎠⎟
= + +

P− =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
−1⎛

⎝⎜
⎞
⎠⎟
= − −

K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions

(D-tran)

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

factored projectors

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22

xx
00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22

p=0 p=1

m=0
2
1 1

m=1
2
1 -1

p is position

m is wave-number

or “momentum”

(c) C
2
mode phase character tables

MM

MM

norm:

1/√2

k
1

k
12

k
1

k
1

k
12

k
1
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P+ =
1+σ B

2
= 2

1
2
1

2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
1⎛

⎝⎜
⎞
⎠⎟
= + +

P− =
1−σ B

2
= 2

1
−2

1

−2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⊗

2
1

2
−1⎛

⎝⎜
⎞
⎠⎟
= − −

K-matrix is made of its symmetry operators

in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB : 
{χ+(σB) = +1, χ−(σB) = −1}

Eigenvalues of K=K·1  -   k12·σB : 
ε+(K) = K−k12,     ε−(K) = K +k12 
          = k1                           = k1+2k12

xx
00
==11//√√22 xx

11
==11//√√22

(a) Even mode |+〉=|02〉 =
11

11
//√√22

xx
00
==11//√√22 xx

11
==--11//√√22

(b) Odd mode |−〉=|12〉 =
11

--11
//√√22

p=0 p=1

m=0
2
1 1

m=1
2
1 -1

p is position

m is wave-number

or “momentum”

(c) C
2
mode phase character tables

MM

MM

norm:

1/√2

k
1

k
12

k
1

k
1

k
12

k
1

Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions

(D-tran)

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                                           (D-tran is its
own inverse 
in this case!)

factored projectors

   

         K       =          K ·1     −      k12·σ B

K 1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− k12

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
=

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis 
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C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

    

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 x =        − K                   x

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

+ K + + K −

− K + − K −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

Eigenbra vectors: + =  2
1    2

1  ( ),      − =  2
1     2

−1  ( )

+ = 2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

,           − = 2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Eigenket vectors:

    

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 x =        − K                   x

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

+ K + + K −

− K + − K −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics

   

M x++         (k1)x+
M x−+ (k1+2k12 )x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 0

0
⎛

⎝⎜
⎞

⎠⎟

Eigenbra vectors:
Each mode runs independently
(+)-mode at frequency ω+=√(k1/M)
(−)-mode at frequency ω−= √(k1+2k12)/M

+ =  2
1    2

1  ( ),      − =  2
1     2

−1  ( )

+ = 2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

,           − = 2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Eigenket vectors:

    

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 x =        − K                   x

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

+ K + + K −

− K + − K −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics Eigenbra vectors:

Spectral decomposition of initial state x(0)=(x1  x2) =(1,0):  
 1 ⋅x(0) = (P+ + P− ) 1

0
⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  2

1     2
1  ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟
+ 2

1

2
−1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  2

1    2
−1   ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟

 

+ =  2
1    2

1  ( ),      − =  2
1     2

−1  ( )

+ = 2
1

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

,           − = 2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Eigenket vectors:
   

M x++         (k1)x+
M x−+ (k1+2k12 )x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 0

0
⎛

⎝⎜
⎞

⎠⎟

Each mode runs independently
(+)-mode at frequency ω+=√(k1/M)
(−)-mode at frequency ω−= √(k1+2k12)/M

    

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x+
x−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 x =        − K                   x

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

+ K + + K −

− K + − K −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ x

− x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

39Sunday, February 1, 2015



C2 Symmetric 2DHO uncoupling

    

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k1 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x =        − K                   x

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1 x

x2 x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics Eigenbra vectors:

Spectral decomposition of initial state x(0)=(x1  x2) =(1,0):  
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2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics Eigenbra vectors:
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2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics Eigenbra vectors:
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2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics
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C2 Symmetric 2DHO uncoupling
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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Rabi, Ramsey, and 
Schwinger 1954
Rev. Mod. Phys. 26 167 (1954)

John Stokes 1862
Proc. Soc. London 11 547 (1862)

Feynman, Vernon, 
and Hellwarth 1957
J. Appl.  Phys. 28 49 (1957)
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〈↑|χ〉
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| 2 〉=|DN 〉

Three famous 2-state systems and two-complex-component coordinates

Fig. 10.5.1 
QTCA Unit 3 Chapter 10
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Am. J.  Phys. 46 251 (1986)
J. Chem. Phys. 85 5560 (1986) 
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(c) Ammonia (NH3) Inversion States
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=
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.
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x 
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m

Fig. 3.3.1 Two 1-dimensional coupled oscillators  

Fig. 3.3.3  One 2-dimensional coupled oscillator 

   

V = 1
2

k1 + k12( )x1
2 − k12x1x2 +

1
2

k2 + k12( )x2
2

= 1
2

x K x    where:  K =
k1 + k12 −k12

−k12 k2 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

2D HO potential energy V(x1, x2)

    

T = 1
2

m1 x1
2 + 1

2
m2 x2

2

= 1
2
x M x

2D HO kinetic energy T(v1, v2) Lagrangian L=T-V

   

d
dt

∂T
∂ x1

⎛

⎝⎜
⎞

⎠⎟
= m1x1 = F1 = − ∂V

∂ x1
= − k1 + k12( )x1 + k12x2

d
dt

∂T
∂ x2

⎛

⎝⎜
⎞

⎠⎟
= m2x2 = F2 = − ∂V

∂ x2
= k12x1 − k2 + k12( )x2

2D HO Lagrange equations 

    

m1 0

0 m2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12 −k12

−k12 k2 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Matrix operator notation:
M i x = − K i x

2D HO Matrix operator equations 

Fig. 3.3.2 Coupled pendulums

x=x1

k1 k12

y=x2

k2
m1 m2

2D harmonic oscillator equations 
Without obvious C2 or Cv symmetry
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2D harmonic oscillator equation solutions
1. May rewrite equation                           in acceleration matrix form:     

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

m1 0

0 m2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−1
k1 + k12 −k12

−k12 k2 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12
m1

−k12
m1

−k12
m2

k2 + k12
m2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  
M i x = −K i x

   
x = −A x    where: A = M−1 i K

2. Need to find eigenvectors                of acceleration matrix such that:

 Then equations decouple to:      

   
A en = εn en =ωn

2 en    
e1 , e2 ,... 

    

en = −A en = −εn en = −ωn
2 en  where εn  is  an eigenvalue 

and ωn  is  an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m1=1=m2) 

So equation of motion is simply:
  
x = −K x

Eigenvectors             are in special directions where                    is in same direction as  
x = −K x

 
x

  
x = en

Note eigenvalue is square of eigenfrequency

Without obvious C2 or Cv symmetry
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

    

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

    

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)

62Sunday, February 1, 2015



First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

 

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1  

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ix1 − p1
ix2 − p2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

Ax1 + Bx2 +Cp2 + iAp1 + iBp2 − iCx2
Bx1 + Dx2 −Cp1 + iBp1 + iDp2 + iCx1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Hjk matrix must
obey: (Hjk)*= Hkj

Both have 4 parameters
(22 = 2+2)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. (Designed to give same result.)

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)

For constant 
A,B,C, and D
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)

For constant 
A,B,C, and D

x=x1

k1 k12

y=x2

k2
m1 m2
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)

For constant 
A,B,C, and D

x=x1

k1 k12

y=x2

k2
m1 m2

  

m1K11 = A2 + B2 = k1 + k12,         m1K12 = AB + BD = −k12,
m2K21 = AB + BD = −k12,            m2K22 = B2 + D2 = k2 + k12.

ABD-to- Kij or ka connection formulae
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Then start with classical Hamiltonian. (Designed to give same result.)

For constant 
A,B,C, and D

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x=x1

k1 k12

y=x2

k2
m1 m2

  

m1K11 = A2 + B2 = k1 + k12,         m1K12 = AB + BD = −k12,
m2K21 = AB + BD = −k12,            m2K22 = B2 + D2 = k2 + k12.

ABD-to- Kij or ka connection formulae
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

 
i Ψ t( ) = H Ψ t( )

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

  
x = −K i x

Then start with classical Hamiltonian. (Designed to give same result.)

For constant 
A,B,C, and D

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
 
i ∂
∂t

Ψ t( ) = H Ψ t( )   
x = −K i x

x=x1

k1 k12

y=x2

k2
m1 m2

  

m1K11 = A2 + B2 = k1 + k12,         m1K12 = AB + BD = −k12,
m2K21 = AB + BD = −k12,            m2K22 = B2 + D2 = k2 + k12.

ABD-to- Kij or ka connection formulae

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real 1st-order differential equations.

Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

 
i Ψ t( ) = H Ψ t( )

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C≠0) and square it!         

i ∂
∂t

= A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
=

A2 + B2 +C2 AB + BD − i(AC +CD)

AB + BD + i(AC +CD) B2 + D2 +C2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
 
i ∂
∂t

Ψ t( ) = H Ψ t( )   
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

  
x = −K i x

For constant 
A,B,C, and D

x=x1

k1 k12

y=x2

k2
m1 m2

  

m1K11 = A2 + B2 = k1 + k12,         m1K12 = AB + BD = −k12,
m2K21 = AB + BD = −k12,            m2K22 = B2 + D2 = k2 + k12.

ABD-to- Kij or ka connection formulae

Then start with classical Hamiltonian. (Designed to give same result.)

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x  

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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Review:How symmetry groups become eigen-solvers 
How C2 (Bilateral σB reflection) symmetry is eigen-solver 
C2 Symmetric two-dimensional harmonic oscillators (2DHO)
      C2 (Bilateral σB reflection) symmetry conditions:
      Minimal equation of σB and spectral decomposition of C2(σB)
C2 Symmetric 2DHO eigensolutions
       C2 Mode phase character table
       C2 Symmetric 2DHO uncoupling
       2D-HO beats and mixed mode geometry

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry ( σ-expansion in ABCD-Types) H=ωµσµ

Three famous 2-state systems and two-complex-component coordinates

75Sunday, February 1, 2015



A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 0
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟
+C 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟
+ D 0 0

0 1
⎛
⎝⎜

⎞
⎠⎟
= Ae11 + BσB +CσC + De22

ABCD Symmetry operator analysis and U(2) spinors
Decompose the Hamiltonian operator H into four ABCD symmetry operators 
(Labeled to provide dynamic mnemonics as well as colorful analogies)

   

                           = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

                        H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0  

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, ...
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A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 0
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟
+C 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟
+ D 0 0

0 1
⎛
⎝⎜

⎞
⎠⎟
= Ae11 + BσB +CσC + De22

ABCD Symmetry operator analysis and U(2) spinors
Decompose the Hamiltonian operator H into four ABCD symmetry operators 
(Labeled to provide dynamic mnemonics as well as colorful analogies)

   

                           = A− D
2

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
+C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
+ A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟

                        H = A− D
2

   σA         + B    σB       +C     σC         + A+ D
2

  σ0  

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal, 

curly, and circulating-current-carrying...)

GO

SLOW

STOP

Motivation for coloring scheme:
        The Traffic Signal

Moving waves

Standing waves
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A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= A 1 0

0 0
⎛
⎝⎜

⎞
⎠⎟
+ B 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟
+C 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟
+ D 0 0

0 1
⎛
⎝⎜

⎞
⎠⎟
= Ae11 + BσB +CσC + De22

ABCD Symmetry operator analysis and U(2) spinors
Decompose the Hamiltonian operator H into four ABCD symmetry operators 
(Labeled to provide dynamic mnemonics as well as colorful analogies)
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The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.
Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
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The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
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 Each Hamilton quaternion squares to negative-1 ( i 2 = j 2 = k 2 = -1) like imaginary number i2=-1. (They make up the Quaternion group.)
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The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.
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Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The { σ1, σA , σB , σC } are best known as Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z } developed in 1927.

In 1843 Hamilton invents quaternions {1, i, j, k}.    σµ related by i-factor:      {σ1=1= σ0 , iσB=i= iσX , iσC =j= iσY, iσA =k= iσZ }.
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