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is an (ℓj=2j+1)-term sum of e-imΘ over allowed m-quanta m={-j, -j+1,…, j-1, j}.
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Polygonal geometry of U(2)⊃CN character spectral function
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B1Molecular (2ℓ+1)-multiplet D2-level splitting ℓ=0, s-singlet  
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Example: (ℓ=1)    ℓ=1

PSDSCh5p383(70)       

U(2) characters 
from Lecture 15 p.110 :

Character frequency-f formula  GrpTh Lect15 p.44.      
f formula PSDStext p.38=187.    

Characters QTCAtext p.69   

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=70
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=38
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=69


2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2
 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ) A1(absent)

A2

B1
ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2Example: (ℓ=1)    ℓ=1

...this Lect.10 p.25  
D2 characters:

Molecular (2ℓ+1)-multiplet D2-level splitting

U(2) characters 
from Lecture 15 p.110 :

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110


1A1

0A1⊕ A2 ⊕ B1 ⊕B2

2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ) A1(absent)

A2

B1
ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

3 -1 -1 -1
0χ A1 (g) = 1 1 1 1
1χ A2 (g) = 1 -1 1 -1
1χ B1 (g) = 1 1 -1 -1

1χ B2 (g) = 1 -1 -1 1

 

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2Example: (ℓ=1)    

trial&error??

ℓ=1
Molecular (2ℓ+1)-multiplet D2-level splitting



1A1

0A1⊕ A2 ⊕ B1 ⊕B2

2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ)

A2

B1
ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2

Example: (ℓ=1) 

       and: (ℓ=2)    

5 1 1 1
2χ A1 (g) = 2 2 2 2
1χ A2 (g) = 1 -1 1 -1
1χ B1 (g) = 1 1 -1 -1

1χ B2 (g) = 1 -1 -1 1

 

A1

A2
B2

B1

A1

trial&error??

ℓ=1

ℓ= 2

Molecular (2ℓ+1)-multiplet D2-level splitting

PSDSCh5p383(70)       

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=70


Review 1. Review of angular momentum cone geometry             

Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions             
Review 3. Review of RES and Multipole Tqk tensor expansions   

        
Energy levels and RES of symmetric rotors: prolate vs. oblate cases 
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D2 symmetry labels) 
            Asymmetric rotor is not Unsymmetric rotor  

Polygonal algebra & geometry of U(2)⊃CN character spectral function 
            Algebra of geometric series.                   Geometry of algebraic series 
Molecular (2ℓ+1)-multiplet D2-level splitting     Examples: ℓ=1, 2, 3,…  

j,m,n formulas for momentum operator matrix elements:Hamiltonian matrix for asymmetric rotor 
           (J=1)-Matrix for A=1, B=2, C=3.                    (J=2)-Matrix for A=1, B=2, C=3 
           Completing diagonalization from new D2 basis:  
           J=2 example of asymmetry levels.                   J=20 example of asymmetry levels 
            
Examples of  Group⊃Sub-group correlation  

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra: 
Body symmetry R(2) of prolate & oblate rotors vs. D2 of asymmetric rotor H=AJx2+BJy2+CJz2



1A1

0A1⊕ A2 ⊕ B1 ⊕B2

2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ)

A2

B1Molecular (2ℓ+1)-multiplet D2-level splitting ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2

Example: (ℓ=1) 

       and: (ℓ=2)    
A1

A2
B2

B1

A1

 

4
1 1 1 1 1

5 1 1 1
= 5+1+1+1

4
= 2

4
1 1 -1 1 -1

5 1 1 1
= 5−1+1−1

4
= 1

f-formula better than trial&error

ℓ=1

ℓ= 2

...this Lect.10 p.25  
D2 characters:

U(2) characters 
from Lecture 15 p.110 :

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110


1A1

0A1⊕ A2 ⊕ B1 ⊕B2

2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ)

A2

B1Molecular (2ℓ+1)-multiplet D2-level splitting ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2

Example: (ℓ=1) 
       and: (ℓ=2) 

      and: (ℓ=3)     
A1

A2
B2

B1

A1

 

4
1 1 1 1 1

7 -1 -1 -1
= 7 −1−1−1

4
= 1

4
1 1 -1 1 -1

7 -1 -1 -1
= 7 +1−1+1

4
= 2

f-formula better than trial&error

ℓ=1

ℓ= 2



1A1

0A1⊕ A2 ⊕ B1 ⊕B2

2A1⊕ A2 ⊕ B1 ⊕B2

1A1⊕2A2 ⊕2B1 ⊕2B2

3A1⊕2A2⊕2B1⊕2B2

2A1⊕3A2⊕3B1⊕3B2

4A1⊕3A2⊕3B1⊕3B2

3A1⊕4A2⊕4B1⊕4B2 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

 

χ ℓ(Θ) Θ = 0 Rxπ Ryπ Rzπ

ℓ = 0 1 1 1 1
1 3 -1 -1 -1
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
8 17 1 1 1

 

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

 

f (b)= 1
°D2

°κ kχ k
(b)*

classes
κ k∈D2

∑ χ k
(ℓ) = 1

4
χ k
(b)*

g∈D2

4

∑ χ k
(ℓ)

A2

B1Molecular (2ℓ+1)-multiplet D2-level splitting ℓ=0, s-singlet  
2ℓ+1=1 
ℓ=1, p-triplet  
2ℓ+1=3 
ℓ=2, d-quintet  
2ℓ+1=5 
ℓ=3, f-septet  
2ℓ+1=7 
ℓ=4, g-nonet  
2ℓ+1=9 
ℓ=5, h-(11)-let  
2ℓ+1=11 
...

R(3) character 
where: 2ℓ+1 

is ℓ-orbital dimension
 

χ ℓ(2π
n
) =
sin (2ℓ+1)π

n
sinπ

n

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

B2

Example: (ℓ=1) 
       and: (ℓ=2) 

      and: (ℓ=3) etc.    
A1

A2
B2

B1

A1

ℓ=1

ℓ= 2

...this Lect.10 p.25  
D2 characters:

U(2) characters 
from Lecture 15 p.110 :

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110


Review 1. Review of angular momentum cone geometry             

Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions             
Review 3. Review of RES and Multipole Tqk tensor expansions   

        
Energy levels and RES of symmetric rotors: prolate vs. oblate cases 
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D2 symmetry labels) 
            Asymmetric rotor is not Unsymmetric rotor  

Polygonal algebra & geometry of U(2)⊃CN character spectral function 
            Algebra of geometric series.                   Geometry of algebraic series 
Molecular (2ℓ+1)-multiplet D2-level splitting     Examples: ℓ=1, 2, 3,…  

j,m,n formulas for momentum operator matrix elements:Hamiltonian matrix for asymmetric rotor 
           (J=1)-Matrix for A=1, B=2, C=3.                    (J=2)-Matrix for A=1, B=2, C=3 
           Completing diagonalization from new D2 basis:  
           J=2 example of asymmetry levels.                   J=20 example of asymmetry levels 
            
Examples of  Group⊃Sub-group correlation  

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra: 
Body symmetry R(2) of prolate & oblate rotors vs. D2 of asymmetric rotor H=AJx2+BJy2+CJz2



 j,m,n formulas for momentum operator matrix elements

LAB matrix elements use the usual atomic formula:

  

′m , ′n
J JX m,n

J = D ′m ,m
J (JX )δ ′n n =2

1  δ ′m m+1 ( j − m)( j + m+1) +δ ′m m−1 ( j + m)( j − m+1)⎡
⎣

⎤
⎦  δ ′n n  

′m , ′n
J JY m,n

J = D ′m ,m
J (JY )δ ′n n =2

−i δ ′m m+1 ( j − m)( j + m+1) −δ ′m m−1 ( j + m)( j − m+1)⎡
⎣

⎤
⎦  δ ′n n

′m , ′n
J JZ m,n

J = D ′m ,m
J (JZ )δ ′n n = δ ′m mm δ ′n n

BOD matrix elements are the same after switching m’s into n’s
 and changing sign of JY  matrix (*-conjugation)

  

′m , ′n
J JX m,n

J = δ ′m mD ′n ,n
J *(JX ) =2

1  δ ′m m ( j − n)( j + n+1)δ ′n n+1 + ( j + n)( j − n+1)δ ′n n−1
⎡
⎣

⎤
⎦

′m , ′n
J JY m,n

J = δ ′m mD ′n ,n
J *(JY ) =2

+i δ ′m m ( j − n)( j + n+1)δ ′n n+1 − ( j + n)( j − n+1)δ ′n n−1
⎡
⎣

⎤
⎦

′m , ′n
J JZ m,n

J = δ ′m mD ′n ,n
J *(JZ ) = δ ′m mn δ ′n n

  

a↑
†a↓ = J+ = JX + iJY

a↓
†a↑ = J− = JX − iJY = J+

†

a↑
†a↓ n↑,n↓ = n↑+1 n↓ n↑+1n↓-1 ⇒ J+ m

j = j+m+1 j−m m+1
j

a↓
†a↑ n↑,n↓ = n↑ n↓+1 n↑-1n↓+1 ⇒ J− m

j = j+m j−m+1 m−1
j

  n↑= j + m   ,     n↓= j − m

  
m
j =

(a↑
† ) j+m(a↓

† ) j−m

( j + m)! ( j − m)!
0,0 =

n↑ ,n↓
(n↑ )! (n↓ )!

  

JX = 2
1 [J++ J− ]

JY =  2
−i[J+-J− ]

(Go to Lecture 26 p. 26 to 29 to…)

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_26_5.02.17.pdf#page=26


Hamiltonian matrix for asymmetric rotor H =2
1 JX

2

IX
+
JY

2

IY
+
JZ

2

IZ

⎛
⎝⎜

⎞
⎠⎟
= AJX

2 + BJY
2 +CJZ

2

 First are matrix formulas for BOD J2 components.

  

JX
2

m,n
J =2

1 ( j − n)( j + n+1)JX m,n+1
J            =4

1 ( j − n)( j + n+1) ( j − n−1)( j + n+ 2) m,n+2
J +4

1 ( j − n)( j + n+1) m,n
J

             +2
1 ( j + n)( j − n+1)JX m,n−1

J             +4
1 ( j + n)( j − n+1) ( j + n−1)( j − n+ 2) m,n−2

J +4
1 ( j + n)( j − n+1) m,n

J

=                                 4
( j−n)( j−n−1)( j+n+1)( j+n+2)

m,n+2
J          +           2

j( j+1)−n2
m,n
J           +                           4

( j+n)( j+n−1)( j−n+1)( j−n+2)
m,n−2
J

  

JY
2

m,n
J =2

i ( j − n)( j + n+1)JY m,n+1
J            =  4

−1 ( j − n)( j + n+1) ( j − n−1)( j + n+ 2) m,n+2
J +4

1 ( j − n)( j + n+1) m,n
J

             −2
i ( j + n)( j − n+1)JY m,n−1

J                4
−1 ( j + n)( j − n+1) ( j + n−1)( j − n+ 2) m,n−2

J +4
1 ( j + n)( j − n+1) m,n

J

=       -                          4
( j−n)( j−n−1)( j+n+1)( j+n+2)

m,n+2
J         +           2

j( j+1)−n2
m,n
J           -                           4

( j+n)( j+n−1)( j−n+1)( j−n+2)
m,n−2
J

  
JZ

2
m,n
J = n2

m,n
J

This gives the rigid asymmetric-top matrix formula for general A, B, C and J,n.:

  

( AJX
2 + BJY

2 +CJZ
2 ) m,n

J =

=  (A-B)                          4
( j−n)( j−n−1)( j+n+1)( j+n+2)

m,n+2
J  + [(A+B)          2

j( j+1)−n2
+Cn2] m,n

J  +(A-B)                           4
( j+n)( j+n−1)( j−n+1)( j−n+2)

m,n−2
J

(Go to Lecture 26 p. 26 to 29 to…)

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_26_5.02.17.pdf#page=26


Review 1. Review of angular momentum cone geometry             

Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions             
Review 3. Review of RES and Multipole Tqk tensor expansions   

        
Energy levels and RES of symmetric rotors: prolate vs. oblate cases 
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D2 symmetry labels) 
            Asymmetric rotor is not Unsymmetric rotor  

Polygonal algebra & geometry of U(2)⊃CN character spectral function 
            Algebra of geometric series.                   Geometry of algebraic series 
Molecular (2ℓ+1)-multiplet D2-level splitting     Examples: ℓ=1, 2, 3,…  

j,m,n formulas for momentum operator matrix elements:Hamiltonian matrix for asymmetric rotor 
           (J=1)-Matrix for A=1, B=2, C=3.                    (J=2)-Matrix for A=1, B=2, C=3 
           Completing diagonalization from new D2 basis:  
           J=2 example of asymmetry levels.                   J=20 example of asymmetry levels 
            
Examples of  Group⊃Sub-group correlation  

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra: 
Body symmetry R(2) of prolate & oblate rotors vs. D2 of asymmetric rotor H=AJx2+BJy2+CJz2



(J=1)-Matrix for A=1, B=2, C=3. 

  

m, ′n
1 JX m,n

1 =

⋅   2
2 ⋅

  2
2 ⋅   2

2

⋅   2
2 ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,      m, ′n
1 JY m,n
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⋅   2
i 2 ⋅

  2
−i 2 ⋅   2

i 2

⋅   2
−i 2 ⋅

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,      m, ′n
1 JZ m,n

1 =
+1 ⋅ ⋅
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⋅ ⋅ −1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
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2
m,n
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2
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⋅ 1 ⋅

2
1 ⋅ 2
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⎛
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⎜
⎜
⎜
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⎟
⎟
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⎟
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2
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⎜
⎜
⎜
⎜
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⎟
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2
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⎛
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⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
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(J=1)-Matrix for A=1, B=2, C=3. 
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⎜
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⎟
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⎜
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⎛

⎝

⎜
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⎠

⎟
⎟⎟
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AJX
2 + BJY

2 +CJZ
2 J=1

=
2
A+2

B +C ⋅ 2
A−2

B

⋅ A+ B ⋅
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A−2

B ⋅ 2
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⎝
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⎜

⎞

⎠

⎟
⎟
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⎟
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⎟
⎟
⎟
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⎜
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⎟
⎟

  

B + C = 5,   A+ B = 3,   A+ C = 4( )
      1/ 2         0         1/ 2     

     0         1      0
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⎜
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⎟
⎟
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eigen-values:

eigen-vectors:



(J=1)-Matrix for A=1, B=2, C=3. 
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⎟
⎟
⎟

=
2
1 +2

2 + 3 ⋅ 2
1 −2

2

⋅ 1+ 2 ⋅

2
1 −2

2 ⋅ 2
1 +2

2 + 3

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
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⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1A1

0A1⊕ A2 ⊕ B1 ⊕B2

 

f (α )(ℓ) f A1 f A2 f B1 f B2

ℓ = 0 1 ⋅ ⋅
1 ⋅ 1 1 1
2 2 1 1 1
3 1 2 2 2
4 3 2 2 2
5 2 3 3 3
6 4 3 3 3
7 3 4 4 4

 

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   

  

B + C = 5,   A+ B = 3,   A+ C = 4( )
      1/ 2         0         1/ 2     

     0         1      0

   −1/ 2         0   +1/ 2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

eigen-values:

eigen-vectors:



(J=1)-Matrix for A=1, B=2, C=3. 
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⎜
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⎟
⎟
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⎜
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⎟⎟
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AJX
2 + BJY

2 +CJZ
2 J=1

=
2
A+2

B +C ⋅ 2
A−2

B

⋅ A+ B ⋅

2
A−2

B ⋅ 2
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B +C

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
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⎟
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2
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⋅ 1+ 2 ⋅
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⎜
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⎞
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⎟
⎟
⎟
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⎛
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⎜
⎜
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⎠

⎟
⎟
⎟
⎟

  

B + C = 5,   A+ B = 3,   A+ C = 4( )
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     0         1      0

   −1/ 2         0   +1/ 2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

eigen-values:

eigen-vectors:

  

B + C = 1/ 2 m,+1
1                       -1/ 2 m,−1

1

A+ B =                      + m,0
1                     

A+ C = 1/ 2 m,+1
1                      +1/ 2 m,−1

1

ΨΨxx == DD11xx00ΨΨyy == DD11yy00

ΨΨzz == DD11zz00

j = 1
Standing
p-Waves

x-like

y-like
z-like

Body-based J=1
vector-like eigenfunctions

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   



(J=1)-Matrix for A=1, B=2, C=3. 

  

m, ′n
1 JX m,n

1 =

⋅   2
2 ⋅

  2
2 ⋅   2
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⋅   2
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⎛
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⎜
⎜
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⎟
⎟
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⎟⎟
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2
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B + C = 5,   A+ B = 3,   A+ C = 4( )
      1/ 2         0         1/ 2     

     0         1      0

   −1/ 2         0   +1/ 2

⎛

⎝
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⎠

⎟
⎟
⎟

eigen-values:

eigen-vectors:

  

B + C = 1/ 2 m,+1
1                       -1/ 2 m,−1

1

A+ B =                      + m,0
1                     

A+ C = 1/ 2 m,+1
1                      +1/ 2 m,−1

1

ΨΨxx == DD11xx00ΨΨyy == DD11yy00

ΨΨzz == DD11zz00

j = 1
Standing
p-Waves

x-like

y-like
z-like

Body-based J=1
vector-like eigenfunctions

B1B1A2A2

B2B2

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   



Review 1. Review of angular momentum cone geometry             

Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions             
Review 3. Review of RES and Multipole Tqk tensor expansions   

        
Energy levels and RES of symmetric rotors: prolate vs. oblate cases 
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D2 symmetry labels) 
            Asymmetric rotor is not Unsymmetric rotor  

Polygonal algebra & geometry of U(2)⊃CN character spectral function 
            Algebra of geometric series.                   Geometry of algebraic series 
Molecular (2ℓ+1)-multiplet D2-level splitting     Examples: ℓ=1, 2, 3,…  

j,m,n formulas for momentum operator matrix elements:Hamiltonian matrix for asymmetric rotor 
           (J=1)-Matrix for A=1, B=2, C=3.                    (J=2)-Matrix for A=1, B=2, C=3 
           Completing diagonalization from new D2 basis:  
           J=2 example of asymmetry levels.                   J=20 example of asymmetry levels 
            
Examples of  Group⊃Sub-group correlation  

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra: 
Body symmetry R(2) of prolate & oblate rotors vs. D2 of asymmetric rotor H=AJx2+BJy2+CJz2



(J=2)-Matrix for A=1, B=2, C=3. 

  

AJX
2 + BJY

2 +CJZ
2 J=2

=

( A+ B)+ 4C ⋅  2
6 ( A− B) ⋅ ⋅

⋅ 2
5 ( A+ B)+C ⋅ 2

3 ( A− B) ⋅

 2
6 ( A− B) ⋅ 3( A+ B) ⋅  2

6 ( A− B)

⋅ 2
3 ( A− B) ⋅ 2

5 ( A+ B)+C ⋅

⋅ ⋅  2
6 ( A− B) ⋅ ( A+ B)+ 4C

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

=

15   2
− 6

 2
15

 2
−3

  2
− 6 6    2

− 6

 2
−3

 2
15
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− 6 15

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
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⎟
⎟
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⎟
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⎟
⎟
⎟

XXxxyy

XXxxzz
XXyyzz

XXxx22--yy22 XX22zz22--xx22--yy22

||XX2222 ||22
||XX2211 ||22

||XX2200 ||22

j = 2
Standing
d-Waves

j = 2 Moving d-Wave Distributions

yyxx

zz
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++ ++

++
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++
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−−

−−
−−

−−

−−

−−
−− −−

yy
xx m=2

m=1

m=0

A1A1

B1B1A2A2
B2B2

A1A1

Rz(180°)Rz(180°)

Rx(180°)Rx(180°)

Ry(180°)Ry(180°)

Rx(180°)Rx(180°)

Rz(180°)Rz(180°) Rz(180°)Rz(180°)

Rx(180°)Rx(180°)

Ry(180°)Ry(180°)

Ry(180°)Ry(180°)

   

 

D2 1 Rx R y R z

A1 1 1 1 1

A2 1 -1 1 −1

B1 1 1 -1 −1

B2 1 -1 -1 1

   



The following basis transformation “almost diagonalizes”            by reducing it to block form. 
Let:                  and                  to shorten expressions.
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Fig. 25.4.3  Correlations between  

the asymmetric top symmetry D2  

and subgroups C2(x), C2(y), and C2(z).
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Fig. 25.4.2   J = 10 asymmetric top energy levels and related RE surface paths  

(A = 0.2, B = 0.4, C = 0.6). Clustered pairs of levels are indicated in magnifying  

circles that show superfine splittings.
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