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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

»Review 1. Review of angular momentum cone geometry
Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions

Review 3. Review of RES and Multipole T{X tensor expansions



Review of angular momentum cone geometry
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Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

Review 1. Review of angular momentum cone geometry

Review 2. Review of Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
»Review 3. Review of RES and Multipole T tensor expansions




RES and Multipole T* tensor expansions

Momentum 101  p=mv J=L=1w® BANG!
(linear) (rotation)

Energy 101 E =tmv? = p2 /2m E=S10? = /2]  $8Ucks
Simple Rigid Rotor Hamiltonian... (Hamiltonian H=E is enarqy in terms of momentum)
H=A4J i + BJ i +CJ i + e ..and its mulfi- expansion...
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RES and Multipole T* tensor expansions
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RES and Multipole T* tensor expansions
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RES and Multipole T* tensor expansions
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

»Energy levels and RES of symmetric rotors: prolate vs. oblate cases
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D> symmetry labels)
Asymmetric rotor is not Unsymmetric rotor



Energy levels and RES of symmetric rotors: prolate vs. oblate cases
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Energy levels and RES of symmetric rotors: prolate vs. oblate cases

Kinetic energy inertial coefficients :
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Energy levels and RES of symmetric rotors: prolate vs. oblate cases A
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Energy levels and RES of symmetric rotors: prolate vs. oblate cases
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Energy levels and RES of symmetric rotors: prolate vs. oblate cases
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j=2
=1
j=0

~ -~
~
[NY SS
~ ~
[N N
~
[N R

= BJ% + BJ: + BJZ +(A—B)J5=BJeJ+(A-B)J:

J=10 Minimum uncertainty angle
\
prolate

Prolate Top (A>B)
QTforCA Unit 8. Ch. 23 Fig. 23.1.3

mmetric toj 61'%
RES N
NI+ ~J+172
110.488~10.5
Ki5 “
n=+2 ‘ =%
[\\\\ <
\ - -
|
n=0
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

Energy levels and RES of symmetric rotors: prolate vs. oblate cases
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D> symmetry labels)
Asymmetric rotor is not Unsymmetric rotor




after QTforCA Unit 8. Ch. 25 Fig. 25.4.1
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Asymmetric Top Eigensolutions
Related to RE Surface
and semi-classical J-phase paths

after QTforCA Unit 8. Ch. 25 Fig. 25.4.1


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=47

o o o K =:|:6 A ]
Asymmetric Top Eigensolutions ? e ——
Related to RE Surface R B

: : o 2

and semi-classical J-phase paths .~ ; A,
s y =
precessing J A —

$ g / B ]

J vector

+4 A

b,

s A,

+4 B

A,

- J;
15 B,
A,
- B
Kx\—\ﬂ Ji
J =3 Note: A1B1A2Bo AI
‘monondromy“

after QTforCA Unit 8. Ch. 25 Fig. 25.4.1
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
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Energy levels and RES of symmetric rotors: prolate vs. oblate cases
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D> symmetry labels)
» Asymmetric rotor is not Unsymmetric rotor



Asymmetric rotor is not Unsymmetric rotor

Even an ugly rigid body has inertial tensor | with at least D> symmetry...

J; ...in 1 Principal Axis BODY frame (eigenvectors of 1)
J:

RES of asymimetric rotor




Asymmetric rotor is not Unsymmetric rotor

Even an ugly rigid body has inertial tensor | with at least D> symmetry...

J; ...in 1 Principal Axis BODY frame (eigenvectors of 1)
J:

RES of asymimetric rotor

Always I tensor is symmetric ( = b)) so eigenvectors must be orthogonal.



Asymmetric rotor is not Unsymmetric rotor: D> character table

Even an ugly rigid body has inertial tensor | with at least D> symmetry...

J; ...in 1 Principal Axis BODY frame (eigenvectors of 1)
RES of asymimetric rotor J.

)

R, (180°)

N

o

>

=

D> symmetry has three
180°rotations R, Ry R;

Always I tensor is symmetric ( = b)) so eigenvectors must be orthogonal.



Asymmetric rotor is not Unsymmetric rotor: D> character table

Even an ugly rigid body has inertial tensor | with at least D> symmetry...

...in I Principal Axis BODY frame (eigenvectors of 1)
Since Rz — Rx Ry

D,[1 R |R, R

D; characters are xy Al 1|1

outer product: o I U O I B
C 1 R, cy |1 R, L
T O o Jo N I S O I |
! - |1 -1

xcy1t woalir, vk, D> symmetry has three

11 11 1 .1 | 180°rotations
= . |11 -1 1 1
S 1 T % T I DY ) S Y
—em L | (=) e (=D)

(180°)




Asymmetric rotor is not Unsymmetric rotor: D> character table

Even an ugly rigid body has inertial tensor | with at least D> symmetry...

c |1 ¢y 1 R,
+ (1 1
- |1 —1
CyxCy |11 B 1| 1-R, R R,
+ -+ -1 -1 -1 -1
= ot 1 1 1 1
[ N ENE Y
Sm [ B[ ED D
(180°) ...that gives:
D, |1 R, R
y z
k=41 1|11
Deciphering notation: = —+=4, |1 -1 | 1 -1
A 1s Ry-symmetry “Always-the-same” ce—=RB 11 1| -1 =1
1

B 1s Ry-anti-symmetry “Back-n-forth” -

...in I Principal Axis BODY frame (eigenvectors of 1)
Since Rz — Rx Ry

D> characters are xy
outer product:

O
[—
o
~

N

1 1 1
-1 1
1| -1
-1 -1 1

R

o)

[E—
O N [ T

o

D> symmetry has three
180°rotations

1 subscript 1s
» subscript 1s

-Symmetry
-anti-symmetry
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»Polygonal algebra & geometry of U(2) DCn character spectral function

Algebra of geometric series. Geometry of algebraic series
Molecular (20+1)-multiplet D>-level splitting  Examples: (=1, 2, 3, ...



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. /

~i0/2 € '
1"%(©) = traceD"*(©) = trace[ € +;9/2 ] 1 (©)=traceD'(®)=trace| . |

(spinor-j=1/2) (vector-j=1) _ . e+i9




Polygonal algebra&geometry of U(2)DD: character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e"® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. /

_i0/2
X 1/2(@) = traceD" 2(@) — trace| € o
(spinor-j=1/2) ' e

1 (©)=traceD'(®) = trace .1
(vector-j=1)

+i60

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
© ©

11/2(6) = 9_15 + 615 = 2008% (spinor-j=1/2)
= = 0 30

;(3/2((9)=e_l 2 4., +4e? =20085+2cos7

50

50
2(©@)= e 2 4 S 30 50

20
+e 2 =2cos—+2cos—+2cos—
2 2 2

£°(©)= 00 1

(scalar-j=0)

2(©)=¢©+1+© =1+2c0s0
(vector-j=1)

)(2(6) — e 29 L 029 —142c0sO+2c0s20

(tensor-j=2)



Algebra of U(2)DD: character spectral geometric series
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (¢ =2j+1)-term sum of e™® over allowed m-quanta m={-j, j+1,..., j-1,j}. _i® )
e . .
—i6/2
7"%(©) = traceD"*(©) = trace € o 1 (©)=traceD'(®)=trace| . |
(spinor-j=1/2) . : (vector-j=1) u . e+i9 )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e o .
11/2(8) —e 12 + el 2 — 20089 (Span]/'_‘]:]/2) ZO(G) — e—l@~0 — 1
2 (scalar-j=0)
50 G o
772 @)=e 2 4+.. +e 2 = 20089+2cos@ 71 (0)=¢® +1+© =1+2c0sO
2 2 (vector-j=1)
50 50 o
772(O@)=e 2 +.. +4e?2 = Zcos%+2cos?+ 2003? 72(0)=¢"9+..%° =1+2c0sO+2c0s20

. . (tensor-j=2)
Y(0©) is a geometric series withratio €© between each successive term.

)(j (©)=T, mceD(j)(G)) = Y 4 OUTD 4 o0OU=2) 4 4 HOU=2) 4 O O



Algebra of U(2)DD: character spectral geometric series
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e"® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
e B .
—i6/2
7"%(©) = traceD"*(©) = trace € o 1 (©)=traceD'(®)=trace| . |
(spinor-j=1/2) . : (vector-j=1) u . e+i9 )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
o o .
11/2(8) —e 12 + el 2 — 20089 (Span]/'_‘]:]/2) ZO(G) — e—l@~0 — 1
2 (scalar-j=0)
50 30 o
772 @)=e 2 4+.. +e 2 = ZCOSQ-I-ZCOS@ 71 (0)=¢® +1+© =1+2c0sO
2 2 (vector-j=1)
50 50 o
772(O@)=e 2 +.. +4e?2 = Zcos%+2cos?+ 2003? 72(0)=¢"9+..%° =1+2c0sO+2c0s20

. . (tensor-j=2)
Y(0©) is a geometric series withratio €© between each successive term.

)(j (@)= TmceD(j)(@) = Y 4 oOUD 4 70U2) | 4 HOUT2) | HOUD 4 o0

Z] (@)e_’® — e_l(“)(]"'l) _|_e—l®] _|_e—l@(]—1) +e—l®(]—2) +...+€+l®(]_2) +e+l®(]—1)



Algebra of U(2)DD: character spectral geometric series
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (¢ =2j+1)-term sum of e™® over allowed m-quanta m={-j, j+1,..., j-1,j}. _i® )
e . .
—i6/2
7"%(©) = traceD"*(©) = trace € o 1 (©)=traceD'(®)=trace| . |
(spinor-j=1/2) . : (vector-j=1) u . e+i9 )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e o .
11/2(8) —e 12 + el 2 — 20089 (Span]/'_‘]:]/2) ZO(G) — e—l@~0 — 1
2 (scalar-j=0)
50 G o
772 @)=e 2 4+.. +e 2 = 20089+2cos@ 71 (0)=¢® +1+© =1+2c0sO
2 2 (vector-j=1)
50 50 o
772(O@)=e 2 +.. +4e?2 = Zcos%+2cos?+ 2003? 72(0)=¢"9+..%° =1+2c0sO+2c0s20

. . (tensor-j=2)
Y(0©) is a geometric series withratio €© between each successive term.

Zj(e)):TraceD(j)(@)): —i0) |, ~10(j-1) | ~i0(j-2) | . +iO FIO(j-1) | ,+i6)

—0(j-1) 4 ,~0(j-2) , L FOG +i0(j—1)

Z] (@)e—i(’*) — e—i@(j+1)
Subtracting gives:
Z](@)(l . e—i®) — _e—i®(j+1) n e+i@j



Algebra of U(2)DD: character spectral geometric series
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e"® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
e ! B .
—i6/2
7"%(©) = traceD"*(©) = trace € o 1 (©)=traceD'(®)=trace| . |
(spinor-j=1/2) . : (vector-j=1) u . e+i9 )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
o o .
11/2(8) —e 12 + el 2 — 20089 (Span]/'_‘]:]/2) ZO(G) — e—l@~0 — 1
2 (scalar-j=0)
29 P Q) 30 ' '
772(@)=e 2 +.. +e 2 =2cos—+2cos— 71 (0)=¢® +1+© =1+2c0sO
2 2 (vector-j=1)
50 50 o
772(O@)=e 2 +.. +4e?2 = Zcos%+2cos?+ 2003? 72(0)=¢"9+..%° =1+2c0sO+2c0s20

. . (tensor-j=2)
Y(0©) is a geometric series withratio €© between each successive term.

Zj(e)):TraceD(j)(@)): —i0) |, ~10(j-1) | ~i0(j-2) | . +iO FIO(j-1) | ,+i6)

27 (0)e® = ¢ OUH g3 =B | (=10(-2) | | ¥ +i0(j-1)
. L . . o] o]
Subtracting/dividing gives ¥/(©) forrjnula. i8] _ ~iO(j+1) e+l®(1+5) ~ e—l®(J+§) sin ©( j+%)
2(9)= 1—e © B 0 0 - 0
e +ZE —ZE SlIl—
e — € 2




Algebra of U(2)DD: character spectral geometric series

Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e"® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. /

e .
—~i6/2
: 1 1
ZUZ(@) — traceDl/z(@) = frace € o X (@) = tracelD (@) = frace . 1
(spinor-j=1/2) . : (vector-j=1) u . e+i9
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
0 0
72 (@)= 2 402 = ZCOS% (spinorj=1/2) 7°(©)=¢"00 =1 |
(scalar-j=0)
32 -2 == S 30 1 —i® i©
y'(O®)=e %2 +.. +e ? =2cos—+2cos— 7 (@)=e " +1+e"” =14+2cosO
2 2 (vector-j=1)
50 50 o
772(O@)=e 2 +.. +4e?2 = Zcos%+2cos?+ 2003? 72(0)=¢"9+..%° =1+2c0sO+2c0s20

(tensor-j=2)

Y(0©) is a geometric series withratio €© between each successive term.

Zj(e)):TraceD(j)(@)): —i0) |, ~10(j-1) | ~i0(j-2) | . +iO FIO(j-1) | ,+i6)

27 (©)e® = ¢ OUH g3 =B | (=10(-2) | [ F106 +i0(j-1)

. L . . o] o]
Subtracting/dividing gives /(©) formula. i8] _ ~iO(j+1) +HO(j+)  —O(+)  gin@( j+;)

rOET e NCIC 0
o 2 _e 9) SlnT
. 4 07 - S )
For C, angle ©=2n/n this )/ has , sin*(2j+1) sin’—  Character Spectral Function
a lot of geometric significance. x’ (—7[) =1 = X where: F=2j+1
Sin— sin— is U(2) irrep dimension
N\ n n J




Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

Energy levels and RES of symmetric rotors: prolate vs. oblate cases
RES of prolate and oblate rotor vs. asymmetric rotor (Introducing D> symmetry labels)
Asymmetric rotor is not Unsymmetric rotor

»Polygonal algebra & geometry of U(2) DCn character spectral function

Algebra of geometric series. Geometry of algebraic series é
Molecular (20+1)-multiplet D>-level splitting  Examples: (=1, 2, 3, ...



Polygonal geometry o U(Z)DCN character spectral function

LT .t/ Character Spectral Function)
o sin—(2j+1) sin——- .
v (= n _ n where: V' =2j+1
n sin U3 sin U3 is U(2) irrep dimension
. n n J
- 1 /Sin% >

()" n-gon segments j
x](Zﬂ/n)zsin(gfj)/sin;c n = ]2 V=4
gj: 2j+1 I/l.= / Sin(%fj)/sin%

0
enss)=1 X (2m/7)=1 p I
XI/Z(ZTC/5):].618... x]/2(27t/7):1.802... v T(2n/12)=1.932... ¥ (2n/12)=3.732...
~(192= 3l o7=2.247.. omiz)=2732. 7 en/12)=3.864...

P on/7)=2.247.. 2 0n/12)=3.346.. 3 (2n/12)=3.732...



Polygonal geometry of U )/Z/) Cn character spectral function

4 LT .t/ Character Spectral Function)
o sin—(2j+1) sin——- .
v (= n _ n where: V' =2j+1
n sin U3 sin U3 is U(2) irrep dimension
. n n J
\th < Siny >
()" n-gon segments | ; |
. . JT . ! \
6]: 2j+1 n=~>7 sin(%fj )/Sin%

0
enss)=1 X (2m/7)=1 p I
XI/Z(ZTC/5):].618... x]/2(27t/7):1.802... v T(2n/12)=1.932... ¥ (2n/12)=3.732...
~(192= 3l o7=2.247.. omiz)=2732. 7 en/12)=3.864...

P on/7)=2.247.. 2 0n/12)=3.346.. 3 (2n/12)=3.732...



Polygonal geometry of U(2)DCn character sp

ectral function

4 LT 14 Character Spectral Function)
Zj(zﬂ) _ smn(2] ) _ . where: £'=2j+1

. n sin® sin ™ is U(2) irrep dimension )
\h < 1/sin’t >
()" n-gon segments ; ; ;

. T T | _ 1
x](zn/n)zsm(ﬁfj)/smﬁ l n=1712 V=4 l
0= 31 n= sin(i ) fsin;

- l=1,2, : Py

n = ] | | 1/ z‘an%" e ?

- Jo_ny ’
27t
W @ ) E \\\
2 n
O_m \
%%%%%%%% gt |
v (21/5)=1 X (2n/7)=1 s n 5
2 2n/5)=1.615.. v on/7)=1.802.. X T(2n/12)=1.932.. y (2n/12)=3.732...
~(192= 5l onn=2.247..  omi12)=2.732.. % (2n/12)=3.864...
W Pomn-2247.. X CRIJ=3346.. f (21/12)=3.732..



Polygonal geometry of U(2)DCy

character spectral function

-

-

7
sinn.(Zj +1) sin 7t
n

Character Spectral Function)
where: V' =2j+1
is U(2) irrep dimension

225 = _
n

T

. T
SIn —

Sin —
n

J

Integer j for n=12

v on/12)=2.732.

J 5
V=7 ’oni2=373. Jj=3
j 2 .
V=5 JYowin=3732.  j=2
o on/i2)=2.732..  j=I
oniz=1 =0

1/2-Integer j for n=12
/9/\

2 (2m/12)=1.932...
]:7/2 Y

=5/

"2 (21/12)=3.346... gjz 3

J
V2 on/12)=3.864.. V=

/=6

X

J
2 om12)=3.346.. (=4

W om/12)=1.932... [jzz/

\/

j=3/2



Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

Polygonal algebra & geometry of U(2) DCn character spectral function

Algebra of geometric series. Geometry of algebraic series
'Molecular (20+1)-multiplet D>-level splitting  Examples: (=1 *




(=0, s-singlet

Molecular (20+1)-multiplet D>-level Splzttmg

; B,
20+1=1
Example: (€=1) s B, (=1, p-triplet
= =Y k= Z " Aatsen) 2+ ]=3
classes eD, — .
K€D, g Characters QTCAtext p.69 (=2, d-quintet
PSDSCh5p383(70) " Character frequency-f formula GrpTh Lect15 p.44. 20+1=5
04 OR R, SYMMETRY o - M f formula PSDStext p38:1 87. 623’ ﬁsepl‘et
o el e Q 20+1=7
2 S A FoEd Lo D 3§ DQ_‘2
ey ) o | )] (=4, g-nonet
R D*(R) = ( Do ) ‘Me ( D’(R) )
DEG:iI;:!ACY o~ 0 : Do e | D’"’”} 2€+1 :9
e A g™ (=35, h-(11)-let
Gin 2/+ D R(3) character 20+1=11
U(2) characters ¢ (2_7r) B n rore: 20+]
from Lecture 15 p.110 : 2T . T where: 24+
sm; is (-orbital dimension
2 (©)| ©=0 m Rm R
/ sin(/ +2 )©
(=0 | 1 1 1 1 X (©)= 0
3 -1 -1 -1 ) sz
5 1 1 1
7 -1 -1 -1
9 1 1 1

0 J N U B W N



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=70
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=38
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=69

Molecular (20+1)-multiplet D>-level Splzttmg

B,
Example: (€=1) =L B,
(b)_ (b)y* , (£ (b)* ¢
f OD z K. X\ ) ( ) — z X ( ) A j(absent)
classes geD2
K€D,
53 (o)
Oy OR Ry SYM ///// . . SYMMETRY
: e E/_/’_/_/ =5 @ D:,Q mia ' 2t e
Gl hadsdlie oW (5§ = ¢ D“(m-( Dot ) M= ( of(R)
DEGENERACY \\\\ : ok VO EREER D_o—, ‘M
b 20+ D)r
U(2) characters z(z_ﬂ) T R(? ch.a Scéitjr
from Lecture 15 p.110 : 2T . T waere.
sm; is V-orbital dimension
1'(©)|6=0 Rz Rz Rz o
/ sin(/ +5)©
(=0 1 1 1 1 x (©)= 0
(1 3 -1 -1 ) sin—
2 5 1 1 1| .. .this Lect.10 p.25
3 7 -1 -1 -1 | D, characters:
4 9 1 1 1 D, |1 R. R
y z
S N | e Faw e
6 3
7 15 -1 -1 -1 FEEEE 1 1
8 17 1 1 1 ! o
Byl 1 1| -1 1

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11


https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110

Molecular (20+1)-multiplet D>-level Splzttmg

(=0, s-singlet

I lor (0=] =1 20+1=1
xample: (£=1) — B, (=1, p-triplet
=5 L e = Z I T Aabseny 20+ ]=3
2o = (=2, d-quintet
20+1=5
(o)
04 OR Ry SYMMETRY iy svasae 623’ f-S@ptet
st Q 20+1=7
2 EE WL e s D). - e
e ) ( ' ) (W ) (=4, g-nonet
R D*(R) = Do iMe D’(R)
DEG:il;F‘!ACY b \ : ' R B | mm); 2€+] =9
\\\ 2 (=5, h-(11)-let
, o sin @f+Dm R(3) character 2+1=11
X (7) = Z where: 20+1
sm; is (-orbital dimension
2 (©)| ©=0 r Rmr Rr in(/ 1)® @ s s 5 B
' sin( £ +5 o ! 2 I 2
/=0 1 1 1 1 7' (©)= é A (O I A A A |
(1 3 -1 -1 -1) SIn— =0 1 14,
2 5 T T T 2 1 : 1 I |04®4.®B,®B,
3 7 -1 -1 -1
;I- 9 1 1 1 DZ 1 Ry RZ 3 -1 -1 -1
1 -1 -1 - VR
6 13 1 1 1 Aot O @=11 1 1 11 ia&error??
A1 1|1 =1 _ _
7 15 o S | 32 — Iy (g)=]1 1 -1
8 17 1 1 1 ! - ly"(g)= |1 1 -1
By |1 -1 ] -1 1 ;
ly=(g)=|1 1




Molecular (20+1)-multiplet D»-level splitting

(=0, s-singlet

B
_ 20+1=1
- o ] - 52 (=1, p-triplet
xample: (£=1) F= OD z oK 7"y, O = z PIOPAC . " 204+]=3
and: (¢=2) 2 clase = 2 B> 0=2, d-quintet
PSDSCh5p383(70) | AB ] 20+1=5
(o) 1
04 OR R, SYMMETRY g M 623, f-S@ptet
st Q 20+1=7
: Sig Tl D ...  Ft
oA S ) ( ' ) (W ) (=4, g-nonet
2 sl 7%} Dot ‘ME o _
DEGENERACY et : Do D | D7(R); 2€+1 =9
e g (=5, h-(11)-let
s Q0+ D R(3) character 20+1=11
X £(7) = Z where: 20+1
g sm; is V-orbital dimension
¥ (©)| 60=0 T Rm Rnm sin(/ +l)® @ A A B, B,
=0 1 1 1 1 ‘@)= s UM I A
1 3 B | sin— (=0 | 1 : 14,
€ S " " D) 2 1 - 11 |04,@4.9B8 08,
3 7 -1 1 -1 2 2 1 1 |24, 4,® B,®B;
;L 9 1 1 I b, |1 R, R, 5 1 1 1
1 -1 -1 -1 P
6 13 1 1 1 jl 1 11 1 _11 20°@=12 2 2 2 yial&error??
7 15 1 -1 - 32 — Iy (g)=11 1 -1
8 7 1 1 1 ! ) Ix"(g)= |1 1 -1
Bl 1|1 1 ,
ly=(g)=|1 1



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=70

Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJ*+BJy*+CJd?

Polygonal algebra & geometry of U(2) DCn character spectral function
Algebra of geometric series. Geometry of algebraic series
'Molecular (20+1)-multiplet D>-level splitting  Examples: (=1, 2, 3, %




Molecular (20+1)-multiplet D»-level splitting B,
=1

Example: (¢=1) F= OD z o 7"y

() —

(b)* (f)
Z%

and: (£=2) ;l:’fgj =
3% (o)
04 OR Ry SYMMETRY //// P! : . oL
— f’_//_/_/_’_/_ )
2y el -3 e (
) QU+
U(2) characters ‘ 2r )= > n
from Lecture 15 p.110 : 2T .
‘ n
(©) =0 T Rm Rnm .
£ ! ' , sin(/ +3)©
(=01 1 1 1 1 X (©)= 0
1 3 1 1 - sin—
. 2
(2 S 1 1 1 ) ...this Lect.10 p.25
3 7 -1 - 1| D, characters:
4 9 A N N NE R R
y z
5 11 -1 -1 -1 a1 11 1
o |13
7 15 -1 -1 -1 TR 1 1
8 17 1 1 1 ! 3
By [1 1| -1 1

(=0, s-singlet

20+1=1
— gt (=1, p-triplet
=2 4é 2€+]:3 |
—— 2 (=2, d-quintet
B 20+1=5
] (=3, f-septet
Q 20+1=7
e )i (TR ) G g
B i [owy / 20+1=9
(=5, h-(11)-let
R(3) character 26+1=11
where: 20+1
is V-orbital dimension
VA CA T IV A AN S
(=0 1 : 14,
1 : | I (04,8 4.® B, 8B,
2 2 1 1 (24,0 4,® B,8B,

f-formula better than trial&error
5+1+1+1

IR s
5 1/1 1 4
|1 <11 -1] 5-1+1-1
Z = :1
5 101 1 4



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=110

Molecular (20+1)-multiplet D»-level splitting

(=0, s-singlet

By
— 20+1=1
- 52 (=1, p-triplet
Example: (£=1) FO= z ok x"x, z PR A 2041=3
0o 1
Clnd (é 2) D classgs geD2 —ﬁ: 2 B, €:2 d—glxﬂntet
and: (¢=3) 5 20+1=5
(o)
04 OR R, SYMMETRY o svmrs : 623, f-S€pl‘et
A T Q 20+1=7
0 £ S D - A
AR S ) & | (o] (=4, g-nonet
gy DS D”(n)-( D1 ) iMe D’(R)
DEGENERACY : D oot D_. o | D7(R); 2€+1 :9
& - 3 (=5, h-(11)-let
, o si @f+Dm R(3) character 2+1=11
X (7) Z where: 20+1
g sm; is (-orbital dimension
P ®10=0 87 RE REL Gnwehe o] g e g
(=01 1 1 1 1 X (©)= 0
1 3 1 -1 - sin — =0 | 1 - 14,
9) 5 1 1 1 2 1 : 1 1 04,8 4,® B, ®B,
(3 7 -1 -1 1) 2 |2 I 1 |24,04.0B @5
2 0 1 1 1 P . 3 1 2 2 | 14,824, ®2B, ®2B,
5 11 -1 -1 -1 Az 1 ly lz f-formula better than trial&error
1
2 12 11 11 11 4|1 L }‘ ; 11 11 11 :7—1;1—1=1
) ) ) B |1 1 - —
3 17 1 1 1 i1 a1 o4 _7+1—1+1_2
51 1] 7ol a1 4 -




Molecular (20+1)-multiplet D»-level splitting g =0, s-singlet
(=1 20+1=1
7 - (f=] T ki (=1, p-triplet
xamp de 2 » ) FO= OD Z oy 0 = Z PR L " 2047=3
and: (£=2) > g * e S22 B =) d-quinter
and: ({=3) etc. ‘f::,-,,.:;—_AB] 20+1=5
05 OR Ry SYMMETRY e o ] (=3, f-septet
///:/,/—’——@'— : 2€+]:7
Q gf’_/_/_/_ » DQ'Q(R) ..... D, , E‘Tm] €:4 _nonet
RS 8 e D“m)-( Dy_1. ) ‘Me ( D’(R) ) ' &
DEG:il;;Acv SN = : D D_, . ‘M 20+1=9
Faigr A sk (=5, h-(11)-let
20+ D 20+1=]]
U(2) characters z(z_ﬂ) T RG) ch.amcter
from Lecture 15 p.110: I where: 2(+1
- is {-orbital dimension
2 (©)| ©=0 r Rmr Rr in(? 1)@ - | | . ,
S1n +5 o 1 2 1 2
/=0 1 1 1 1 7' (©)= é A (O I A A A |
1 3 1 -1 - sinz (=0 | 1 - 14,
2 S 1 I 1 this Lect.10 p.25 : | : L 04,84.0 8,88
o 2 2 1 1 |24,04,®B,®B,
3 7 -1 -1 -1 | D, characters:
4 9 1 1 1 —~r Fa— 3 1 2 2 | 14,024,928, 925,
5 11 -1 -1 - 2 y ¢z 4 3 2 2 |34,®24.828,2B,
6 13 1 1 1 S L B 5 2 3 3 |24,834.83B,83B;
(7 TEEEEED. At rprAl 6 4 3 3 |44,034.®3B,®3B;
s 17 1 1 1 || 713 4 4 |34,041.048,048,
B, |1 -1 -1 1
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

* j,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3
Completing diagonalization from new D; basis:
J=2 example of asymmetry levels. J=20 example of asymmetry levels



j,m,n formulas for momentum operator matrix elements

m=j+m , n=j-m
TN+ T\ J—T
‘j>: @y’ ™"@))’
"G+ mN = m)!
ala =J, =J, +iJ,

o)
0,0)=
‘ JmL(ny)!

ala;=d_=J,-iJ, =J
J, =5[J.+J ]
J,=2[J,-J_]

[LAB matrix elements use the usual atomic formula:

a}ai‘nT ,n¢>=1 /”T"'l\/a n,+l n¢—1>
ajaT‘nT ’”¢>:\/Z~ /n¢+1 nT—l n¢+1>

;1>:\/ Jjrmlj—m

=J,
= J_| £1>:\/j+m\/j—m+1

el ) = D 008,23 | Spie G =mG ) 48, G+ m)i=m+1) | 6,

<;{1’,n’ JY i@,n> = DI{z’,m (JY)5n’n :; |:5m’m+1 \/(] - m)(] Tm+t 1) - 5m’m—1\/(j+ m)(] —m+ 1):| 5n’n

J J J
<m’,n' JZ m,n> = Dm’,m (JZ )Sn’n = 6m’mm 5n’n

BOD matrix elements are the same after switching m’s into n’s
and changing sign of Jy matrix (*-conjugation)

(st e ) = 8D 5 =3 8,0 [ NG =m0+ 14D g, +J G+ G =418, |

<i1’,n’ J)_’ i,n> = 5m’mDnJ',n*(J)_’) :%_i 6m’m |:\/(] —n)(j+n+ 1)511’n+1 - \/(] +n)(j—n+ 1)511’11—1:|

(|92 ) = D ()= 8,1, 6.,

m’,n m'm~—n".n

(Go to Lecture 26 p. 26 to 29 to...)


https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_26_5.02.17.pdf#page=26

2 2 2
(JX +JY +JIZ j:AJ§(+BJ§+CJ§

Y z

Hamiltonian matrix for asymmetric rotor H=;

First are matrix formulas for BOD J2 components.

Jﬁ—(‘ i’n>:1§\/(j—n)(j+n+1)J)—( jmﬂ> L JG=mG+n+DJG—n-1)(+n+2) zm+2>+lz(j—n)(j+n+l) ;,n>
A JG+mG-n+dy jm_1> L JG+nG-ntDJG+n-1)(-n+2) i,n_2>+lz(j+n)(j—n+l) jm>

_ JU=m)=n=D)(j+ntD(j+n+2) | J > LA j)=n?| J > +J( J+n)(j+n=D)(j-n+)(j-n+2) | J >

- 4 m,n+2 2 m,n 4 m,n—2

J2_J —L\/- . J_J ___1\/. . 1\/.__1. 2] 1. . 1J

7 mn ) =2NG = +n+Ddg| =aNU-—m(+n+ DG —n=D+n+2)|, o )+7(—m(j+n+D)

SGEmG=n sl GG =t DG+ n=DG=n+2)| 5, ) +5 G+ mG =4 1))

_ _\/(j—n)(j—n—l)(j+n+1)(j+n+2)| J > L4 j+)—n?| J > _\/( J+n)(j+n=D)(j—n+D)(j—n+2) | J >

- 4 | m,n+2 2 | mn 4 m,n—=2

) =1 )
This gives the rigid asymmetric-top matrix formula for general A, B, C and J,n.:

(Ad% + B + CJ%)‘ / > -

- U Bﬂ(j—n)(j—n—1>;j+n+1><j+n+2> J > A+ B)IUH an]‘;;n> A B)\/(j+n)(j+n—1)(£—n+1)(j—n+2)‘J >

m,n+2 2 m,n—2

(Go to Lecture 26 p. 26 to 29 to...)
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

* j,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3 é
Completing diagonalization from new D; basis:
J=2 example of asymmetry levels. J=20 example of asymmetry levels



(J=1)-Matrix for A=1, B=2, C=3.

_| V2
2

[e—

| .

V2

2

t\)lﬁw :

[e—

| .

. Nlﬁ‘ .




(J=1)-Matrix for A=1, B=2, C=3.

G 9eln)=| 3 3 | (9]
\f%
-}
CR T A (R TR
22
2 2 2 \/= | §+§+C |
(Al + B +C) =l gep
4




(J=1)-Matrix for A=1, B=2, C=3.

V2
2
N N L J2 V2 Uy
mnu | " X|mmn/ 2 2 > mu' |~ Y
V2
2
11
2 2
1 2 |1 _ 1 211
<m,n' J)_(‘ m,n>_ - > <m,n’ JY‘
11
2 2
p
442+ C
_ 272
2 2 2\
<AJ)—(+BJY+CJZ> . 4+
A_B
\ 2 2
eigen-values: (B+C=5 A+B=3 A+C=4)
N2 0 IN2
eigen-vectors: 0 1

0
—1n2 0 +1A2

m,n

m,n

ST

NI

iN2
2
2
2
2
2
L 1
2 2
1 .
I L
2 2
B
2
B
3 +C )

l\)ls‘

(NS

1+2

+1 -
0o -
—1
+1 -
0o -
+1
\(2 _1_\
2 2
= 3
_L 9
J U 2 2 )



(J=1)-Matrix for A=1, B=2, C=3.

V2
2
N N L J2 V2 Uy
mnu | " X|mmn/ 2 2 > mun' |~ Y | mn
V2
2
1 L
2 2
1 2|1 . 1 211
<m,n' J)_(‘ m,n>_ - > <m,n' JY‘ m,n>
1 1
2 2
p
442+ C
J=1 22
2 2 2\
<AJ)—(+BJY-|'CJ2> = A+ B
4_B
\ 2 2
eigen-values: (B+C=5 A+B=3 A+C=4)
N2 0 IN2
eigen-vectors: 0 { 0
VNP 0 +1A2
D, |1 R R
y A
411 1 1 1
A4, |1 ] @ —1
Bl (1 S|
By (1 -1} -l

>_

I\)IS‘

-2

|

-2

|

N Ry
\] Ry

T

5 +1 -
E o o
-1
i1
1 211
> <m,n’ JZ‘ m,n> = 0
+1
( 1,2 I 2 Y ( 9 1 )
7ty +3 373 > —3
1+2 = 3
1 2 1 2 1 9
| 272 2+t ) | 2 >
RO A A
/=0 | 1 14,
1 | I 04,9 4.® B,®B;




(J=1)-Matrix for A=1, B=2, C=3.

V2

2

ey

1
m,n’

J)_(|}n,n>:

ey

o=
o=

1
m,n’

2 |1
J)_(‘m,n>: -1

o=
o=

<AJ§—( + BJ% + CJzz >J:1 =

eigen-values: (B+C=5,

N2

eigen-vectors: 0

~1N2
D, |1 R, R
y z
401 1] 1
A1 -1
1 (1) -1 -
Bt 1)1 (1)

ey

1

m,n

+C

m,n’

Jﬂl

211
Jﬂ

A+ B

A+B=3, A+C=4)

1N2
0
+ 1/\/5

m,n

m,n

ST

l\)lﬁ‘

-2

|

-2

|

N Ry

S]]
NS L

NIy
_

j=1
Standing
p-Waves

l\)lﬁ‘

\] Ry

+1
1 1
> <m,n' JZ‘ m,n>_ 0
+1
1 211
<m,n’ JZ‘ m,n>: 0
\ [
1 2
+3 372
142 =
2 1 2
—5 5+5+3
2 22 RN
m,+l> _1/\/5‘}%, 1
1
o)
m,+l> +1/\/§‘}n, 1>

Body-based J=1
vector-like eigenfunctions




1
m,n’

1
m,n’

<AJ§—( + B+ CJ%>J:1 -

(J=1)-Matrix for A=1, B=2, C=3.

Jylim>=

X

1
m,n

eigen-values:

eigen-vectors:

ey

o=

o=

V2

2

ol — Mlﬁ\

o=

(B+C=5,

142

0

1\2

)

ol

N

AN

X ™

O S N [ O =

ey

1
m,n’

Jﬂ

1 _
mun [

A+ B

A+B=3, A+C=4)

0
1

0

1N2
0
+ 1/\/5

-2

|

N Ry

o=

l\)lﬁ‘

-2

|

\] Ry

NS L

j=1

l\)lﬁ‘

+1
1 1
> <m,n' JZ‘m,n>_ 0
-1
+1
1 2|1
<m,n’ JZ‘m,n>: 0
+1
\ [

1 2 9
+3 273 >
1+2 =
1,2 1

5+5 +3 R
82|,
| omo)
+1/\/§‘}n, 1

Body-based J=1
vector-like eigenfunctions




Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

* j,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3 é
Completing diagonalization from new D; basis:
J=2 example of asymmetry levels. J=20 example of asymmetry levels



(J=2)-Matrix for A=1, B=2, C=3.

(A+ B)+4C
J=2
(A% +BE+CEE) =] P(4-B)

D, |1 R R

y z
411 1] 1 1
/0 I R T A G
B l1 1|1 -
-2 I N S T

2(A+B)+C

2(4-B)

‘?(A—B)
3(4+ B)

\/zg(A—B)

R(180°)

(4-B)

2(A+B)+C

15 Yo
15 -3
2 2
Fu-B) |5 e Y
-3 15
2 2
(A+ B)+4C ‘Qﬁ 15
R.(180°)
R(180°)

Standing

d-Waves
(180°)




(A+ B)+4C \ZE(A—B) 15 ‘f
2(A+B)+C >(4-B) 12 E
J=2
<AJ%—(+BJ2Y+CJ22> -| Y4B 3(A+ B) a-p)y |=| ¥ 6 -6
2(4-B) 2(4+B)+C E 2
‘/ig(A—B) (A+ B)+4C _%/g 15
Matrix 1s nearly diagonalized in standing-wave D>-symmetry basis
+ +\_ 12 1] 2 _|2
42 )= 5)vel3) |B0)=g]3)vel 3 140)=[3)
- - 1
52 )=g|8)-al3) 140)=g3)-8l )
The following basis transformation “almost dlagonahzes <H> ~ by reducing it to block form.
Let: X = A4+ B and A= A— B to shorten expressions.
) 4C-2 oo U | (J=2)-Matrix for general A, B, C.
| : C+§ %A : Lo 1 -
(le) : 1 */QEA : ) : @A N (JEI)”ZI
‘ - -l W o4l : -1 -
2 o -l New D; basis:
2 - +> | 2> | 2>
5 A420)=pla)t s>
4C+2 1 (4cs A J3(4- B) 5 Y= 20 22)
4C+ X 4C+ A+ B . 2 K |+2/ |2
- C+3* +3° = C+4A+B Bll+>= ; +21>+J51’-1>
C+%Z _%A . C+ A4+4B A21_>= 21 +Z1>— 21‘_1>
i J3(4- B) 34+38 4,0) = ‘3>

(J=2)-Matrix for A=1, B=2, C=3.




Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

j,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3 é
Completing diagonalization from new D; basis:

J=2 example of asymmetry levels. J=20 example of asymmetry levels



Completing diagonalization from new D, basis:

4C+ A+ B V3(4-B)
4C+ A+ B :
C+44+B
: C+A+4B
J3(4-B) 34+ 3B
D2 1 R R
y Z
A1 1 1 | 1
A2 | | —1
B1 1 1 -1 -1
82 1 -1 -1 |

Need only diagonalize the two A;’s:

( It is n=0 versus n=2"%)

322_>= ) |2)- 21’—22> 4C+ A+ B \/g(A—B)]’A12+>:f21 +22>+J51"22>
al)=alirald)  \(Vaa-B) 34438 J|a0) = |2)
w2

a0y = [2) =(2c+2A+2B).1+[2\/C§(_AA__BZj _(ﬁ(f;f)m

Standing

d-Waves
(180°)



Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

Jj,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3
Completing diagonalization from new D; basis:

J=2 example of asymmetry levels.é J=20 example of asymmetry levels



Completing diagonalization from new D, basis: Need only diagonalize the two A;’s:

AC+ A+ B : : , \/E(A—B) A12+>:J51 +22>+J51‘—22 (It 1s n=0 versus n=2+)
AC+ A+ B - 52 )=512)-051%) (ac+ass Ba-B))[427)=22)+ 2| 3)
C+4A4A+ B : : Bl1+>= 21 +21>+\/51|_21> \/E(A—B) 34+3B |A10> _ ‘(2)>
. C+ A+4B : A1 Y= 420 1|2
J3(4-B) : : : 34+ 3B A20>>_ﬁ 1>2>ﬁ 1> =(2C+24+2B)-1+ 20— A-B  J3(4-B) ]
A; ! 0 J3(4-B) —(2C- A- B)

A2 i /li=2C+2A+2Bi\/(2C—A—B)2+3(A—B)2

:2(A+B+C)i2\/C2—(A+B)C+A2—AB+B2

{4C+ 2B

=2C+4B+2(C-B)= it A= B

prolate
(A=2, B=2,(C=3)

symmetri

1o (A=2, 2<B<3,C=3) oblate SN\
(A=2, B=3, C=3 a8\
9 |
\ Ay
B AT‘
A=B prolate case: (A=2, B=2, (=3) B=C oblaté chse: (A=1, B=2, C=2)
B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=+2) B(J(J+1) +(A-B)n2=2B+4A=4+4=8 (n=+2)

IB+C=10+3=13 (n=%1) ,6B=12 (n=0) 5B+A=10+1=11 (n=+1) ,6B=12 (n=0)



Completing diagonalization from new D, basis:

4,.2%
4C+ A+ B J3(4- B) )
4C+ A+ B :

C+4A4+B : : %ﬁ>
: C+ A+4B ,gr>
J3(4- B) - 34+3B
A 4,0)
1 =
n——=2> 16

|

Need only diagonalize the two A;’s:
( It is n=0 versus n=2+)

4C+ A+ B Ba-B)) |42 )=2|2)+ 2 3)
V3(4-B)  34+3B )[40) = |2)
=(2C+2A4+2B)-1+ 20-4-B  3(4-8)
J3(4-B) —(2C—-A4-B)

14+ B

6+38B

[ \6(2—B)]_
V32— B) B

00+23}1+(

4-B  ~3(2-B)
B32-B) —(4-B)

prolate
(A=2, B=2, C=3)

symmetri = N
2<B<3, C=3)

Ay :10+2Bi\/(4—B)2+3(2—B)2

1O =
—2(5+ B)+2\7-5B + B (A=4, oblate N\
=14i2={ 12 if: A=B=2 and: C=3 |« (A=2,B=3,C=3

ks n——=2=>

A=B prolate case: (A=2, B=2, C=3)
B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=%+2)
S5B+C=]10+3=13 (n==+1) ,6B=12 (n=0)

B=C oblate clase: (A=1, B=2, C=2)
B(J(J+1) +(A-B)n°=2B+4A=4+4=8 (n=+2)
SB+A=10+1=1] (n=+1) ,6B=12 (n=0)



Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

Jj,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor
(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3
Completing diagonalization from new D; basis:

J=2 example of asymmetry levels. J=20 example of asymmetry levelsé



J=20 example of asymmetry level C | C,.
C O 1 2z 2 -
2y | 72 2 1 [p, [t R [R R 1 4,
4 11 Al T
Al : ool 1 4,
) B |1 1|-1 -l 1 B,
B 1 By[1 -1|-1 1 s
2 | Revised color mixing sCheme D, 2
- 2 gives

orange 0>=(A14:) cyan 12=(B1B3) for y-prolate axis

g

g

(Revised color mixing scheme used here) Int.J.Molecular Science 14.(2013) Fig.4 p. 734
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Separatrix circle pair
dihedral angle

_ A-B
0 se p—atan( BT?

Int.J.Molecular Science 14.(2013) Fig.4 p. 734
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Rotational Energy Surfaces (RES) and Lab vs Body molecular rotor states, levels, and spectra:
Body symmetry R(2) of prolate & oblate rotors vs. D> of asymmetric rotor H=AJx*>+BJy>+CJ;?

Jj,m,n formulas for momentum operator matrix elements: Hamiltonian matrix for asymmetric rotor

(J=1)-Matrix for A=1, B=2, C=3. (J=2)-Matrix for A=1, B=2, C=3
Completing diagonalization from new D; basis:
J=2 example of asymmetry levels. J=20 example of asymmetry levels

»Examples of GroupDSub-group correlation (J=10 levels and RES)*



Examples of GroupDSub-group correlation Original color mixing scheme
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Molecular Symmetry and Dynamics | 32.2 Rotational Energy Surfaces and Semiclassical Rotational Dynamics

i Rocation axes J Springer Handbook
near z —axis Kz(z) 410 Ouf
Atomic, Molecular, and Optical
Physics (2005)
Rotation axes AJ F1g322 and 32.3 p. 495-497

Examples of GroupDSub-group correlation
D>DC(x) D>DCx(y) D>DC>(z)
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#g.32.2 J =10 rotational energy surface and related level spectrum for an asymmetric rigid rotator (A =0.2, B =
B2 C=06cm™})
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