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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator

M=M-1 for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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Molecular vibration K-matrix analogy with quantum H-matrix

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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T Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lect. 4 p14
TInt. Journal of Molec. Sci. (2013) page 798-804 pdf page85
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Molecular vibrational modes vs. Hamiltonian eigenmodes
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tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.

oV
2_a __ _ b
—MO7x" = pa Eb Kapx
Compare classical equation to Schrodinger’s equation for quantum motion. T

ihOp® = > Hapt)®
b

Squared time generator (:h0;=H)? has classical form with K=H? and M=h".
—RP07* =) Kqtp® where: K = H?
b

(H/h)-eigenvalues are quantum angular frequencies €,,/hi=wy,. (Like Planck axiom: e=/w.)

(K/M)-eigenvalues are classical squared frequencies k,, /M=w?,.(Like Hooke’s law: k/M=w?.)

T Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lect. 4 p14
TInt. Journal of Molec. Sci. (2013) page 798-804 pdf page86



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=14
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=86

Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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(K/M)-eigenvalues are classical squared frequencies k,, /M=w?,.(Like Hooke’s law: k/M=w?.)

Apart from normalization, eigenvectors of H and K are the same.
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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(H/h)-eigenvalues are quantum angular frequencies €,,/hi=wy,. (Like Planck axiom: e=/w.)
(K/M)-eigenvalues are classical squared frequencies k,, /M=w?,.(Like Hooke’s law: k/M=w?.)
Apart from normalization, eigenvectors of H and K are the same.

And, each eigenvalue set corresponds to its respective energy spectrum.
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Molecular K-matrix construction
Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1
V(z) =) 5 (@Klz) where: |2) =) wala), (a,b)=(Lr! 1% i1, iz is)
(k) a



Molecular K-matrix construction
Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).
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Each K component K.;=(a|K|b) is a sum over spring k-constants that con-

nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting
spring-k’s end vectors k, and k; onto X* and %’ at respective connections.



Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1
V(z) = %): 5 (@K |z)  where: |z) = Zaﬁa @), (a,b) = (L' 7% 41,42, 43)
Each K component K,,=(a|K|b) is a sum over Sprlng k-constants that con-
nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting

spring-k’s end vectors k, and k; onto X* and %’ at respective connections.

Coupling Kup= <a]K|b> Diagonal Kaa (a|Kla)
Sum k-(ka.)}“ )(k X ) for each spring-k Sum -3 5 ) for each spring-k
connecting coordinate lines x, to xp connected to coordinate line x4




Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1
V(z) = %): 5 (@K |z)  where: |z) = Zaﬁa @), (a,b) = (L' 7% 41,42, 43)
Each K component K,,=(a|K|b) is a sum over Sprlng k-constants that con-
nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting

spring-k’s end vectors k, and k; onto X* and %’ at respective connections.

Coupling Kup= <a]K|b> Diagonal Kaa (a|Kla)
Sum k-(ka.)}“ )(k X ) for each spring-k Sum -3 5 ) for each spring-k
connecting coordinate lines x, to xp connected to coordinate line x4

k,
X0
Direction cosine% k b
. b
(kb-& ) cos(<):l;’° ) X

at b-end of k - spring



Molecular K-matrix construction
Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1 L
Viz) = %): 5 (x|K|x) where: |z) = za:aza @), (a,b) = (1,7',7%,41,12,13)
Each K component K.;=(a|K|b) is a sum over spring k-constants that con-

nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting
spring-k’s end vectors k, and k;, onto %% and %’ at respective connections.

1 > 5k, o x%)? ifra=0b
_ — Ka h . KCL — (k) ~ C
V(:U) 5 Zb b, T, wWiere b B Zk(ka ° }A(a)(kb ° )A(b) Zf Ca # b
@ (k)



Molecular K-matrix construction
Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1
Vi) = Z 5 (x|K|x) where: Zaza a), (a,b) = (1,777, iy,is,13)

(k)
Each K component K,,=(a|K]|b) is a sum over spring k-constants that con-

nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting
spring-k’s end vectors k, and k; onto X* and %’ at respective connections.

1 S E(k, 0 %) if a=b
— = Ka h :KCL — (k;) A ~
2Z btata WHELS: Dab ~ S k(k, e %) (k, o %) if:a b

(k)

Viz) = Z (AL})? Z Z o x? —k, o x)?

(k) (k) a,b

—Y Y R ka 1A< kboxb):caa:b

(k) a (k) a#b




Molecular K-matrix construction
Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X* or |a).

1 L
V(x) = %): > (@K z)  where: |x) = Zaza a), (a,b) = (1,7, r% i1, 49, i3)
Each K component K,,=(a|K]|b) is a sum over spring k-constants that con-

nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting
spring-k’s end vectors k, and k; onto X* and %’ at respective connections.

1 (%g(f{a.fca)z if a=b
Vir) = = K, here: K., = NP ,
() 2 Zb btate WACHE ’ — > k(k,ox%)(k, oX") if:a#b
’ (k)
V(z) = Z (AL)? Z Z —k, e x")?
(k) (k) a,b
— S‘ S‘ k, > kY (k, e x)(k, e %)z,
(k) a (k) a#b
Local lj ;’ (i) model Direct co|nnecti0n D; model
Bt g™ 1>
‘]{ ?%/ kr] 1|1§/ ,
=" [1)
\ -
ll'
=ML
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D3DC(i3) local-symmetry vibrational K-matrix eigensolutions

. ko x
Generic K-matrix (Top row) |r1>/’%‘0|]l N i
<1|K‘gb> = [ nh hoh L L ] ki, " k,,] J
\ W k ;/ I kij’ >
[ T2 1 \ ..
fm n,v,v.
| = i)
: . . . Yy, \ 7=k =,
D3DC>(i3) local-symmetry vibrational K-matrix ki 12 N =
15'-row parameters g,=(1|K|g,)=K1; of the force matrix K : ‘ll>\ 1 \’//////, k, .
S~ rz 2 .

constants between masses and lab frame.



Local D, C,(i;) model

% |1 >ki ¥
1)K,
|1'l > 'I%O \\\\\\\\
k

D3DC(i3) local-symmetry vibrational K-matrix eigensolutions
Generic K-matrix (Top row)

=

<1|K‘gb>=[ o o 11, ] ki /// ]
W =k,
\ [ kilz ki, \ \\>
— -
k,? < /m k@/
. . . . 7 ////// D ki g |i3>
D3DC>(i3) local-symmetry vibrational K-matrix ki \ )7 N = ki,
15'-row parameters g,=(1|K|g,)=K1; of the force matrix K : |ll>\ 1 ////, k, .
S r I3 .

constants between masses and lab frame.

9v) 1) rt) r?) i) ip) i3)

ki /2 ki /2 ki /2 ki /2 ki /2 ki /2

B +k, —k,. /2 —k,. /2 +k,./2 +k,./2 —k,

(K lgs) = +ks +0 +0 +0 +0 —ks
+ko/2 +0 40 10 10 +ko /2




C,2(i;) model

\

Local D 3

w |1, )k
~ =2
|I‘1 > ’I%J \\\\\\\
k

D3DC(i3) local-symmetry vibrational K-matrix eigensolutions
Generic K-matrix (Top row)

=

<1|K\gb>=[ nonono g i, i ] G TR ]
) s kz'3 )
\ G ki WY
— i /m \ CTm-s
ky, < ky”
. . . . 7 ////// D ki g |i3>
D3DC>(i3) local-symmetry vibrational K-matrix ki \ )7 N = ki,
15'-row parameters g,=(1|K|g,)=K1; of the force matrix K : |ll>\ 1 \’//////, k
- rz 1'3 .

constants between masses and lab frame.

90) 1) ') r?) i1) ig) ig)
ki /2 ki /2 ki /2 ki /2 ki /2 ki /2
B +k, —k,. /2 —k,. /2 +k,./2 +k,./2 —k,
(K lgs) = +ks +0 +0 +0 +0 —ks
+ko /2 +0 +0 10 +0 +ko /2
D3DCx(i3) local-symmetry vibrational K-matrix eigenvalues Kmn/M=wm?
K = ro+r +r i+ i, =k, + 3k,
K = ro+r+r -0 -1, - = 3k,
( E, E, \ / 8 . . . * . . \
K. K. 1| 2 -r -7 i -0, +2i, N3(-r +1 -0 +1i)) k, 0
K' KB | 20 B(=r 41 -i +i)  2n-r -r +i +i, - 20 ) |0 k2K

N )\



Psuedo-scalar mode

Scalar mode
14 /

XX

Vector mode
E /
yx

Classical D3 K-eigen-

analogous to

1S /,
» - ﬂ r2 >kl3 "

Local D, C,(i;) model

& - 1, >ki3 ¥
N\
‘rl > 'I’%O )\\\\\\
ki kndl
g \ / =
A\ . // k ‘:’ s |1>
[ b2 \\ N
— m ST
k Ky
, VS !
4 N = 13>
//// 7 kl =
Y 12 = k
ki3 \\\ = i3

J
S
S
ah
1

modes

Quantum H-eigenwaves on

following page



K-matrix symmetry analogous to quantum H-matrix
Global (LAB) symmetry D3> CZ i pVOjQCfOV states  Local (BOD) symmetry

W LR 09y =p(| 1) £ =TR{I1=R{'R

= PLT|D=0" )

1)

i; global ()
anti-symmetry

i3 local (y) ®

anti-symmetry /@

i 3 local

i; global (v)
anti-symmetry

o > 1
1; global 3
(x) symmetry

Quantum H-eigenwaves
analogous to

Classical D3 K-eigen-modes on

preceding page

L
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Ds-direct-connection K-matrix eigensolutions 1> cosis*=[(1+cos 30°)21
Generic K-matrix (Top row) ,’\ /“ =(1/2)\(2+V3)=sin75°

<1‘K‘gb>=[ o hohoh L i3] ///\l,si

sinl 5°=\[(1-cos 30°)/2]

Ds-direct-connection vibrational K-matrix AP S =(12e-3)=cos75°



Ds-direct-connection K-matrix eigensolutions
Generic K-matrix (Top row)

- \i,)l 1> cos!5°=V[(1+cos 30°)/2]
,’\ /‘“ =(1/2)\(2+V3)=sin75°

<1|K‘gb>= [ h h I h L L ] l‘l‘l
Generic K-matrix D; projections
K% = o+ + -+ .-
K = Vy+1 41, -1,-1, -1, %

K! K 1 2n-r-r-i-i, 420, NB(-r+r i +i,)

K K 2 \/g(—rl*+r1—il+i2) 21, -1, -1, +i, +i,-2i, i1
Ds-direct-connection vibrational K-matrix

sinl 5°=V[(1-cos 30°)/2]
- r2| > =(1/2)V@2-V3)=c0s75°



Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)

<1|K‘gb>=|: S S S R i3]

Generic K-matrix D; projections

K"

XX

K
K" K&

XX X

K" K&

X

1

2

T+ A+ H

* . . .
21y -r-r, -1,-1, 421,

\/5(—1”1 +r1*—i1 +i,)

J3(=r +r-i +i,)  2r -1 -1 +i +i,-2i,
Ds-direct-connection vibrational K-matrix

cos15°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

- r2| > =(1/2V(2-V3)=cos75°

9. ) r') *) ir) is) ia)
ey (cos? 75° k1cos759 |kicos15°| |k1cos1d” k1 cos 75" 1 (cos2 75°
(1K |gp) = +cos?15°) | cos 15° - cos 75° - cos 15° . cos 75° — cos? 15°)
= k1 _k _k _]‘51(2—\/5) :k1(2+\/§) Rk
4 4 4 A 9




Ds-direct-connection K-matrix eigensolutions
Generic K-matrix (Top row)

<1|K‘gb>=|: S S S R i3]

Generic K-matrix D; projections

A _ ...
K = Ty Fntn iy,
K = Vy+r 41, -1,-1, -1,
K! K 1 2n-r-r-i-i, 420, NB(-r+r i +i,)
E E ) * . e k. .
K K 2 \/5(—13 +1-1,+,)  21,-1,-1 L -2

Ds-direct-connection vibrational K-matrix

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

5 sinl 5°=V[(1-cos 30°)/2]
_ r‘“| > =(1/2)V(2-V3)=c0s75°

9) 1) r) r?) i1) i2) iz)
ey (cos? 75° k1cos759 |kicos15°| |k1cos1d” k1 cos 75° k1 (cos? 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
— _hk _hk Ck(2-V3)| | ki(2+V3) _k
4 4 B 4 B 4 2
* _k+£ileklilekl &_l_&_ 3k
K = ry 1+ i+ 44222 2
K = o+ byl iy =kl+% %—%—%—% = %—% =
Koo K| 1| 2nener i 42y N3 -4y
KS KB | 2| B(=r"4r-i+,)  2r-r-r +i, +,- 20,



Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)
<1|K‘gb>=|: AR SR P P & ]

Generic K-matrix D3 projections
A —
K = I+ T +z1 +i, +i,
K = 17+ -l i, -,

K. K. 1 2n-r-r-i-i, 420, NB(-r+r i +i,)

K" K 2 \/5(—1’1*+r1—i1+i2) 21, -1, -1, +i, +i,-2i,
Ds-direct-connection vibrational K-matrix

=(1/2)V(2+V3)=sin75°

\/ |1> cos15°=V[(1+cos 30°)/2]

sinl 5°=V[(1-cos 30°)/2]
_ r~| > =(1/2)V(2-V3)=c0s75°

9) 1) r) r?) i1) i2) liz)
ey (cos? 75° k1cos759 |kicos15°| |k1cos1d” k1 cos 75° k1 (cos? 75°
o o . o ] o o 2 o
(1)K |gy) = +cos?15°) | eos 15 - cos 75 cos 15 COS 7D cos” 15°)
= ky _k _ F2-V3) | m@+V3) |k
4 4 N 4 4 2
_k+£Lleklilekl &_'_& — 3k
K = r+r+r+ll+12+l3 44 2 2 2 2
K = v+ T -l i, -, =kl+% %_%_%_% _ %_%=
Ko K| 1| 2nm-ner-i-i, 420, NB(n+n i +,)
K" K" 2 \/5(—1'1*+r1—i1+i2) 21, -1 -1, +i, +i,-2i,
U, ko k kb kN 1(, k., \_ 3k :
5(2kl-z-z-5-2 25)_2(%1 2 k1+kl) ; (symmetric)
J?( ko k k3 kI\/E) k.3 1( k k kK kl) 3k,
A P - —[ 2k -2 T S T | S 2
2 4 4 4 4 4 2\ 44 2 272) 4




Ds-direct-connection K-matrix eigensolutions D
Generic K-matrix (Top row)

<1‘K‘gb>=|: o nhonh Lo i3] rllk/

Generic K-matrix D; projections

K"

XX

K
K" K&

XX X

K" K&

X

1

2

21, -1, -1, -i,-1,+2i, \/5(—1”1 +7; -, +i,)

V3(=r +r-i +iy) 20, -1 -1+ L -2 i
Ds-direct-connection vibrational K-matrix

. cos!5°=V[(1+cos 30°)/2]
/ /“ =(1/2)N(2+V3)=sin75°

* . . .
Ty 1y, H

5 sinl 5°=V[(1-cos 30°)/2]
L r‘| > =(1/2)V(2-V3)=c0s75°

|9v) 1) r') r?) liy) lio) i3)
k1 (cos? 75° kqcos 759 |kicos15°| ||k cos1b” k1 cos 75" k1 (cos® 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
PP | Le L ke-va| | merve) |k
4 4 4 4 2

Ds-direct-connection vibrational K-matrix eigenvalues K,/ M=wm?
K’

K-

XX

K"

X

XX

K

K-
K"

3k,

[ 3k 3k
4 4
3k, 3k,

\ 4 4 )




Ds-direct-connection K-matrix eigensolutions LD costS=V[(1+cos 30°)/2]
Generic K-matrix (Top row) / /“ =(1/2)V(2+V3)=sin75°

<1‘K‘gb>=|: o nhonh Lo i3] rllk/

Generic K-matrix D3 projections
A —
K = I+ T +z1 +i, +i,
K = R S A

[fol K’ ] 1[ 21, -1, -1; -i -, +2i, \/_("”1+”1*'i1+i2)

K K V(=1 4r-i,+y)  20-r-r i+, -2 J i[1
Ds-direct-connection vibrational K-matrix

sinl 5°=V[(1-cos 30°)/2]
_ r~| > =(1/2V(2-V3)=cos75°

|9v) 1) r') r?) liy) lio) i3)
k1 (cos? 75° kqcos 759 |kicos15°| ||k cos1b” k1 cos 75" k1 (cos® 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
PP | Le L ke-va| | merve) |k
4 4 4 4 2

Ds-direct-connection vibrational K-matrix eigenvalues K,/ M=wm?

K% = 3k
xr ! E | Eigenvectors in terms of D3DC>(i3) Ej-vectors
K = 0
E E E 1 3k| E
Kl ' )=K|| ")+ ") |—=== ),
K& KB | 3k 3k | g(+)> gx> & >\/_ ? >
XX X 4 4
k5 k5 || 3k 3k K 0 ek OV P a0 | B ) geqor)
X K . 1 ) 2(-) gx g \/5 g(-)



Mixed local symmetry D ; model

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

XX

K"

VX

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3

Wi

K&

3k,

[ 3k 3k )
4 4
3k 3k,

4 4

\15

sinl 5°=\[(1-cos 30°)/2]
r2| > =(1/2)¥2-V3)=cos75°

Vector x-bend

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 0

El
X(-) Genuine vibration modes V(=)
o\ [ 0) [0\ [+2\
[\ [-1) Low-frequency modes [+1| [-1)
“ (I N
- ! +| !
| +1 |
| +7 |
\\'-3/”
\r

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 60

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 90

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 180

Vector y-translation
E /
y(+)



https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_0
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_60
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_90
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_180

Mixed local symmetry D ; model

=(1/2)N(2+3)=sin75° '
1|§/ k; }«1/5
/rf>’ g

v 75°

\ |1> cosl 5= \/[(l+cos30°)/2]

sinl 5°=\[(1-cos 30°)/2]
r2| > =(1/2)V2-V3)=cos75°

Vector x-bend

. . . \‘;{_ -
Genuine vibration modes V(=)

K = 3k, |
K" = 0 [
E 1 E [ -1
[ 3k 3k ) T
Ko K| | 3k 3k,
.44

E Eigenvalues:

\ Vector x-translation
E /

1
72 | Mixed modes 7
_1 | in terms of local D3
V2 | Ei(low) and E(high)

E 1 Eigenvectors:

Low-frequency modes 1] |-

Vector y-translation
E,

=" v(+)

Psuedo-scalar rotation
A,
VYV
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D3;DCs(r*) local symmetry K-matrix eigensolutions

1)
Generic K-matrix (Top row) Ds ?Oijl; r) ’r >W\J
<1‘K‘gb>=[ I T oLl 1 ] symmetry /|l>
model >
i;)
<1‘KC3 gb>=[ r i -ir 0 0 O ] " A/

D3> Cs(r+!) local symmetry vibrational K-matrix Set: r,=r=-r, , and: i,=i,=i,=0

[E—

A _ * . . . _
K = rh+n+n +1 1, +1, = I,
K = N S IS S R A M A = 1,
KE Kb L. . NG . ( . o \
o o1 2 -1 -1 -1, -1, + 2, 3(-n,+n -1, +1,) _ 0 2
K K 2 \/3(—r1 +n-ih+h) 2 -n-n i L -20 ) \ +ir r

il =i2 =i3 =0



D3;DCs(r*) local symmetry K-matrix eigensolutions |
Generic K-matrix (Top row) h

I,)
o . local 1)
<1‘K‘gb>=[ Ih h L 4 L 1 ] symmetry ¥ @/

D3;DCs3(r+) ’r%\

model
i)

(/K

G

gb>=[ r, r -ir 0 0 O] i %

D3DCs(r+!) local symmetry vibrational K-matrix Set: r,=r=-r, , and: i =i,=i,=0

[E—

A _ * . . . _
K = rh+n+n +1 1, +1, = I,
K = N S IS S R A M A = 1,
KE Kb L. . NG . ( . o \
o o1 2 -1 -1 -1, -1, + 2, 3(-r+r -1, +1,) _ 0 p
K! K 2 \/3(—13 +n-ih+h) 2 -n-n i L -20 ) +ir r

il =i2 =i3 =0

D3;DC3(r*) local symmetry vibrational K-matrix eigenvalues Kn/M=wn?

Al —
Kxx - Fo
K = Iy
E E, -3 J3
K' K, % i ro+r s 0

E E .
K! K vir? o 0 ”o""?

X



D3;DCs(r*) local symmetry K-matrix eigensolutions

Generic K-matrix (T ) N MW\
eneric Nn-maltrix (1op row local
<1‘K‘gb> = [ e hohoL L ] Sy

model
(1K

gb>=[r0 i -ir 0 0 O]

D3DCs(r+!) local symmetry vibrational K-matrix Set: r,=r=-r, , and: i =i, =i, = O

A _ * . . . _
K = rh+n+n +1,+1, +1, = I
K = N S IS S R A M A = 1,

KEl KEI & . ) ) \/_ * . . / 7 _l",.\/§ )
. o1 2 -1 -1 -1, -1, + 2, 3(-r+r -1, +1,) _ 0 2
E, E, i . . * . . . . 3

KB K 2 \/3(—r1 +n-ih+h) 2 -n-n i L -20 ) \ +ir r

i1=i2=i3=0

D3;DC3(r*) local symmetry vibrational K-matrix eigenvalues Kn/M=wn?

E; Eigenvectors in terms of D3DC>(i3) Ej-vectors
Kﬁj = ro
K =
o E, e\ e \l1 4 E
K =K +1 —==+r 3
T e B g() e [ | [N2 7 e, [
K' K. I —1r 5 Fy+r 5 3 3
= =
g(2); g | | o []\2 g(2);




D3DCs(r*) local symmetry K-matrix eigensolutions 4

]
L
Scalar mode

Ny Strong
Q .
DsOCs(r+) C, c?ul?llng
Sound y [imit
symmetry <
model
ki
E E
K : =K o +1 & 1 =+ \/Qg : ,
g(), gx gy 2 g(1);
W BNl BN L=_,,J§5 E,
2(2), gx g | N2 2(2),

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 ~ "~._ -
Right circular-translation
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 0 E

1

L(+)

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 60

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 90

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3 180

Psuedo- rotation
4,

Yy

N """ Left circular-translation

oy
R(+)


https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_0
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_60
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_90
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C3vN3_180
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»Applied symmetry reduction and splitting
Subduced irep DY(D3) | C> =d0>Pd!>@.. correlation

Subduced irep D*(D3) | Cs =d":dd!36.. correlation




Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation
D,DC,

Al

L,

XD\ xi oxlox X C) | 2t x
o= I T =0, | 1 1
o= — o= -
a=E | 2 -1 0




Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D, D C, P%relabel/split D relabel/reduce “ relabel/split D5 2C, | 0,
A P'=P'P" =P} =D C ~d" =o"—>a" Al
P'=P"P =P —=D"|C,~d" =o0"—o :
E, P =P"P" +P"P: = D" |C, ~ = 0" — o = .
=B, + P d" ®d N Key concept:
PN AR AR (O VA Projector splitting
a=4 |1 1 |1 a=0 | 1 1 means
o= - o= - eve; splitting
a=E |2 -1 0 eve




Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D, D C, P%relabel/split D relabel/reduce “ relabel/split D5 2C, | 0,
A P'=P'P"=P), =D"C,~d" =o"->a" Al
P =P P =P =D"|C,~d =0 —w :
E OPRPRPUAPP DG~ mof et L
=P, + B d*@d Mo Key concept:
VACNI A AR D x X Projector splitting
a=Ap b e means
o ) asli | Lo evel splitting
a=FE | 2 -1 0 a=2 | 1 &7 &7 eve

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| C3 =d3&®d!3®.. correlation



Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D,DC,
Al

L,

X, (D,)

P“ relabel/ split

P'-P"P"=P

P =P P =P

P =P"P" +P" P"
=P, +P’

XX X

oc:A1
O_{:
o=F

1 1 1

2 -1 0

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| C3 =d3&®d!3®.. correlation

D,DC,
A]

L,

P relabel/ split
P'-P'P" =P,
P'-P'P'-P,,
P/ =P’ P" +P P>

_ Pph E,

D* relabel/reduce " relabel/split D5 2C, | 0,
=D C~d" =0t 0" A
=D "|C,~d =0 —w 1
= D" | C, ~ =" = w” 5 L
d"®d N Key concept:
2D x X Projector splitting
o=0, ] 1 1 1 means
=1, e e -
o |1 g‘\;g; splitting
D“ relabel/reduce w“relabel/split D; OC; | 05 15 24
= D" C,~d" =ow"—ao" A 1
=D"|C,~d" =" =" I
= D" | C, ~ = " —= " b P
d"@®d* N w”



Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D,DC,
[41

L,

X, (D,)

P“ relabel/ split
P'-P"P"=P
P =P P =P

P =P"P" +P" P"

=P

0,0,

XX

(04

+ P

o

X

oc:A1
O_{:
o=F

1 1

2 -1

1

0

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| C3 =d3&®d!3®.. correlation

D, D C, P%relabel/split
P'-P'P" =P,
P'-P'P"=P
P/ =P’ P" +P P>

=P" +P/

323

[&1

L,

303

D relabel/reduce “ relabel/split D5 2C, | 0,
=DM C, ~d" = wh " A |1 - [ DMDY)LC~de
=D"|C,~d =0 —w D (Dy)y €, ~d
DG - st —— 1L T DRD)IC~ded
d"®d" N Key concept:
2D x X Projector splitting
o=0, ] 1 1 1 means
=1, et & oy
o |1 e g‘\;g; splitting
D relabel/reduce w“ relabel/split D; O C; | 0, 2,
=D"|C,~d" =w"—-w" A 1 D"(Dy)| C;~d”
DY C~d> =t — o 1 DDy Cy~d
= D" | C, ~ = " — " E 1 D"(D)|Cy~d"®d”
d"®d* N w”




AMOP 2.26.18 class 14.0: Symmetry Principles for
reference links 4 hvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3) using Mock-Mach principle:D3~Csy LAB vs BOD
Vibrational eigensolutions, De~Cey bands, subgroup correlation, and Frobenius reciprocity
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Spontaneous symmetry breaking and clustering.: Frobenius Reciprocity and band structure
Induced rep do(C>)1 D3 =D®DP@.. correlation

Induced rep d*(C3)TD3 =D@®D ®.. correlation




Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D, D C, P%relabel/split D relabel/reduce “ relabel/ split D,OC, |0,
4 P'=P"P"=P" =D"C,~d*? =o0"—>0" A 1 - |D"(Dy|C,~d"
P -P'P =P  =D|C~d =0 —o LID (D)L C,~d
E, P =P“P" +P"P" = D" |C, ~ — 0" — " ol I 11Dy C,~d"®d
=P, +P" 4" ®d N

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| Cs =d3®d!3®.. correlation

D, D C, P%relabel/split D relabel/reduce w“relabel/split D; 2 C; | 05 15 24
Al P =P"P" = POAIO = DAlJ/ C3 ~d% = 0t — " 141 1 . .| DM (D3) J/ C3 ~ %
3Y3 . . B 03
P'-P'P'=P, =D"|C,~d" =0 —>o" 1 D (D)|Cs~d
By g E, -1 1 D"Dp|C,~d"@d’

E P =P"P" +P"P* = D" |C,~ =
=P +P, d"®d*> N w”



Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D, D C, P%relabel/split D relabel/reduce “ relabel/split D5 2C, | 0,
Al PA]=PA] P02 = P(;410 = DAI\L C2 - d02 = (UA‘ —> (UOZ A] 1 : l)Al (D3) \I/ C2 - d02
P'-P P =P —~D"|C,~d" =ao —>w LI1D"(D)lC,~d
El 02
E P"=P"P" +P"P"> =D"|C, ~ = " - " . L 1D C,~d d
1 - 2
0,
= P, + B d" ®d N 4 (CNDs
. . ,Vj[)fﬁ (:) j[)li
Spontaneous symmetry breaking and clustering: A
. D
Induced rep d*(Cy)1 D3 =D*®DP&.. correlation D( ;91)2

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| Cs =d3®d!3®.. correlation

D, D C, P%relabel/split D relabel/reduce w“relabel/split D; 2 C; | 05 15 24
A P'=P'P"=P =D"C,~d" =o"—o" A 1 - DDHIC, ~d”
o . . P A
P'-P'P'-P, =D"C,~d" =o0"—o" : D (Dy)yC;~d
B s E, . 1 1 DEI(D3)\I/C3~d13@d2:

E P =P"P" +P"P* = D" |C,~ =
=P +P, 4" ®d> 0

1315



Applied symmetry reduction and splitting:
Subduced irep D(D3) | C> =d02®d!>P.. correlation

D, D C, P%relabel/split D relabel/reduce “ relabel/split D5 2C, | 0,
Al PA]=PA] P02 = P(;410 = DA1\|/ C2 - d02 = (UA‘ —> (UOZ A] 1 : l)Al (D3) \I/ C2 - d02
P =P P =P =D"|C,~d —=wn " — 1D (Ds)\ch“’d
E, 0,
E P"=P"P" +P"P"> =D"|C, ~ = o —= o™ B L (Dy) 4 C,~d>®d
1 - 2
0,
= P, + B d" ®d N 4 (CNDs
. . ~DA1 @ DEI
Spontaneous symmetry breaking and clustering: A
. CND
Induced rep d*(Cy)1 D3 =D*®DP&.. correlation D( ;9)1)2

Applied symmetry reduction and splitting:
Subduced irep D(D?3)| Cs =d3®d!3®.. correlation

D, D C, P%relabel/split D relabel/reduce w“relabel/split D; 2 C; | 05 15 24
A 0,
Al PA1=PA1PO3= P()A:()3 - DAlJ/ C3 - d03 — a)Al - 0)03 Al 1 ‘ ° D (D3) \I, C3 -~ d
» . . —_ 0;
PP PR =DC-d =0 —a : D" (D)L C;~d
o E . 1 1 E, 1 2
E, P =P"P" +P"P* = D" Gy~ — o’ — " 1do D D" (D) | C,~d"®d
— l)lEll + P2E12 dl3 @d23 \‘ w23 ( 3 3
313 343 A
S b k . d l . . ~D 1 @ D
pontaneous symmeltry breaking ana ¢ usterl.ng. d"(C D,
Induced rep do(C3)1 D3 =D®DPE.. correlation D' enp
3 3



Frobenius Reciprocity Theorem

Number of D*(G) in d*(K)TG = Number of d*(K) in D*(G} K



Frobenius Reciprocity Theorem

Number of D*(G) in d*(K)TG = Number of d*(K) in D*(G} K

..and regular representation
D,DC, |0 =1
A, 1

1
E 2




Frobenius Reciprocity Theorem

Number of D*(G) in d*(K)TG = Number of d*(K) in D*(G} K

..and regular representation
D,DC, |0 =1
A, 1

D,DC, |0, D,DC, | 0,

A, 1 - A,

1
E, 2 E, 1 1 E,
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»D6 symmetry and Hexagonal Bands
Cross product of the C, and Dj; characters gives all Dy =D; XC, characters and ireps

D¢ Band structure and related Global vs Local induced representations, Dy example
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kR, Hexagonal chains:DéDD3DC> or Den DD2D D> label 6-fold bands

DsGroup
“slide-rule” 1]




Hexagonal chains:DsDD3DC2 or DspnD DD D2 label 6-fold bands

D¢ 18 the outer product (X) product D; XC, of D; and C,. (Requires C, to commute with all of Dj3.)
Ds =D;XC, = {1,r1,1°, i, i, i3 }x{1, R;}

Dy is product X of D;and C, . Define 60° hexagonal generator h of subgroup Cs={1, h, h’, h’, h* h’}
D6 — D3 XCZ :{19 r, l'Z, i]a i29 i3}><{1, RZ}:{la r, r29 i]a i29 i3 ) 1'R29 r'R29 r2'R29 iI’R29 12 79 13 Z}

D6 :DS’ XCZ — :{1 h2 h4 i]a i29 i39 h3 h5 h9 j]a j29 j3 }

iz Note: h’=r and h’=R, and h=r’ and h’ =r.R,

2 D Z | 5 h(60°)
iz | i3
Jq J2 J]

J3

NOTE:
The i, and j, do not flip over the potential plot.

. = . = i3 i2

Electrostatic potential V(¢) doesn't care which way is "up." Wells remain wells, and barriers remain barriers under all Dg operations.
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Hexagonal chains:DesDDsDD3DCs or Dsn D D2 D D> label 6-fold bands

Recall C, XC, = D, characters made
of two C, groups (Lecture 10 p.26)

c, |1 c/[1 R

+ |1 1
-1 -1

1D D
11D 1D

o |

[y
=~
7~

I
+
I
[E— [ [E— [E—
[
[E—
[E—

TNote
COmMmon
notation


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26

Recall C, xC, = D, characters made C, XC3; = C4 characters Lect.3 p36

of two C, groups (Lecture 10 p.26) Here made of C, x C; Cartesian product
12
C, |1 G |1 R, P C;|1 r r
11 2 0, |1 1 1
X
I L |1 & ¢
C2 XC% 1-1 1] 1 Ry Ry 23 1 & &
‘4 ‘1 1 1 -1
1 2 I 2
— . 1 i 1 1 C,xCy |11 1-r 1-r 1 r r
_ 1 1 (=) 1-(=1) -0, -1 -1 -1 -1 -1 -1
- 1 (=) ((=1) 1, 1 lee 1eg” -1 ‘£ "
D, |1 R R, = 2, 1o1-e" e | 101 £ £
+=4 |1 1 1 1 0, -1 1 1 1 1 1
= +=4 11 -1 1 -1 1 1 € e -1 3 g
-=5 1 1) -1 -l 2, 1 1€ € -1 e €
- = B 1 -1 _1 1 (o) o (o) o (o)
C6y 0 120 240 | 180 -60 60
TNote Og [ 1-1 -1 11| 11 1 1
COMmOon 2 | 1-1 1re 17| 101 € £
notation = 4, 1 1.6 el 141 & e
36 1 1 1 1 1 1
S5¢ 1 £ e" 1 £ g
1, 1 1-& £ -1 g £



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-3-1.22.18.pdf#page=36
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26

Cross product of the C, and D; characters gives all Ds =D; XC, characters.

DyxCi| 1 {r,rz} {ijiyis}| 1R {r,r2}-RZ {ijiyiy} R,
D, |1 {r,rz} {iig iy } A-(4) |11 11 1-1 1-1 1-1 1-1
)1 | C:|1 R, 44 |11 11 11 1-1 1-1 11
. X (D1 1 |= Eq4)|21 -1 0-1 2-1 141 0-1
x2(g)|1 1 1
(B)| 1 -1 4-(B) |11 11 1-1 1-(-1)  1-(-]) 1-(-1)
£y
X (g) 2 -l 0 A,-(B) | 111 1-1 141 [ (=) 1-(=D) -1-(=1)
E-(B) |21 -1 0-1 |2:(=1) -1-(=1) 0-(=1)
D, xC: |1 {hz,h4} {ijiyiy | b2 {h,hS} {312d2003
4, 1 1 1 | 1 |
J3 4, |11 1 1o 1
DsGroup | Xﬁf(l%)- E, |2 4 o |2 L 0
slide-rule” 11 5
0 1 1 1 -1 -1 -1
I J Bl 1 1 a1k !
- E 2 - 0 2 0
H 1
i | i, , .
3 = 1 - Unit translation
J3 or
h4 = 60° hex rotation h
17 - 2" determines Odd vs Even
, I1| WS Ay vs B, Y-rotation
i (+1) vs (-1) or
i3 180° flip js
Recall C, xC, =D, characters made “Always-the-same vs Back-and-forth” dggeﬁm)l}&?
1 VS A2

of two C, groups (Lecture 10 p.26)

(+1) vs (-1)


https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26

Cross product of the C, and D; characters gives all Ds =D; XC, characters.

OO

z

X
-120° 180° 180° 180°

z z y
180° +60° 180° 180° 180°
g= 1, r’=h* | i i h’ , Wr’=n' | wli Wi, =j, , hi=j;
D (g)= 1, 1 1 1 1 1 1 1 1 1
D™ (g)= 1, 1 : 1 : 1 : 1 1, 1 .1 : | . 1
S N IR S T N IR
DE2(g)=10) 2 2 2 2 2 2 2 2 0) 2 2 2| b 2 2 2 2 (1))
A I R L IR | Ea | A I L O I R | Eh | i
2 2 2 2 2 2 2 2 2 2 2| b 2 2 2 2
D= 1, 1 1 1 1 1 1 1 -1 1 B
D"I(g)= 1, 1 : 1 : 1 : 1 1, 1 S : 1 : 1 1
e N R N [ L N | R Cn | S V]
Dhi(g)-| ! 0)3 2 2 || 2 2 2 2 2 2 10 ) 2 2 || 2 2 || 2 2 2 2 (-1 o)
R R O | O I I I | CI AT IR EC R S | IR B | REERE B
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
13 Unit translation i
DsGroup or Y-rotation
“slide-rule” 11 i 60° hex rotation h or
O ’ (o) . o
. - jl difernges 180° flip s
19 » VS By determines
A (+1) vs (-1) X1 vs Xo
h> I3 . (+1) vs (-1)
. | )
I3 O ' D ¥ ix
IE 1 Always-the-same vs Back-and-forth
: : Odd vs Even
Jq h* 2"




Cross product of the C, and D; characters gives all Ds =D; XC, characters.

z z

X
0° 120° -120° 180° 180° 180° ’ & ’ Y
180° -60° +60° 180° 180° 180°
g= 1 r=h’ r’=h* i i iy h’ h’r=h’ h’r’=h' h311=j1 h3i2=j2 , h3i3:j3
Dl(g)| 1 1 1 1 1 1 1 1 1 1 1 1
D™ (g) = 1, 1 , 1 , | , | .-l T 1 S , | | Ch
/i ﬁ\/iﬁ\(iﬁwiﬁ\ /i ﬁ”—_l ﬁ”iﬁ”j ﬁ\
Dgz(g)=(1o\ 2 2 2 2 2 2 2 2 [[1rolff1o)] 2 2 IRE 2 2 2 2 |[1]of)
I e O e | O AN A B C I | B SR N R L IRC RN AU B Y
2 2 2 2 2 2 2 2 2 2 RE 2 2 2 2
D (g4 1 1 1 1 1 1 1 1 1 -1 1 1
D"I(g)= 1, 1 , 1 , 1 , 1 o a1, 1 S| , 1 , 1
AERE R R R R R R IR ’lﬁ\’lﬁ\/zﬁ”lﬁ\
DEl(g)=/10\| 2 2 2 2 2 2 2 2 ({1t o)1 0)] 2 2 2 2 2 2 2 2 D )
ol d ol ol o |[8 o [loalod| s o |6 o |18 ol o [Ldh)
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Unit translation |
or Y-rotation
60° hex rotation h or
determines 180° flip j
D, DC 0,1 D DC(h|0O, 1. 2, 3 4 5 P )3
2Us) 1% | oM 1% J6 % % % Ay vs By determines
4, I 4 1 (+1) vs (-1) X1 vs X2
A, 1 A, 1 (+1) vs (-1)
E, 1|1 E, 1 1
1 1
B, 1 B, 1
E, L1 E, 1 1
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D¢ Band structure and related Global vs Local induced representations
High above low barriers Ds D Cs global symmetry rules

- B
large Ist Brillouin
band gap
N Bq
&" E2 . - L LJ
O 51 o\ o~
() A,l

Deep in barriers C> local symmetry rules
(a) (b)

Figure 3.6.5 One-dimensional Bohr and Bloch waves in D, symmetry. (a) Weak Dy

potential. (b) Strong D, potential.
PSDS Ch.3 p 50.


https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=50

Band structure : [

and related

Global vs Localé _ -

induced

representations

(Bohrlt Mac 0S-9) :

Dg
Band structure
TCA

nit 5
p96

IIH.L‘_III

'_)
'k
%
B
'y

Low barrier->Dg global symm.
m5 Stzll valid quantum number

DC(h) |0, 1, 2. 3, 4, 5

4, 1

4, 1

E, 11

1

B, 1

E, 1 1
""" 1 TD~A4,®F,®F, @

0, TD ~A®EDE, @B

Even Band or Cluster EE

Dg 2C,(j3) | 0, | 1
A 1

A, 1

E, 1)1

1
B 1

E, 1)1



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=96
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Figure 3.6.2 One-dimensional Bohr and Bloch waves in D, symmetry. (a) Weak D,
potential. (b) Strong D, potential.
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U(12)-Supersymmetry: When Dg Band structure approaches single 12-fold degeneracy
Setting mutually orthogonal external ko connection springs (and tiny ki, k»,.. coupling)

Spring Constants {N/m} __——— t =299 88 Frequency w {rad Hz}
k0 =150 (Local) _—" rl

k1 =003 ~
k=000
k3 =000

GRS,
QO

\| < x
|ova
ook

U(12)-Supersymmetry
QTICA Unit5 p89
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