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Classical equations of coupled harmonic motion are Newtonian F=M·a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M ·1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K·x matrix expression.
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Molecular vibrational modes vs. Hamiltonian eigenmodes



Classical equations of coupled harmonic motion are Newtonian F=M·a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M ·1 for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K·x matrix expression.
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Compare classical equation to Schrodinger’s equation for quantum motion.
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† Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lect. 4 p14

†

Molecular vibration K-matrix analogy with quantum H-matrix

†Int. Journal of Molec. Sci. (2013) page 798-804 pdf page85

†
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Squared time generator (i~@t=H)2 has classical form withK=H
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(H/~)-eigenvalues are quantum angular frequencies ✏m/~=!m.
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(H/~)-eigenvalues are quantum angular frequencies ✏m/~=!m.

(K/M)-eigenvalues are classical squared frequencies km/M=!2
m.
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Review: H-matrix Global vs Local symmetry 
Molecular vibration K-matrix symmetry analogous to quantum H-matrix   
          Molecular K-matrix construction 
     D3⊃C2(i3) local-symmetry K-matrix eigensolutions 
         D3-direct-connection K-matrix eigenstates mix local symmetry 
     D3⊃C3(r±1) moving-wave local symmetry K-matrix “Coriolis” eigensolutions  
   
Applied symmetry reduction and splitting 
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation      
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation 

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity and band structure  
        Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation      
        Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation 

D6 symmetry and Hexagonal Bands 
        Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters and ireps 
        D6 Band structure and related Global vs Local induced representations,              D4 example  
               U(12)-Supersymmetry 

AMOP  
reference links 

 on page 2

2.26.18 class 14.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

Discrete symmetry subgroups of  O(3) using Mock-Mach principle:D3~C3v LAB vs BOD 
Vibrational eigensolutions, D6~C6v bands, subgroup correlation, and Frobenius reciprocity 
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D6  is the outer product (×) product D3 ×C2 of D3 and C2. (Requires C2 to commute with all of D3.)  
      D6  = D3 ×C2  = {1, r, r2, i1, i2, i3 }×{1, Rz}

D6  is product × of D3 and C2 .

D6 = D3 ×C2 ={1, r, r2, i1, i2, i3}×{1, Rz}={1, r, r2, i1, i2, i3 , 1.Rz, r.Rz, r2.Rz, i1.Rz, i2.Rz,  i3.Rz}   

D6  = D3 ×C2  =                                       ={1, h2,h4, i1, i2, i3 ,  h3,    h5,     h ,      j1,      j2,      j3    } 

Define 60° hexagonal generator h of subgroup C6 ={1, h, h2, h3, h4  h5}
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        D6 Band structure and related Global vs Local induced representations,              D4 example  
               U(12)-Supersymmetry 

AMOP  
reference links 

 on page 2

2.26.18 class 14.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

Discrete symmetry subgroups of  O(3) using Mock-Mach principle:D3~C3v LAB vs BOD 
Vibrational eigensolutions, D6~C6v bands, subgroup correlation, and Frobenius reciprocity 



   

C2
x 1 Rx

+ 1 1
− 1 −1

  ×   
C2

y 1 R y

+ 1 1
− 1 −1

  

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   =   

D2 1 Rx R y R z

++ = A1 1 1 1 1

−+ = A2 1 -1 1 -1

+− = B1 1 1 −1 −1

−− = B2 1 -1 −1 1

Note 
common 
notation

Recall C2 ×C2 = D2  characters made 
of two C2 groups (Lecture 10 p.26)         

Hexagonal chains:D6h⊃D6⊃D3⊃C2 or D6h⊃D2h⊃D2 label 6-fold bands

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26


   

C2
x 1 Rx

+ 1 1
− 1 −1

  ×   
C2

y 1 R y

+ 1 1
− 1 −1

  

=  

C2
x ×C2

y 1 ⋅1 Rx ⋅1 1 ⋅R y Rx ⋅R y

+ ⋅+ 1⋅1 1⋅1 1⋅1 1⋅1
− ⋅+ 1⋅1 −1⋅1 1⋅1 −1⋅1
+ ⋅− 1⋅1 1⋅1 1⋅(−1) 1⋅(−1)
− ⋅− 1⋅1 −1⋅1 1⋅(−1) −1⋅(−1)

   =   

D2 1 Rx R y R z

++ = A1 1 1 1 1

−+ = A2 1 -1 1 -1

+− = B1 1 1 −1 −1

−− = B2 1 -1 −1 1

C2 ×C3 = C6  characters Lect.3 p36            
Here made of C2 x C3 Cartesian product 

C2
x 1 ρ

02 1 1

12 1 −1

  ×   

C3
y 1 r1 r2

03 1 1 1

13 1 ε ε∗

23 1 ε∗ ε

  

=  

C2
x ×C3

y 1 ⋅1 1 ⋅r1 1 ⋅r2 ρ ⋅1 ρ ⋅r1 ρ ⋅r2

02 ⋅03 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

02 ⋅13 1⋅1 1⋅ε 1⋅ε∗ 1⋅1 1⋅ε 1⋅ε∗

02 ⋅23 1⋅1 1⋅ε∗ 1⋅ε 1⋅1 1⋅ε∗ 1⋅ε

12 ⋅03 1⋅1 1⋅1 1⋅1 −1⋅1 −1⋅1 −1⋅1

12 ⋅13 1⋅1 1⋅ε 1⋅ε∗ −1⋅1 −1⋅ε −1⋅ε∗

12 ⋅23 1⋅1 1⋅ε∗ 1⋅ε −1⋅1 −1⋅ε∗ −1⋅ε

   =   

C6
xy 0° 120° 240° 180° −60° 60°

06 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

26 1⋅1 1⋅ε 1⋅ε∗ 1⋅1 1⋅ε 1⋅ε∗

46 1⋅1 1⋅ε∗ 1⋅ε 1⋅1 1⋅ε∗ 1⋅ε

36 1⋅1 1⋅1 1⋅1 −1⋅1 −1⋅1 −1⋅1

56 1⋅1 1⋅ε 1⋅ε∗ −1⋅1 −1⋅ε −1⋅ε∗

16 1⋅1 1⋅ε∗ 1⋅ε −1⋅1 −1⋅ε∗ −1⋅ε

Note 
common 
notation

Recall C2 ×C2 = D2  characters made 
of two C2 groups (Lecture 10 p.26)         

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-3-1.22.18.pdf#page=36
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26


Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters. 

   

D3 1 r,r2{ } i1,i2,i3{ }
χ

A1 g( ) 1 1 1

χ
A2 g( ) 1 1 −1

χ
E1 g( ) 2 −1 0

  ×   
C2

z 1 Rz

( A) 1 1
(B) 1 −1

  =  

D3 ×C2
z 1 r,r2{ } i1,i2,i3{ } 1 ⋅Rz r,r2{ } ⋅Rz i1,i2,i3{ } ⋅Rz

A1 ⋅( A) 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1 1⋅1

A2 ⋅( A) 1⋅1 1⋅1 -1⋅1 1⋅1 1⋅1 -1⋅1

E2 ⋅( A) 2 ⋅1 -1⋅1 0 ⋅1 2 ⋅1 -1⋅1 0 ⋅1

A1 ⋅(B) 1⋅1 1⋅1 1⋅1 1⋅(−1) 1⋅(−1) 1⋅(−1)

A2 ⋅(B) 1⋅1 1⋅1 -1⋅1 1⋅(−1) 1⋅(−1) -1⋅(−1)

E1 ⋅(B) 2 ⋅1 -1⋅1 0 ⋅1 2 ⋅(−1) -1⋅(−1) 0 ⋅(−1)

   

                                                      χg
µ D6( ) =   

D3 ×C2
z 1 h2,h4{ } i1,i2,i3{ } h3 h,h5{ } j1, j2, j3{ }

A1 1 1 1 1 1 1

A2 1 1 -1 1 1 -1

E2 2 -1 0 2 -1 0

B2 1 1 1 -1 -1 -1

B1 1 1 -1 -1 -1 1

E1 2 -1 0 −2 1 0

Unit translation 
or 

60° hex rotation h 
determines  

Ap vs Bp 
(+1) vs (-1)

Y-rotation 
or 

180° flip j3  
determines  

X1 vs X2 
(+1) vs (-1)

“Always-the-same vs Back-and-forth”

Odd vs Even

i3i3 i3

h

r=h2

i3

i1

j3

j3

j2

j2

j1

i1

i2

i2

11

h1h1
h2h2

h3h3

h4h4

h5h5

i2i2

i1i1

j1j1

j2j2
j3j3

D6Group 
 “slide-rule”

Recall C2 ×C2 = D2  characters made 
of two C2 groups (Lecture 10 p.26)         

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-10-2.14.18.pdf#page=26


0°        120°     -120°     180°     180°     180°
180°   -60°     +60°       180°     180°     180°

z z x
z z z y

g =                    1     ,            r=h2       ,        r2=h4      ,           i1            ,           i2          ,        i3       ,       h3      ,         h3r=h5     ,     h3r2=h1     ,       h3i1=j1      ,      h3i2=j2     ,     h3i3=j3 

DA1(g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        1       ,            1            ,         1              ,           1            ,          1           ,         1 

DA2 (g) =          1     ,            1             ,          1            ,           -1            ,          -1           ,      -1         ,       1       ,             1           ,         1              ,           -1            ,         -1           ,       -1    

DE2 (g) = 1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, 1 0
0 -1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,      

1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,       1 0
0 -1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

DB2 (g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        -1       ,            -1          ,       -1              ,         - 1           ,            -1            ,      -1 

DB1(g) =          1     ,            1             ,          1            ,           -1            ,           -1           ,      -1        ,        -1       ,            -1          ,       -1              ,           1           ,             1            ,       1 

DE1(g) = 1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, 1 0
0 -1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,      

-1 0
0 -1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,

1
2

3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

1
2

- 3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

1
2

3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,

1
2

- 3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

,      -1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Unit translation 
or 

60° hex rotation h 
determines  

Ap vs Bp 
(+1) vs (-1)

Y-rotation 
or 

180° flip j3  
determines  

X1 vs X2 
(+1) vs (-1)

“Always-the-same vs Back-and-forth”

Odd vs Even

i3i3 i3

h

r=h2

i3

i1

j3

j3

j2

j2

j1

i1

i2

i2

11

h1h1
h2h2

h3h3

h4h4

h5h5

i2i2

i1i1

j1j1

j2j2
j3j3

D6Group 
 “slide-rule”

Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters. 



   

g =                    1     ,            r=h2       ,        r2=h4      ,           i1            ,           i2          ,        i3       ,       h3      ,         h3r=h5      ,     h3r2=h1     ,       h3i1=j1      ,      h3i2=j2     ,     h3i3=j3 

D A1(g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        1       ,            1            ,         1              ,           1            ,          1           ,         1 

D A2 (g) =          1     ,            1             ,          1            ,           -1            ,          -1           ,      -1         ,       1       ,             1           ,         1              ,           -1            ,         -1           ,       -1    

DE2 (g) = 1 0
0 1

⎛

⎝
⎜

⎞

⎠
⎟ ,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

, 1 0
0 -1

⎛

⎝
⎜

⎞

⎠
⎟ , 1 0

0 1
⎛

⎝
⎜

⎞

⎠
⎟ ,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

, 1 0
0 -1

⎛

⎝
⎜

⎞

⎠
⎟

DB2 (g) =          1     ,            1             ,          1            ,            1            ,           1           ,       1         ,        -1       ,            -1          ,       -1              ,         - 1           ,            -1            ,      -1 

DB1(g) =          1     ,            1             ,          1            ,           -1            ,           -1           ,      -1        ,        -1       ,            -1          ,       -1              ,           1           ,             1            ,       1 

DE1(g) = 1 0
0 1

⎛

⎝
⎜

⎞

⎠
⎟ ,

-1
2

- 3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

- 3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

-1
2

3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

, 1 0
0 -1

⎛

⎝
⎜

⎞

⎠
⎟ , -1 0

0 -1
⎛

⎝
⎜

⎞

⎠
⎟ ,

1
2

3
2

- 3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

1
2

- 3
2

3
2

1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

1
2

3
2

3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

,

1
2

- 3
2

- 3
2

-1
2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

, -1 0
0 1

⎛

⎝
⎜

⎞

⎠
⎟

Unit translation 
or 

60° hex rotation h 
determines  

Ap vs Bp 
(+1) vs (-1)

Y-rotation 
or 

180° flip j3  
determines  

X1 vs X2 
(+1) vs (-1)

  

 

D6 ⊃C2( j3) 02 12

A1 1 ⋅

A2 ⋅ 1

E2 1 1

B2 ⋅ 1

B1 1 ⋅

E1 1 1

D6 ⊃ C6(h) 06 16 26 36 46 56

A1 1 ⋅ ⋅ ⋅ ⋅ ⋅

A2 1 ⋅ ⋅ ⋅ ⋅ ⋅

E2 ⋅ ⋅ 1 ⋅ 1 ⋅

B2 ⋅ ⋅ ⋅ 1 ⋅ ⋅

B1 ⋅ ⋅ ⋅ 1 ⋅ ⋅

E1 ⋅ 1 ⋅ ⋅ ⋅ 1

 

0°        120°     -120°     180°     180°     180°
180°   -60°     +60°       180°     180°     180°

z z x
z z z y

Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters. 



Review: H-matrix Global vs Local symmetry 
Molecular vibration K-matrix symmetry analogous to quantum H-matrix   
          Molecular K-matrix construction 
     D3⊃C2(i3) local-symmetry K-matrix eigensolutions 
         D3-direct-connection K-matrix eigenstates mix local symmetry 
     D3⊃C3(r±1) moving-wave local symmetry K-matrix “Coriolis” eigensolutions  
   
Applied symmetry reduction and splitting 
        Subduced irep Dα(D3)↓C2 =d02⊕d12⊕.. correlation      
        Subduced irep Dα(D3)↓C3 =d03⊕d13⊕.. correlation 

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity and band structure  
        Induced rep da(C2)↑D3 =Dα⊕Dβ⊕.. correlation      
        Induced rep da(C3)↑D3 =Dα⊕Dβ⊕.. correlation 

D6 symmetry and Hexagonal Bands 
        Cross product of the C2 and D3 characters gives all D6 =D3 ×C2 characters and ireps 
        D6 Band structure and related Global vs Local induced representations,              D4 example  
               U(12)-Supersymmetry 

AMOP  
reference links 

 on page 2

2.26.18 class 14.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

Discrete symmetry subgroups of  O(3) using Mock-Mach principle:D3~C3v LAB vs BOD 
Vibrational eigensolutions, D6~C6v bands, subgroup correlation, and Frobenius reciprocity 



D6 Band structure and related Global vs Local induced representations 

PSDS Ch.3 p 50.     

High above low barriers D6 ⊃ C6 global symmetry rules

Deep in barriers C2 local symmetry rules

small 1st Brillouin  
band gap

large 1st Brillouin  
band gap

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=50


1±E1(x)

2±E2(a)

3-B1

1±E1(y)

2±E2(b)

5±E1(x)

4±E2(a)

3+B2

6-A2

0+A1

5±E1(y)

4±E2(b)

-y -x

y

x y -y x y -x -y

 

D6 ⊃C2( j3) 02 12

A1 1 ⋅

A2 ⋅ 1

E2 1 1

B2 ⋅ 1

B1 1 ⋅

E1 1 1

D6 ⊃C6(h) 06 16 26 36 46 56

A1 1 ⋅ ⋅ ⋅ ⋅ ⋅

A2 1 ⋅ ⋅ ⋅ ⋅ ⋅

E2 ⋅ ⋅ 1 ⋅ 1 ⋅

B2 ⋅ ⋅ ⋅ 1 ⋅ ⋅

B1 ⋅ ⋅ ⋅ 1 ⋅ ⋅

E1 ⋅ 1 ⋅ ⋅ ⋅ 1

 

D6  
Band structure 

and related 
Global vs Local  

induced  
representations 

(BohrIt Mac OS-9)  

12↑D6 ~A2⊕E2⊕E1⊕B2   

Odd  Band or Cluster

02↑D6 ~A1⊕E1⊕E2⊕B1  

Even Band or Cluster

Low barrier->D6 global symm. 
m6 still valid quantum number

D6  
Band structure 

QTCA  
Unit 5  
p96  

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=96
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D4 :Simplest example of ring-lattice band structure and symmetry 

PSDS Ch.3 p 45.     

D4 Mol-vibe 

band-analog 

animation 

? 

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

D4↓C4 04 14 24 -14
A1 1 ⋅ ⋅ ⋅

B1 ⋅ ⋅ 1 ⋅

A2 1 ⋅ ⋅ ⋅

B2 ⋅ ⋅ 1 ⋅

E ⋅ 1 ⋅ 1

D4↓C2 02 12
A1 1 ⋅

B1 ⋅ 1

A2 1 ⋅

B2 ⋅ 1

E 1 1

High above low barriers D4 ⊃ C4 global symmetry rules

Deep in barriers C2 local symmetry rules

small 1st Brillouin band gap large  
1st Brillouin  

band gap

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=45
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D6 Band structure 
and related  

induced  
representations 
(Web MolVibes)  

The testing config:
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C6vN6_Testing

  P0212

E1

mode

MoleVibes Web 
Simulation - E1_01    

http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C6vN6_Testing
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C6vN6_Banding_E1_01


symmetric P11 
(radial) on Global 

i3 
axis

Local 
i1 

axis

Local 
i2 

axis

symmetric P11 
(radial) on

  P11
E2

mode

Global 
i3 

axis

Local 
i1 

axis

Local 
i2 

axis

antisymmetric P22 
(angular) on

antisymmetric P22 
(angular) on

  P22
E2

mode

Global 
i3 

axis

Local 
i1 

axis

Local 
i2 

axis

  P21
E2

mode

symmetric P21 
(radial) on

symmetric  
antisymmetric 

P21 
suppressed

Global 
i3 

axis

Local 
i1 

axis

Local 
i2 

axis

  P12
E2

mode

antisymmetric P12 
(angular) on

symmetric  
antisymmetric 

P12 
suppressed

MoleVibes Web 
Simulation - E2_11    

MoleVibes Web 
Simulation - E2_00    

https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C6vN6_Banding_E1_01&initialEvector=4
https://modphys.hosted.uark.edu/markup/MolVibesWeb.html?scenario=C6vN6_Banding_E1_01&initialEvector=8
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U(12)-Supersymmetry: When D6 Band structure approaches single 12-fold degeneracy 
Setting mutually orthogonal external k0 connection springs (and tiny k1, k2,.. coupling)

Even moderate k1 coupling lifts a band of single-doublet-doublet-singlet above 6-fold degenerate sextet

Local symmetry-asymmetry is well broken 
as strictly radial or angular paths are avoided by masses off x-axis 

U(12)-Supersymmetry 
QTCA Unit5 p89

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=89


D6 Band structure 
and related  

induced  
representations 

(Mac OS-9)  
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Local 
i1 

axis

Local 
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symmetric P11 
(radial) on Global 

i3 
axis

Local 
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axis

Local 
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axis

antisymmetric P22 
(angular) on

antisymmetric P22 
(angular) on

symmetric P11 
(radial) on

  P11
E2

mode

  P22
E2

mode


