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Octahedral O and spin-O⊂U(2) rotation product Table F.2.1 from Principles of Symmetry, Dynamics and Spectroscopy
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Y=x2

Z=x3
X=x1

Y=x2

Z=x3

X=x1

Y=x2

Z=x3
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Octahedral O and spin-O⊂U(2) rotation nomograms

Fig. 4.1.3-4 Principles of Symmetry, Dynamics and Spectroscopy.        
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Tetrahedral T class algebra
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Tetrahedral T class algebra
c1=1,     cr=r1+r2+r3+r4 ,     c†r=r12+r22+r32+r42,       cρ=R12+R22+R32,  
T group products
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1 = c1 cr c†r cρ
cr 4c†r 41+4cρ 3cr
c†r 4cr 3c†r
cρ 31+2cρ
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T class products

 

Minimal  equation for  cr  
c2
r = 4 !cr
c3
r = 4 !crcr = 4(4·1+ 4cρ ) = 16·1+16cρ
c4
r = 16·1cr +16cρcr = 16·1cr +16(3cr )

c4
r − 64cr = (c3

r − 64 ·1)cr = 0

(cr − 4e
+2π i

3 1)(cr − 4e
−2π i

3 1)(cr − 4·1)(cr − 0) = 0

Minimal  equation for  cρ  

c2
ρ = 3·1+ 2cρ
c2
ρ − 2cρ − 3·1 = 0

(cρ − 3·1)(cρ+1) = 0

Minus (-)signs 
for Fermions 

(Ignore (-) for Bosons or 
classical particles)
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Tetrahedral T class characters

 

1 = c1 cr !cr cρ
cr 4 !cr 41+4cρ 3cr
!cr 4cr 3!c
cρ 31+2cρ

T class products

  Pµ

   
cg =

°cgχg
µ

ℓµµ
∑

ℓµ

°Gclassescg
∑ χg

µ*cg  =
ℓµ( )2
°G

1+ ...  Pµ=

Minimal  equation for  cr : (cr−4ε1)(cr−4ε*1)(cr−4·1)(cr−0) = 0

 

 P(4ε ) =
(crr − 4ε*1)(crr − 4·1)(crr − 0)
(4ε − 4ε*)(4ε − 4)(4ε − 0)

=
(c2

rr − 4(ε*+1)crr +16·ε*)cr
64(ε − ε*)(ε −1)ε

        = 4 !crcr+4(ε )4 !crr +16·ε*cr
64i 3(ε 2 − ε )

=
16(1+ cρ )+16ε !crr +16·ε*cr

64i 3(−i 3)
    =

1+ cρ+ε !crr + ε*cr
12

 
P(4ε*) =

(crr − 4ε1)(crr − 4·1)(crr − 0)
(4ε*−4ε )(4ε*−4)(4ε*−0)

                                               =
1+ cρ+ ε*!crr +εcr

12

 

P(4 ) =
(cr − 4ε1)(cr − 4ε*1)(crr − 0)

(4 − 4ε )(4 − 4ε*)(4 − 0)
=

(c2
r − 4(ε + ε*)cr +161)cr

64(1− (ε+ ε*)+1)

      = 4 !crcr + 4 ·4 !crr +16cr
64(1+1+1)

=
16(1+ cρ )+16!crr +16cr

64(1+1+1)
                =

1+ cρ + !crr + cr
12

 

P(0) =
(cr − 4ε1)(cr − 4ε*1)(crr − 4 ·1)

(0 − 4ε )(0 − 4ε*)(0 − 4)
=

(c2
r − 4(ε + ε*)cr +16 ⋅1)(crr − 4 ·1)

64(−ε )(−ε*)(−1)

=
4 !cr+ 4crr+16 ⋅1)(crr − 4 ·1)

−64

=
4 !crcrr+ 4c2

rr+16crr −16!cr −16cr − 64 ·1)
−64

=
4(41+4cρ )+16!cr+16crr −16!cr −16cr − 64 ·1)

−64
=
−48·1+16cρ

−64
    = 3

4
1− 1

4
cρ  

T :cg = c1 cr !cr cρ
χg
A = 1 1 1 1

χg
ε = 1 ε * ε 1

χg
ε* = 1 ε ε * 1

χg
T = 3 0 0 −1

ε*=e
−2π i
3 =ε 2

ε =e
+2π i
3 −ε*=ε+1ε−1

ε−ε*=i 3

ε+ε*=−1 1=−ε−ε*

−ε=ε*+1
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https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_4.06.17.pdf#page=22
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_4.06.17.pdf#page=50


Review: General all-commuting class-character-projector formula derivations. 
            Pµin χµ-terms of κg                  κg  in χµ*-terms of  Pµ                         Irep frequency f µ in χµ*-terms of TraceR(g) 

Introducing octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T : relating D4⊃C4 and D3⊃C3                                     
         Octahedral-cubic O symmetry and group operations,            O slide-rule 
         Tetrahedral symmetry leads to Icosahedral 
         Octahedral groups Oh⊃O~Td⊃T and its large subgroups.     Oh slide-rule 
               Octahedral O and spin-O⊂U(2) nomograms 
Tetrahedral T class algebra            minimal equations             centrum projectors and characters 
Octahedral O class algebra           minimal equations              centrum projectors and characters 

Characters of full Octahedral symmetry Oh=O×CI=O×{1,I} 
            Octahedral Oh⊃O⊃CI subgroup correlations 
Octahedral subgroup correlation         Oh⊃O⊃D4      Oh⊃O⊃D4⊃C4       and level-splitting 
            Comparing O⊃C4 and O⊃C3 and O⊃C2 
R(3)⊂O(3)⊃Oh⊃O character analysis: Crystal field splitting        p, d, f,…orbitals 
            Cluster structure in SF6 16um spectra.          Analogy with D6 band gap structure 
Global vs Local              External LAB splitting vs Internal BODY clustering  
            Detailed superfine structure for A1T1E cluster       preview of next lecture  

3.05.18 class 15.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

AMOP  
reference links 

 on page 2

Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O~Td, Cubic-Tetrahedral Th⊃T): 
Characters and subgroup-chain defined ireps, and applications to SF6 and CF4 spectra



Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,   
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products 
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example: 
cρci =  R12i1+….=  R2 +…. 
         +R22i1+….  + i2  +….   
         +R32i1+….  +R23+

Step-byStep Development of 
O-characters 
GrpTh Lect.19 start:p.52

GrpTh Lect.19 end:p.85
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Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,   
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products 
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example: 
cR2ci =  R12i1+….=  R2 +…. 
         +R22i1+….  + i2  +….   
         +R32i1+….  +R23+

So there are 2cR for each ci : 
cρci =2cR+ci   or:  4cR+2ci   etc.



Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,   
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products 
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example: 
cR2ci =  R12i1+….=  R2 +…. 
         +R22i1+….  + i2  +….   
         +R32i1+….  +R23+

So there are 2cR for each ci …... 
cρci =2cR+ci   or:  4cR+2ci   etc.

So: 2(°cR)+(°ci) =2·6+6=18

...in (°cρ)·(°ci)=(3)·(6)=18 terms

Proof that class proportion cannot vary: 
cgch   =  g1h1+g2h1+….=  g1h1+tg1h1t-1+…. =  g1h1+tg1t-1th1t-1+…. =  g1h1+  g2    th1t-1+….  
          +g1h2+g2h2+….  +g1h2+tg1h2t-1+….   +g1h2+tg1t-1th2t-1+….   +g1h2+  g2    th2t-1+…. 
        =  g1h3+g2h3+….  +g1h2+tg1h3t-1+….   +g1h2+tg1t-1th3t-1+….   +g1h2+  g2    th3t-1+….  

Minimal equation for cρ  
cρ2=31+2cρ   
cρ2-2cρ-31 =0
(cρ-31)(cρ+1) =0

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

cρci =?

Step-byStep Development of 
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GrpTh Lect.19 start:p.52

GrpTh Lect.19 end:p.85
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Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O~Td, Cubic-Tetrahedral Th⊃T): 
Characters and subgroup-chain defined ireps, and applications to SF6 and CF4 spectra



  Pµ

   
cg =

°cgχg
µ

ℓµµ
∑

ci3=6·1ci+3crci+2cρci 

      =6ci+3(4cR+4ci)+2(2cR+ci) 
ci3=16cR+20ci

40ci3=640cR+800ci

ci5-40ci3+144ci =0=(ci2-36·1)(ci2 -4·1)(ci-0·1)
0=(ci+6·1)(ci-6·1)(ci +2·1)(ci -2·1)(ci-0·1)

    

ℓµ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci5=120ci+108crci              +104cρci 

     =120ci+108(4cR+4ci)+104(2cR+ci) 
     =640cR+656ci

ci4=     16cRci    +20cici 

      =16(3cr+4cρ)+20(6·1+3cr+2cρ) 
    =48cr+64cρ+120·1+60cr+40cρ) 
   =120·1+108cr+104cρ

Minimal equation for ci  
             ci2=6·1+3cr+2cρ

Minimal  equation for  ci  

 800 
-656 
 144

Step-byStep Development of 
O-characters 
GrpTh Lect.19 start:p.52

GrpTh Lect.19 end:p.85
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https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_4.06.17.pdf#page=85
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Octahedral O projector algebra 
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) =
(ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)

(2 + 2)(2 − 6)(2 + 6)(2 − 0)
=

(ci + 2·1)(c2
i − 36·1)ci

−256
=
c4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

ℓµµ
∑

    

ℓµ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci 

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci 

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

 P(2) =  3
8
1− 0

8
cr +

1
8
cρ −

1
8
cR +

1
8
ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)

Step-byStep Development of 
O-characters 
GrpTh Lect.19 start:p.52

GrpTh Lect.19 end:p.85

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_4.06.17.pdf#page=52
https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_19_4.06.17.pdf#page=85


Octahedral O projector algebra 
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) =
(ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)

(2 + 2)(2 − 6)(2 + 6)(2 − 0)
=

(ci + 2·1)(c2
i − 36·1)ci

−256
=
c4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

ℓµµ
∑

    

ℓµ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci 

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci 

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

 P(2) =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 P(−2) =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

(Remaining 
character 

derivations 
left as an 
exercise)

Expansion of P  has (-)sign on last 2 terms...  
(-2)

Step-byStep Development of 
O-characters 
GrpTh Lect.19 start:p.52
GrpTh Lect.19 end:p.85
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1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

(Remaining 
character 

derivations 
left as an 
exercise)

Octahedral Oh =O×{1,I} characters of O×CI⊃O

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

EVEN 
parity 
(gerade)

Oh ⊃ O 
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

± 
Parity P



χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

EVEN 
parity 
(gerade)

Oh ⊃ O 
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

± 
Parity P

Octahedral Oh =O×{1,I} characters of O×CI⊃O



χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1u 1 1 1 1 1
χ A2u 1 1 1 −1 −1
χ Eu 2 −1 2 0 0
χ T1u 3 0 −1 1 −1
χ T2u 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

A1u
A2u
Eu

T1u
T2u

EVEN 
parity 
(gerade)

ODD 
parity 

(ungerade)

Oh ⊃ O 
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

± 
Parity P

Octahedral Oh =O×{1,I} characters of O×CI⊃O



χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1u −1 −1 −1 −1 −1
χ A2u −1 −1 −1 +1 +1
χ Eu −2 +1 −2 0 0
χ T1u −3 0 +1 −1 +1
χ T2u −3 0 +1 +1 −1

χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1u 1 1 1 1 1
χ A2u 1 1 1 −1 −1
χ Eu 2 −1 2 0 0
χ T1u 3 0 −1 1 −1
χ T2u 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

A1u
A2u
Eu

T1u
T2u

EVEN 
parity 
(gerade)

ODD 
parity 

(ungerade)

Oh ⊃ O 
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

± 
Parity P

Oh easily derived from those of O and CI !
Octahedral Oh =O×{1,I} characters of O×CI⊃O
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Octahedral Oh⊃O subgroup correlations
χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

~S3

Fig. 3.1.1 PSDS

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=3


χg
µp 1 r1...4 ρxyz Rxyz i1...6 I

Ir=
s1...4

Iρ=
σ xyz

IR=
Sxyz

Ii=
σ1...6

χ A1g 1 1 1 1 1 1 1 1 1 1

χ A2 g 1 1 1 −1 −1 1 1 1 −1 −1

χ Eg 2 −1 2 0 0 2 −1 2 0 0

χ T1g 3 0 −1 1 −1 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1 3 0 −1 −1 1
χ A1u 1 1 1 1 1 −1 −1 −1 −1 −1
χ A2u 1 1 1 −1 −1 −1 −1 −1 1 1
χ Eu 2 −1 2 0 0 −2 1 −2 0 0
χ T1u 3 0 −1 1 −1 −3 0 1 −1 1
χ T2u 3 0 −1 −1 1 −3 0 1 1 −1

Oh⊃O A1 A2 E T1 T2
A1g 1 ⋅ ⋅ ⋅ ⋅

A2g ⋅ 1 ⋅ ⋅ ⋅

Eg ⋅ ⋅ 1 ⋅ ⋅

T1g ⋅ ⋅ ⋅ 1 ⋅

T2g ⋅ ⋅ ⋅ ⋅ 1

A1u 1 ⋅ ⋅ ⋅ ⋅

A2u ⋅ 1 ⋅ ⋅ ⋅

Eu ⋅ ⋅ 1 ⋅ ⋅

T1u ⋅ ⋅ ⋅ 1 ⋅

T2u ⋅ ⋅ ⋅ ⋅ 1

~S3

Fig. 3.1.1 PSDS
Octahedral Oh⊃O subgroup correlations

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=3
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f µ derivation 2015 Lect15 p.40-45.    

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44


Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρz180°, i3,4 

  
   

D4:
O↓D4 subduction

~S3

Fig. 3.1.1 PSDS

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=3


Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4 

  
   

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

O↓D4 subduction

~S3

Fig. 3.1.1 PSDS

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Review: General all-commuting class-character-projector formula derivations. 
            Pµin χµ-terms of κg                  κg  in χµ*-terms of  Pµ                         Irep frequency f µ in χµ*-terms of TraceR(g) 

Introducing octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T : relating D4⊃C4 and D3⊃C3                                     
         Octahedral-cubic O symmetry and group operations,            O slide-rule 
         Tetrahedral symmetry leads to Icosahedral 
         Octahedral groups Oh⊃O~Td⊃T and its large subgroups.     Oh slide-rule 
               Octahedral O and spin-O⊂U(2) nomograms 
Tetrahedral T class algebra            minimal equations             centrum projectors and characters 
Octahedral O class algebra           minimal equations              centrum projectors and characters 

Characters of full Octahedral symmetry Oh=O×CI=O×{1,I} 
            Octahedral Oh⊃O⊃CI subgroup correlations 
Octahedral subgroup correlation         Oh⊃O⊃D4      Oh⊃O⊃D4⊃C4       and level-splitting 
            Comparing O⊃C4 and O⊃C3 and O⊃C2 
R(3)⊂O(3)⊃Oh⊃O character analysis: Crystal field splitting        p, d, f,…orbitals 
            Cluster structure in SF6 16um spectra.          Analogy with D6 band gap structure 
Global vs Local              External LAB splitting vs Internal BODY clustering  
            Detailed superfine structure for A1T1E cluster       preview of next lecture  

3.05.18 class 15.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

AMOP  
reference links 

 on page 2

Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O~Td, Cubic-Tetrahedral Th⊃T): 
Characters and subgroup-chain defined ireps, and applications to SF6 and CF4 spectra

f µ derivation 2015 Lect15 p.40-45.    
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations
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Fig. 25.4.7  Different choices of rotation axes for octahedral rotor corresponding to local symmetry C3, C2, and C4.  Tables correlate global octahedral symmetry species with the local ones. 

PSDS Ch. 7. Fig. 7.4.7.       

QTforCA Unit 8. Ch. 25 Fig. 25.4.7.       

Octahedral O⊃C3  
is 2nd most common  
local symmetry

Octahedral O⊃C2  
is an unusual  
local symmetry

Octahedral O⊃C4  
is most common  
local symmetry

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=58


Review: General all-commuting class-character-projector formula derivations. 
            Pµin χµ-terms of κg                  κg  in χµ*-terms of  Pµ                         Irep frequency f µ in χµ*-terms of TraceR(g) 

Introducing octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T : relating D4⊃C4 and D3⊃C3                                     
         Octahedral-cubic O symmetry and group operations,            O slide-rule 
         Tetrahedral symmetry leads to Icosahedral 
         Octahedral groups Oh⊃O~Td⊃T and its large subgroups.     Oh slide-rule 
               Octahedral O and spin-O⊂U(2) nomograms 
Tetrahedral T class algebra            minimal equations             centrum projectors and characters 
Octahedral O class algebra           minimal equations              centrum projectors and characters 

Characters of full Octahedral symmetry Oh=O×CI=O×{1,I} 
            Octahedral Oh⊃O⊃CI subgroup correlations 
Octahedral subgroup correlation         Oh⊃O⊃D4      Oh⊃O⊃D4⊃C4       and level-splitting 
            Comparing O⊃C4 and O⊃C3 and O⊃C2 
R(3)⊂O(3)⊃Oh⊃O character analysis: Crystal field splitting        p, d, f,…orbitals 
            Cluster structure in SF6 16um spectra.          Analogy with D6 band gap structure 
Global vs Local              External LAB splitting vs Internal BODY clustering  
            Detailed superfine structure for A1T1E cluster       preview of next lecture  

3.05.18 class 15.0: Symmetry Principles for 
Advanced Atomic-Molecular-Optical-Physics 

William G. Harter - University of Arkansas

AMOP  
reference links 

 on page 2

Discrete symmetry subgroups of  O(3)⊃(Octahedral Oh⊃O~Td, Cubic-Tetrahedral Th⊃T): 
Characters and subgroup-chain defined ireps, and applications to SF6 and CF4 spectra

f µ derivation 2015 Lect15 p.40-45.    

https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44


R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.391     )

T1u 
xΨΨxx == DD11xx00ΨΨyy == DD11yy00

ΨΨzz == DD11zz00

j = 1
Standing
p-Waves

T1u 
      z

T1u 
     y

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=78


R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.391     )

Eg

T2g

T1u 
xΨΨxx == DD11xx00ΨΨyy == DD11yy00

ΨΨzz == DD11zz00

j = 1
Standing
p-Waves

T1u 
      z

T1u 
     y

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=78


XXxxyy

XXxxzz
XXyyzz

XXxx22--yy22 XX22zz22--xx22--yy22

||XX2222 ||22
||XX2211 ||22

||XX2200 ||22

j = 2
Standing
d-Waves

j = 2 Moving d-Wave Distributions

yyxx

zz

++

++

++

++++

++ ++

++

++

++

−−

−−

−−
−−

−−

−−

−−
−− −−

yy
xx m=2

m=1

m=0

R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.391     )

Eg

T2g

Eg 
x2-y2

T2g 
xy

Eg 
2z2-x2-y2

Eg 
x2-y2

T2g 
xz

T2g 
yz

T2g 
xy

T1u 
xΨΨxx == DD11xx00ΨΨyy == DD11yy00

ΨΨzz == DD11zz00

j = 1
Standing
p-Waves

T1u 
      z

T1u 
     y

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=78


XXxxyy

XXxxzz
XXyyzz

XXxx22--yy22 XX22zz22--xx22--yy22

||XX2222 ||22
||XX2211 ||22

||XX2200 ||22

j = 2
Standing
d-Waves

j = 2 Moving d-Wave Distributions

yyxx

zz

++

++

++

++++

++ ++

++

++

++

−−

−−

−−
−−

−−

−−

−−
−− −−

yy
xx m=2

m=1

m=0

R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.391     )

Eg

T2g

Eg 
x2-y2

T2g 
xy

Eg 
2z2-x2-y2

Eg 
x2-y2

T2g 
xz

T2g 
yz

T2g 
xy

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=78


R(3)⊂O(3)⊃Oh⊃O character analysis

 

χ ℓ(Θ) = sin(ℓ+2
1 )Θ

sinΘ
2

R(3) characters

O characters

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

(From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.385   )

“sharp”
“principal”
“diffuse”
“fine”
“gothcha?”
“hell knows??”
“I dunnow!”
“kant’tell!”
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C3-CLUSTERSC3-CLUSTERS
(Next page: approximate theory)

PQR structure due to Coriolis scalar interaction  
between vibrational angular momentum ℓ   
and total momentum J =ℓ+N of rotating nuclei

P(N)=P(88) structure due to tensor centrifugal/Coriolis  
due to vibrational ℓ  and total momentum J =ℓ+N

Superfine structure modeled by J-tunneling in body frame 
(Underlying F-spin-permutation symmetry is involved, too.)
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Spin-rotor SN-tableau super-hyperfine theory: see p. 11 of Lecture 29
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Bands or “Clusters” 
of levels maintain order 
but change spacing as 
they adapt to varying 
local symmetries and 
separatrix crossing 
in their phase space
(see p. 73-77)

(see the following two pages 
where “band” and “gap” 
spacing varies with energy)

R(3)⊂O(3)⊃Oh⊃O character analysis (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.403   )

(From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.402   )

O(3)⊃D6 band clusters

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=90
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=89


D6 Band structure and related Global vs Local induced representations 

PSDS Ch.3 p 50.     

High above low barriers D6 ⊃ C6 global symmetry rules

Deep in barriers C2 local symmetry rules

small 1st Brillouin  
band gap

large 1st Brillouin  
band gap

From class-14 p67.    

https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.3_(4.22.10).pdf#page=50
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-14-3.02.18.pdf#page=67
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Band structure 

and related 
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induced  
representations 

(BohrIt Mac OS-9)  
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Odd  Band or Cluster

02↑D6 ~A1⊕E1⊕E2⊕B1  

Even Band or Cluster

Low barrier->D6 global symm. 
m6 still valid quantum number

D6  
Band structure 

QTCA  
Unit 5  
p96  

From class-14 p68.    

https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_5_Ch._14-16_2013.pdf#page=96
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“Tunable Laser Spectra of the Infrared-Active Fundamentals of Cubane”  J. Am. Chem. Soc. 106, 891 (1984) 
    

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Tunable_Laser_Spectra_of_the_Infrared-Active_Fundamentals_of_Cubane_-_pine-jacs-1984.pdf


Review: Spherical rotor levels and spectra

“Tunable Laser Spectra of the Infrared-Active Fundamentals of Cubane”  J. Am. Chem. Soc. 106, 891 (1984) 
    

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Tunable_Laser_Spectra_of_the_Infrared-Active_Fundamentals_of_Cubane_-_pine-jacs-1984.pdf
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J=30 multiplet variation due to adding T[6] to T[4]  

and  Fig. 29  p.791after: Int.J.Molecular Science 14.(2013) Fig.6  p.742

https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=78
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=78
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=29
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=78
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Two molecular examples: SiF4 and C8H8


