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Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: . r_, R . .
0: Xg g=1 < pxyz > 6
o>c, |0, 1, 2, 3 -4 o
4 4 4 T4 4 PP’ u=A, | 11 1 1 1
AIJ,C4 1 - . . —10,0,
and A, 1 1 1 -1 -1
. : A _pA
4Gy I P==P E |2 1 2 0 0
E\C, |1 - 1 .| cannot |3 o0 -1 1 -
split
nic, |1 1 - 1 , |3 0 -1 -1 1
Cy4 characters
DIG - 1 11 C,:d™ | g=1 R p=R? R_-R]
R
my=0, | 1 1 1 1
1, 1 -1 -1 I
2, 1 -1 1 -1
3, 1 -1 -1 -1
O operators (Two I/lOZCZZlOnS Older Prmc ofSymm Dynamics and Spectm and Newey Int.J Mol.Sci)
PSDS:|! 1 |r, r, r, 1, ir T, I R} R, R:|R, R, R, R3 R, R}| i i, i, i, i, I

[ ~
LIS 1l r, 1 1 RS VO O R b P R, Ry Rz ; Rx Ry R |1 i, iy i, i I

Z



Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

OD (4 Correlation table shows which PV splittings are allowed.:

02C, |0, 1, 3,
41C, | 1

4,}C,

ElC, | 1

TiC, | 1 1
7,4C, 1

Ph= P:‘;)4
and
P =P"

2.2,

cannot
split

PU .pU
1-P (p04 +p14 +p24 +p34) P
1-P= P 40 40 +0
4Y4
1'P"= 0  +0 +P>° +0
4<4
E E E
1-P° = P0404 +0 +P2424 +0
T T T T
1-P' = Po:04 +P14114 +0 +P34134
T, T, T, T,
1-P° = 0 +P11 +P22 +P33

414

474

O characters

r_ Xyz
O:x“|g=l ™ p . i
g - 1-6
4 i nyz
u=A4, 1 1 1 1 1
4, 1 1 1 -1 -1
E 2 -1 2 0 0
T, 3 0 -1 1 -1
T, 3 0 -1 -1 1
Cy characters
C,:d™ | g=1 R, p=R> R_-=R’
Rp z z z z zZ
m=0, | 1 1 1 1
14 1 -1 -1 [
2, |1 a1 1
34 1 ) -1 )

O operators (Two I/lOfaZlOnS Older Princ.of Symm.Dynamics and Spectra. and Newey Int.J Mol. Scz)

PSDS:| 1
LUMS:| 4

I,

I

I,

I,

I

I

2 2
rl r 2
l.1 l.2

2
l.3

I

2
r,

r,

R 2
P.

R 2
P,

R 2
P,

R, R,

R, R, RZERX R,

RR3

R3

R3

RZ

L

L

i,

I




Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: P Ry |
:Xg 8= ~ pxyz - l1—6
ooc, |0, 1, 2, 3 P = B, +p, 4Py, PP e Rz
4| Y4 a4 f4 24 _
y P'=P" 1-P= P 40 40 +0 u=4 11 1 1 1
WG Dl o A 1 1 1 1 1
and 1P = 0 +0 +P% 40 ’ o
. . . Ay A, ’ =
A2‘|’C4 1 P P2 24 2424 E 2 -1 2 0 0
EC, 1T - 1 gglfll(wt 1-PF = Pob;o4 +0 +P2'i24 +0 T, 3 0 -1 1 -1
TiC, |1 1 - 1 LP= P 4B 40 4P |3 ()C h—l t-l 1
4 cnaraclers
LIC, | - 1 1 1 1-P°= 0 +P° 4P 4P’ Cp:d™ | g=1 R! p-R? R_-R’
444 4<4 474 R Z z z Z z
o , m=0, | 1 1 1 1
OD (s splitting done by Cs projectors 41 ! o |
4 -1 - i
applied to O class projectors 2, |1 a1 1
2.1 2 0 0 3 . -
P'= —1-—c,+-c +—cp——¢,
8 8 8 8 8
3. 0 1 1 1
P'= —1+—c,——c +—-c,-—c,
8 8 8 8 8
3, 0 1 1 1
P" = —1+-c,-—c ——c,+—¢,
8 8 8 8 8

O operators (Two notations. Older Prmc of Symm.Dynamics and Spectm and Newey Int.J Mol.Sci)
PSDS:| 1 |r, r, r, r, ir r: r R R R}|R, R, R, R R} R}|i i, i, i, i I

~

M1 e o, & ¢, § B R f4 0. b, P |R, R, RZERX R, R |i i, i i, i i



Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: P Ry |
:Xg 8= ~ pxyz - l1—6
ooc, |0, 1, 2, 3 UPT= (R, *P,  +P;, +Ps )P fi4 Rz
4| Y4 a4 f4 24 _
A \l/C 1 I’A1 —PA%) I'PA1 = P(;llo +0 +0 +0 M_Al I I ! I I
o and - 1-P"- (;4 +0 +P% +0 A2 1 1 1 ! !
. . . Ay A, ‘ =
A2‘|’C4 1 P P2 24 2424 E 2 -1 2 0 0
EJ,C4 | I | . ggﬁ(wt 1-PF = Pob;o4 +0 +P2'i24 +0 T, 3 0 -1 1 -1
TiC, |1 1 - 1 LP= P 4B 40 4P o3 ()C h—l t-l 1
4 cnaraclters
LiC, | - 1 1 1 1-P°= 0 +P° 4P 4P’ C;:d™ | g=1 R, p=R} R_-R]
444 4<4 _ 474 B R Z z z Z z
i p , . p04=(1+RZ+pZ+RZ)/4 my=0, | 1 1 ) |
y v i
ODCy splitting done by Cy projectors s 2mm4p p =(1+iR_-p-iR Y4 1, | 1 - - i
. . p,=— E =< 4 .
applied to O class projectors vy R p (LR +pRys 20 | 1 1 -1
) 1 ) 0 0 r\/\/\ ) ) 3 1 - - i
Pic “1-2¢ +52¢ +2¢ - e Cy characters | p (1R _-p.+iR )4 —
8 8 r 8 o 8 R 8 i 27im, p 4 z "z z
d;";=e 4
3. 0 1 1 1
P'= —1+—c,——c +—-c,-—c,
8 8 8 8 8
3. 0 1 1 |
P" = —1+-c,-—c ——c,+—¢,
8 8 8 8 8

O operators (Two notations. Older Prmc of Symm.Dynamics and Spectra and Newey Int.J Mol.Sci)
PSDS:| 1 |r, r, r, r, ir r: r R R R}|R, R, R, R R} R}|i i, i, i, i I

~

M1 e o, & ¢, § B R f4 0. b, P |R, R, RZERX R, R |i i, i i, i i



Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: P Ry:
:Xg 8= ~ pxyz - l1—6
ooc, |0, 1, 2, 3 UPT= (R, *P,  +P;, +Ps )P fi4 Rz
4| Y4 a4 f4 24 _
Py P"=P/ 1PY= PY 40 40 +0 psdp bbb b
WGy | 1 U404 H A 1 ] 1 1 1
and 1'P= 0 +0 +P* +0 ’ o
. . . Ay A, ‘ =
4Gy 1 P=P 2424 E |2 1 2 0 o0
EC, 1T - 1 gglfll‘:wl‘ 1-P" = Pob;o4 +0 +P2E424 +0 T, 3 0 | 1 -1
TiC, |1 1 - 1 LP= P 4B 40 4P o3 ()C h—l 11
e . i i i . . . . . 4 ? amctezrs ) .
vy 1-P = 0 +P14L14 +P2;24 +P34-34 C,:d 4117 g=sl R_ p=R. R =R}
( - R
l y i p04=(1+RZ+pZ+RZ)/4 my=0, | 1 ) 1 |
C4 splitting done by C4 projectors X
05 Cy splitting Y -4 prYj g e | b SRapRYA L
. . m — E =< 4 .
applied to O class projectors vy R p (LR +pRys 20 | 1 1 -1
) 1 9) 0 0 r\/\/\ ‘ i 3 1 - - i
Pic “1-2¢ +52¢ +2¢ - e Cy characters | p (1R _-p.+iR )4 —
8 8 r 8 o 8 R 8 i 27im, p 4 z "z z
d;";‘ =e 4
3.0 1 1 1
P'= =1+—¢,——c +—c,——c¢,

8 8" 87 8" 8

3, 0 1 1 1

~1+-¢c -—-c ——c,+-¢

8 8 8 8 8

Following development of irreducible projectors.

PY = pm4l).u _ Pupm4

mymy

P

O operators (Two notations. Older Prmc of Symm.Dynamics and Spectra and Newey Int.J Mol.Sci)
PSDS:| 1 |r, r, r, r, ir r: r R R R}|R, R, R, R R} R}|i i, i, i, i I

~

M1 e o, & ¢, § B R f4 0. b, P |R, R, RZERX R, R |i i, i i, i i



Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: P vz,
:Xg 8= ~ pxyz ~ l1—6
ODC, |0 1 2 3 1-pf = (p04 +p14 +p24 +p34)'PM 4 xyz
4| Y4 14 44 24 _
AR P'=P" 1P PY 40 40 40 e
14 and p O 0 p ; 4 |1 1 1 -
A DA P = + +P2 +
AHIC, . P==P 224 E |2 =<1 2 0 0
E|C, | 1 1 ggﬁ(wt 1-PF = Pob;o4 +0 +P2'i24 +0 T, 3 0 -1 1 -1
TIC, | 1 1 1 LP= P 4B 40 4P o3 ()C h—l 11
e i i i . . . ; . 4 ? amctezrs ) .
2 4 1-P- = 0 +P1L1 +P2L2 +P3_3 C d ;‘7 g=1 R P =R R =R
444 4<4 _ 474 B R Z z z Z z
O>Cy splitting done by Cy project Po, =(I+RAPARIE Do, [ 11 1
r r .
2 L4 sputting done by L4 projecitors s 2mm4p p, =(1+iR -p_-iR Y4 1, 1 - -l i
/ ' P,=72¢ P=2 _
applied to O class projectors vy R p (LR +pRys 20 | 1 1 -1
9) 1 9) 0 0 r\/\/\ ‘ i 3 1 - -l -i
Pic “1-2¢ +52¢ +2¢ - e Cy characters | p (1R _-p.+iR )4 —
8 8 r o R 8 i 27im, p 4 z "z z
d;";‘ =e 4
3. 0 1 1 1
P'= —1+—c,——c +—-c,-—c,
8 8 8 8
3. 0 1 1 1
P" = —1+-c,-—c ——c,+—¢,
8 8 8 8 8 PT]O pO PTI — PTlpO
. . . . . 0404 4 4
Following development of irreducible projectors. .. with examples: P’ =p P =P"ip,
u _ u u 414 4 4
Pm4m4 = pm4P =P pm4 elc.
O operators (Two I/lOfaZlOI/lS Older Prmc of Symm.Dynamics and Spectra and Newey Int.J Mol.Sci)
PSDS: 1|1 & 1 o r, r, r; R} R, R:|R, R, R, R3 R, R}| i i, i, i, i, I
MMSH 1y o ory on R OR R f4 o. p o |R R, R R, R, R i i, i i i i
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Left-cosets and coefficient arrays
Development of irreducible projectors PHum. and representations D" mm.

Calculating P 0.0,, P%20., Pl PUyy, Ploo,, Py,  Collected Pom results Table



Splitting O class projectors PV into irreducible projectors P"mm, for ODCy

O characters

OD (4 Correlation table shows which PV splittings are allowed.: P we
:Xg 8= ~ pxyz - l1—6
ooc, |0, 1, 2, 3 P = B, +p, 4Py, PP e i
4| Y4 14 44 24 _
A \l/C 1 I’A1 —PAB I'PA1 = P(;llo +0 +0 +0 M_Al ! I I 1 1
o and N 1-P" (;4 +0  +P® +0 K 1 1 1 ! !
Ay A, ’ =
A2‘|’C4 1 P P2 24 2424 E 2 -1 2 0 0
E|C, | 1 1 ggﬁ(wt 1-PF = Poi% +0 +P2'i24 +0 T, 3 0 -1 1 -1
TIC, | 1 1 1 LP= P 4B 40 4P o3 ()C h—l t-l 1
4 cnaraclers
r,\C, R 1-P°= 0 +P +P,  +P. Cpd™ | g=1 Rl p=R} R_-R]
444 4<4 _ 474 B R Z z z Z z
O>Cy splitting done by Cy project Po, =(I+RAPARIE Do, [ 11 1
v v )
OCyq splitting done by Cy4 projectors o 2mm4p p, ~(IHR -p R4 1, Lo l,
. . p,=— E =< 4 .
applied to O class projectors vy R p (LR +pRys 20 | 1 1 -1
) 1 ) 0 0 r\/\/\ ‘ i 3 - -l i
Pic “1-2¢ +52¢ +2¢ - e Cy characters | p (1R _-p.+iR )4 —
8 8 r o R 8 i 27im, p 4 z "z z
d:lj‘ =e 4
3. 0 1 1 1
P = §1+§cr LGt
3. 0 1 1 1
P" = —1+-c,-—c ——c,+—¢,
8 8 8 8 8 PT]O pO PTI — PTlpO
. . . . . 0404 4 4
Following development of irreducible projectors. .. with examples: 1)1]} =p, P" =P"p,
414 4 4
Pnl{:m4 = Pm4PM = PMP etc.

...uses left-coset combinations...
1C, = 1{Lp. R.R | . pC,={p.p.i,is} . 1nC, ={r.ri R }
O operators (Iwo notations.

PSDS:! 1 |r, r, r, 1, | I
|

r R’
MS:| 4

P.

R 2
P,

R 2
P,

~

r r, r r, . § r,

.and projector ‘‘factoring”..
, r,C, {rz,r3,12,R } , IC, = { 3,R 6} , 5,C, = { ,f'4,Rx,i5} .

Older Prmc of Symm.Dynamics and Spectm and Newey Int.J Mol. Scz)

R3

RZ

R, R, R, R’ R
R, R, RZERX R,

i i,

L I



Following development of irreducible projectors:
P .. =p,P'=P

m4m4

...uses left-coset combinations...
1€, zl{l’pz’Rz’Rz} » PG, :{px’p ’i4’i3} , 1C, ={l‘1,l‘4,i1,R } , 1,C, :{

‘upm4 . . i3
...and projector “factoring”...

r.r,i RV}, r1C4={r1,r3,Rx,16}, 1'2C4={r2

22732727

9r49Ragal§

b



Following development of irreducible projectors:

PY = pm4PM _ Pupm4

mymy

...uses left-coset combinations... ...and projector “factoring”...
1C,=1{Lp . R.R }. pC,={p.p.i.i}. rC,={rr.i.R | rC={rri R} £C ={f.i.R.i}. 7 C ={f.F.R i}.

] Cosets of C, \

P.RR ]
1 (l,pZ,RZ,ﬁZ), i )made from
pz(pz,l,ﬁZ,Rz), )C operators
RZ( ~Z,Rz,l,pz), i P, )reordered by
ﬁz(Rz,ﬁz,pZ,l), i.|R_,R_p..1), LR_,p_.1), LR_p.1), i|R_,R_,p.1), i(R_R, l)thelrown action!
Qeodering itself J




Following development of irreducible projectors:

. . Pan4 = pm4PM - P‘upm“ . ‘« . ’»
...uses left-coset combinations... ...and projector “factoring”...
1C,=1{Lp . R.R }. pC,={p.p.i.i}. rC,={rr.i.R | rC={rri R} £C ={f.i.R.i}. 7 C ={f.F.R i}.

284973 19742

( Coset array that helps sum character products for O projector splitting N
1 P. Rz Rz P, py i4 i3 L L, il Ry L, L i2 liy 1~.1 l~.3 Rx i6 fz i:4 Rx is
1 1 pz RZ RZ px 1 pz Rz l’iz r1 1 pz Rz 1’iz r2 1 pz Rz Rz f.l 1 pz RZ ﬁz f.z 1 pz RZ ﬁ
pz pz 1 1’iz RZ py pZ 1 RZ RZ r4 pZ 1 RZ RZ r3 pZ 1 l’iz RZ i:.3 pz 1 l’iz Rz i;4 pz 1 l‘iz R
Rz l’iz Rz 1 pz i4 Rz RZ 1 pz ll 1’iz RZ 1 pz 12 1’iz Rz 1 pz l’ix l’iz Rz 1 pz Rx 1’iz RZ 1 pz
R R R R R pz 1 1’iy RZ l’iz pz 1 l6 Rz 1’iz pz 1 15 Rz Rz pz
_/




AMOP 3.07.18 class 16.0: Symmetry Principles for
reference links 4 hvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3)>(Octahedral Op>0): Deriving D(®-matrices defined by
subgroup-chains O>D,O>Cy, ODD4sDOD>, and ODD;3DCs applications to IR spectra of SFg

Splitting O class projectors P" into irreducible projectors P"m.m, for ODCy
Left-cosets and coefficient arrays
Development of irreducible projectors P! u.m, and representations D pm.
Calculating Pto.0., P 20., P, Pl PYon, P,  Collected Pmm results Table



°O pu
Geneml development of ODCyirreducible projectors P,;';‘4m4 _ E 14

m, =P P =PIp™ L . . 7 0 o
o p Deriving diagonal irreducible O-representation components D,, ,, (& )
— wey ny
—EOO )-2(p")

I w1
(24)(;(1 J1({1+d; pZ+dRZRZ+dRZRZ)Z

Dl () g

+

p.C, =p.{L.p.R.R_}={p,.p,.i,.i;} Coser

+
O characterSR
r_ Xyz
* = z 1-6 )
g I _4 Xy nyZ p04_(1+Rz+pz+Rz)/4
u=A41 1 1 1 1 1 1 i M p14=(1+l'RZ_pZ_iRZ)/4
* A 1 1 1 -1 -1 m n _< B
2 s 45 p, =(I-R_+ p_-R_)4
E 2 -1 2 0 0 r(—j\_/M )
4 characters | u —(1-iR -o +i
1, 30 -1 1 -1 2mimyp p; =(-iR -p_+iR )4
+ ey
T2 3 0 -1 -1 1 -

rC, =r, {l,pZ,RZ,RZ} = {rl,r4,il,Ry}Coset



General development of irep projectors pu

mgymny

m4m4

= E 0 M*) .g(

+

+

rC,=r, {l,pZ,R

_ pm“P“ P p™
p")

o w1
(24)(;(1 J1({1+d; pZ+dRZRZ+dRZRZ)Z

liz} = {px,py,i4,i3}C0set

Z,RZ} = {rl,r4,il,Ry}Coset

_{
|

A%

96

O characters

-3 Lpr
§ 00

o, (8) 8

. F_4 vz,

0: Xg g=1 F pxyz = l1—6

1-4 xyz

u=A | 111 1]
4 |1 1 1 a4
E 2 -1 2 0 0
T3 0 -1 1 -
T, |3 0 -1 -1 1

for subgroup chain ODD4DCy

w* B
! ) (1-1+d:jpz +d, R, +d;’“RZ)

13 2mm4p
Py =5 2, 6o R:=
r\—/\—/\

C4 characters

2mimyp
dM=e 4

P, =(1+Rz+pz+l~22)/4
4

p14=(1+iRZ—pZ—iﬁZ)/4

p24=(1-RZ +p.-R_ )4

p, =(1-iR_-p_+iR_)/4

o (8)

(Deriving diagonal irreducible O-representation (“irep”) components D,



General development of irep projectors pr  _ EO a D" (¢)g Jfor subgroup chain 0D+ Cy
m4m4 — pm4Pu P‘ur’m4 4174 - 00 mymy *
E ( ) (Deriving diagonal irreducible O-representation (“irep’”) components D! (g)
= “*) ‘g pm4 4My
°0

(j:)(xl ) 1(1+d::pz+d;jRZ+dg:I~{Z)i =(guxf*)(l'l‘l'd:jpz+dZ:RZ+d;:RZ)

96

/s ma - m~ \ 1
(24)(sz ) pz(1+alpz P, +dRz R, +dkz RZ)Z

p.C, =p.{L.p.R.R_}={p,.p,.i,.i;} Coser

+
O characterSR
r
O: X.U g=1 1-4 0 i xyz ; , ~
' = z 1-6
g I_4 Xy nyz p04=(1+RZ+pZ+RZ)/4
ped) 1 ! 1 1 | 3 T p, =(1+R -p iR )/4
+ A 1 1 1 -1 1 pm=_Ee 4 Rf=< 4 z 17z ~z
2 4 4y p24=(1-RZ+pZ-RZ)/4
4 characters | , _(1-iR -o +iR
T, 3 0 -1 1 -1 2rtimyp p, =(1-iR -p_+R )4
+ . R
T2 3 0 -1 -1 1 -

rC, =r, {l,pZ,RZ,RZ} = {rl,r4,il,Ry}Coset



o, —=D,..(8) 8
m4m4 = pm4PM P‘upm4 0 g
(Deriving diagonal irreducible O-representation (“irep’”) components Dn’j4m4(g)
— wEy my
E o e (em)
1

o o
(24)(;(1 )1(1+dpzpz+dRzRZ+dRZRz)Z =(

General development of irep projectors pu  _ EO a D for subgroup chain ODD4DCy

KMXM*\ my my m4 -~
961 J (1-1+de p.+d R +d; RZ)

0 "o m g Y1 () o ome omg
(24)(sz) p(1+dpzpz+dRsz+dRZRz)Z=L ;épz)(l-pz+dpzl+dRsz+dszz)

p.C, =p.{L.p.R.R_}={p,.p,.i,.i;} Coser

+
O characterSR
r
Oy | g=1 4 g , 5
+ Xg | 8 F Pryz R, 1-6 p, =(1+R _+p_+R )4
u=4 | 11 1 1 1 |3 2mimep p, =(1+iR_-p_-iR_)/4
+ A 11 1 1 | P3¢ fORI=p ~
2 - - 4 4plv p,=(I-R_+p R )4
E|l2 a1 2 o o A— )
e Co characiers| p, (iR -p,+R )4
+ d"=e 4
T, 30 -1 -l | R

rC, =r, {l,pZ,RZ,RZ} = {rl,r4,i1,Ry}Coset



o, —=D,..(8) 8
— pm4 PM P.upm4 0 "
( ) (Deriving diagonal irreducible O-representation (“irep’”) components Dn’j4m4(g)

) -glp™

General development of irep projectors pu EO r D for subgroup chain ODD4DCy

m4m4

=E°0

1 o

X ((0F 5t n n e
‘ J(11+d p.+d; R +d;'R )= o [ 11+d)p.+d; R +d}'R )

(j:)(xl )1(1+d::pz+d;ij+dg:ﬁz)Z =( 5 9% |

(ﬁ:)(xp) 0. (1+d;4pz +d, R +d;?fzz)i =(z~9)égj)(1.pz +d, 1+d; R, +d;:Rz)=(€“9;ff)( d, 1+1-p.+d; R, +d,’§jfzz]
N
N

p.C, =p.{L.p.R.R_}={p,.p,.i,.i;} Coser

+
O characterSR
r
O:y" | g=1 '* S r N
+ Xg | 8 F Pryz R, 1-6 p, =(1+R _+p_+R )4
u=4, | 1 1 1 1 1 | 3 2””"419 p14=(1+iRZ—pZ—il~lz)/4
P, —E = N
+ AZ 1 1 1 -1 -1 4 4 —0 p24=(1'RZ+pZ'RZ)/4
E |2 1 2 0 0 f\—/v“ )
S Ca char ACIers | p, (LR -p +iR 4
+ d"=e 4
T, |3 0 -1 - 1 R’

rC, =r, {l,pZ,RZ,RZ} = {rl,r4,i1,Ry}Coset



General development of irep projectors P EO " D* (g)g for subgroup chain ODD4DCy
s = p”“P“ Pp™ - o "
(Deriving diagonal irreducible O-representation (“irep””) components D, . (g)
= E 5 ) .g(pm4)
1

o o
(24)()(1 J1(1+d; 0 +dy R +d R ) =(
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+(§—M)(X )i (1+d o.+d R, +d, R)1 ( )(1 i, +d, iy +d, p,+d; Px) (E‘Lﬁﬁ*)(dgpﬁdgpy+1'i4+d§fi3)
+(%)(X) (1+d p.+dy R, +d, R)l—( )(1 i,+d, i,+d, 1+d, Py) (Wf*)(d;fpﬁdgpy+d::i4+1'i3)

rC, =1 {Lp.R.R | ={r.r.i R, |Coser etc. efc.



00 K‘LL

General development of irep projectors pu  _ E for subgroup chain ODD4DCy

D (g

mymy 00
P =p P"=P'p . . : i : e - w*
mamy, = P, my (Deriving diagonal irreducible O-representation (“irep”) components D,, , (&)
°0 °0
A 0" ] ~
— uY.qo - — N oo o| A4 my my my
—}g:oO(xg )g (pm4) 2400(9@ )8 (dl 1+d, pz+dRsz+dRsz) |
) P, =(1+RZ+pZ+ﬁZ)/4
O: Xg g=l r1}24 pxyz Rfyz 16 ' ~
13 2mimyp p, =(1+R -p_-iR )/4
M=A1 1 1 1 1 1 p I 2 e 4 p=< 4 z 4 z
LN S S —(1- R
B} _ p, =1-R_+p_-R )4
O characters = |1 1 1 bl — | i
2 E |2 -1 2 0 0 Cy characters | p (1R -p, +R_)4
g 2mimyp 4
|3 o -1 1 - e &
RP
r, |3 0 -1 -1 1

Coset array that helps sum character products for O projector splitting

1 p R iR pip 0L roir i Ry r, ir i Ry i F R I, i F R i

gxl 1 pz R R éxpx 1 pz R R exr 1 pz R R XrZ 1 pz Rz Rz ng'l 1 pz Rz Rz gxfz 1 pz Rz Rz

z z 1

gxpz pz 1 liz RZ éxpy pZ 1 Rz Rz gx l‘4 pz 1 ﬁz Rz EXI} pz 1 ﬁz RZ gxf.?) pz 1 l’iz RZ gxi; pz 1 RZ RZ
K)hz l~{z Rz 1 pz exi4 1iz Rz 1 pz gX‘ il liz Rz 1 pz XiZ 1’iz Rz 1 pz ZXlix l‘iz Rz 1 pz gmx 1’iz Rz 1 pz
= = e ~ e 3

RIR R p 1 HTRR o T ™[R R p 1 ™[R R p 1% R R p 1™ |R R p 1

3 z z Yy z z




00 K‘LL

General development of irep projectors pu  _ E for subgroup chain ODD4DCy

D (g

mymy 00
P — P.u PN o o . . 8 . . cc®
mamg Pm4 P, (Deriving diagonal irreducible O-representation (“‘irep’”) components D (g)
°0
f”
E ) ‘g ( ) E (X g (d’"41+d’"4p +dg'R, +d’"4R )
8
. p04=(1+RZ+pZ+RZ)/4
OXgM g=1 r1}24 pxyz Rfyz l1—6 -
13 2Timap p, =(1+R -p_-iR )/4
‘LL=A1 1 1 1 1 1 p — _2 e 4 p=< 4 z 4 z
S RS BRS BS L oApot p, =(I-R_+p R )4
O characters —~ A | H )
o E |2 <1 2 0 0 Cs Cha’z”qde’” 51 py =(-R -p +iR )4
Timy, p 4
: T3 0 a1 - Sy 4
RP
, |3 0 -1 -1 1

~

1C, =1{1,pZ,R R} 0, ={p.p i) r1C4={r1,r4,i1,R} r2C4={r2,r3,i2,R} £C, ={f.ER 0} BC, =i .5 R i)

(1, dp ,dR g Dvos 205 (14, 3y ") i (L, dy dy) oo (L, dy dy) il (d, dy di) i i (d, oy d)
+o0 X (d d )+%xp d, 1 dR ,d ) ros X (dy 1 dy ) ok (dy sy dy) s ik (dy 1 dy i) o X, <dpz 1 .dy dy)
o X dR ,1 d )+96X1“(d dR ,1 d ‘) o iyl 1 d)) vy s d 1) v o (g o oL ody) oo (d oy 51 d,)
o X (d d dp ,1) v (d , p:,1) v Xy d 1) i X (dj,dkz A1) o i (de ody dy 1) s X! <df,d,§"j,d§j,1)

u
Dy, (&) of P!

Each of 24 columﬂs 1s a sum of 4 products & x."

96(()1+ ‘?p +?R +9R +‘?p +?p +‘71 +?1 +21'1 +2r4+-_i1+2Ry +‘7r +‘?r +‘7 +7R +2f'1+2f'3+2ﬁx+(-)_i6 +2f'2+2f'4+2Rx+2i5)

This P, ,-sum is in order of left cosets g-:Cs of C4in O. (Examples follow.)

{l,pZ,RZ,f{Z} {px,py,i4,i3} {rl,r4,i1,Ry} {l‘z,l’y,,iz,f{y} {f‘l,fgaﬁxaié} {f’z’flex’is}
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0DC, |0, 1, 2, 3, O chamcters _ 2imyp

AR O: Xé‘ g=1 r/, Py nyZ i . dm4 . 4
Calculating PEo.0, e, | w=d | 11 1 1 1 (C, eharacters
—> e, (1) 4 |1 1 1 —C,

nic, | 1 1 1 ) 1 > 2mimy, p
P/, =p, P =P'p, G| - L 3 0 4 (1)>-(1hpm4‘ _E e * R7=,

4 4 4 =
T 30 -1 -1 1

E Y L4 2(p,.)- 0209—26@5 )-g( 11+1p +1R +1R.)

:
1c, =1{Lp,.R.R } p.C, = {px,py,i4,i3} rC, = {rl,r4,i1,Ry}
—ix (d, dy dy) Ly (d, dy dy) +ixe(ld, dy dy)
r i (o Lo A iy h(d) 1 dy )+ fxid, L dy dy)
+15 AR, (d04 dR A1, d )+48X (d°4,dR A1, d ) X (dR ,dR 1.d)) +
i ng(dRz,dkz,de,l) i Xi3(dgj,dkz,dpz,l) i XRy(dgj,dkz,dpz,l)
ru(=1( 1L, +1,41,4])
PA=DL T, +L+])

+ o OX+L+1 1 ,+])
ru( OX+L+L+1, 1)

=2 L4141, 4+1) + (42X L +1,4+1,+1)
b (FFL T 4L+ + s (42)(+1, 1, +1,41)
s OXFL+L 1,41 4,0 OX+L+1, 1 ,+1)
ra(OX+L4+L+1L 1) +0( OX+L,+1,+1, 1)

r2C4={r,r,i,R}rC { r;,

~

R,

ik BC, = {E.E R

@+ R +p. +ﬁz)/

p, =(1+R -p_-iR_)/4
p,=(R_+p, R )4

p, =(1-iR_-p_+R_)/4

\
J

+48Xr ., d04 dR ’d ) 48Xr -1, d04 dR ,d ) +48Xr ., dp ’dl(i)’4’d )

48Xr3(d04 1 ,dg:’dRz)

48Xi2(diez ’dR: 1 ’d;:)
+ i (di sdy o, 1)

ru(=1( 1, 41,41,+1)
wa(=D(+L 1, +1,4])
+ o OX+L+1 1 ,+])
+a(OX+L+1L+1, 1)

+4§Xf'3(dpz 1 ’diez ,d,(;j)

r X (d, Ly dy)

1 E 04 04 04 1 E 04 04 04
o (dy 1))+ ot (dy 1 d,)

1 E 04 04 04
+48Xi6(dRz ’dRz ’dpz 1)

ru(=DC L +1,4+1,4+1)
ra(=D(+L 1, +1,4])
+u(OX+L+1 1 ,+])
+a(OX+L+1L+1, 1)

l E 04 04 04
"‘48Xi5(dRZ ’diez ’dpz 1)

(DL +1,+1,4])
T ) R S S
+ o OX+L+1 1 ,+1)
s OX+L+1L+1, 1)

4 4 4, 4, 4 4 4 4, -2,-2,-2,-2, -2,-2,-2,-2, -2,-2,-2,-2, -2,-2,-2,-2,
Py, =, (11+1p+IR + IR +1p+lp +1li,+1li, - r-r, i R, -r,-r, i, 2R, F -5 4R ig  -F -F, R, i)
Coset—factored SUM.
P, =plMD1p,,  +)pp, +()rp,  +E)rp, +G)EP, () E,p ]
Bmken-class-om’ered Sum:
P/, =501 -r-or, ryoor, F -, F-F, +1p+1p +1p, R, R +IR_ R R +IR_ -Ji-i, +li;+li, -5is-i,)
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02C, |0, 1, 2, 3, . 0, c}pzamcters _ 2imyp
alc, |1 O:x, | 8=1 1, p,, nyZ i . dm4 o 4

Calculating P2, we| - - [wea T U U U1 Oy Characters —(1+R _+p_+R )/4
—ac |t (D 4 |10 g T oG, ) PamERAeAR)
TiC, |1 1 - 1 > 1 2 D 2mim,p p14=(1+iRZ—pZ -iR_)/4
3
3

b= . Lic, |- 11l - _pm——Ee 4+ RP=] -
e 0 A N e X
0 -1 -l 1 : __——

0 pE 0 9 T -
= E 5 £y-g .(p24 ) — 29_6()(;5) g ( 1+1p~ IR - 1.RZ2) p34=(1-iRZ—pZ+iRZ)/4
3 3 )

~

1C, =1{Lp. R R} pC, ={p.p.i 0} 5C ={rri R} 6C, ={rri.R ] £C, = {F.E R0 BC, = {E., R i)
i (bd, oy )+l (Ld, dy ) i (d, dy dy) wixe(Ld, dy dp) +lxi(d, dy dy) +ixe(ld, dy dy)
0 sy o) ot ()1 g ) (L oy ) ot (d, L g ) (@, dy ) () dy )
+4§X§Z(d;j,d;j,1 ,d;:)+4§;¢f(d;:,d;j,1 d,) +4§Xf(d;j,d;j,1 d,) +4§X{j(d;:,d;:,1 d,) + X (dR dy 1 d) i (dy d,.1.d,)
visxn (e ody d, 1) ) X (dy oy d, 1)+ (dy dy o, 1) w2 (o o, D)+ (dy dy 1) v (dy ody d, 1)

s (A2X 41,1, = (42X 1,+1,=1,=1) 4+ (=1} L+1,=1,=1) + (=1 L, +1,=1,=1)  +(=1X L,+1,=1,=1) +,(=1)X 1,+1,=1,=1)
b (F2XHL L=1=1) b (42X 1, 1, =L =1) s (=11, 1, =L=1) b (=11, 1,=L=1) b (=11, 1,=1,=1) 4 i(=1)(+1, 1,=1,=1)
wuCOX=1 =1, L+l 4,0 OX=1, =1, L+1) 4+, 0X=1, =1, L,+1) +,( OX=1, =1, L,+1) +.( 0X=1, =1, Li+1) +,.( OX=1, =1, 1,+1)
wp(OX=L, =L +1, 1)+, OX=L =L +1, 1)+, OX=L, =L +1, 1)+, OX=L, =L +1, 1)+, OX=L, =L, +1, 1)+, OX=1, =1,+1, 1)

4, 4,-4,-4, 4, 4,-4,-4, -2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2, -2,-2, 2, 2,

1 1 le 1 1 1 ls 1D 1~ 1~ l~ L 1~ 1~ |1
ohon b HR, o6 o hh HR, S SEHR i SF SF SR i)

p(11+1p—1R — IR +1p+1p,-1i,- i,
Coset factored sum:
=elMdp, +Mpp. +CDTP, )T, +E)TR, ()P,

224

Broken-class-ordered SUM.:
ls s 1

lg la Ig g 1 1 R +'R 3 le 1 . e le 1.
2424 12(11 12 r, 2r3 2r4 —E-F onh-or +1p+lp +lp. R R -IR R R IR +i+i, -li;-1i, +Hi+]i,
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02C, |0, 1, 2, 3, .| O characters 2rimyp
e, v - - O:x, |81 1y P, RY. i d"”4 e 4
Calculating P11y, ey | - 1 A | T 1 1 1 1Oy Characters ( ~
\/DC\J p, =(1+R_+p_+R )/
E\IIC4 1 ) 1 ) A2 | | | -1 -1 =
—_— 7 |C, @ - 5 s 1 9 0 0 13 2m;n4'p , p14=(1+iRZ—pZ—iRZ)/4
T_ T _ pl TV, |l T 1 1 ] P, —E R7=. N
Foo, =p, P =Pp,, S 30 11 T p, =(-R_+ p_R )4
0 4T °0 T, 3 0 -1 -1 1 ! .
E (Xgl) g (p04) E (Xgl) g ( 11+1:p, +1R, +1'Rz) p34=(1—zRZ—pZ+zRZ)/4
- \

~

1c, =1{Lp..R, R}pc ~{popicis} rC ={rnri R} nC ={nri R} 8¢, ={f.8.R i} £C, ={F.F R, i)
- (Ld, o dy dy) 4 byl d) dy D e (d,) dy dy) v (hd, dy dy) +xi(Ld, dy dy PRy A d, dy .dy)
e Xy 1 ody A )b (d, 1 oy dy) w0 dy L dy dy) s hxid, 1 dy ) v (d,) Ly dy) e, ) dy )
+35XRl(dR d, 1 .d, )+35X.T'(d dy 1 .d)) 5y dRZ,l d,) +32Xll(d d 1 ,d;4) AR (d dR 1.d)) +xw (d dy1.d))

04

i (s dg o D) il dy d d, 1) +35X1€y<d&’d£}dﬁfal> ean (eody d, 1) wh(dy oy d, 1) i (dy dy d, D)
=53 L+L+1,+D +5(-D(L+L+1,+D) +50X L+L+1,+D)  +20X L+1L+1,+1)  + 50X L+1L+1L+1) 50X 1,+1,+1,+1)
sp(DHL 14440 +5(-D(+L 1 4+L+D) +50X+L 1, +L+D)  +30X+1, 1,41+ +20X+1, 1 ,+L+1)  +10X+1, 1 ,+1+1)

sp(EDELAL 1T +D) +5(-DELHL 1T+ (DL 1T +D) w (=D)LL To+]) s DL+, 1,41 s 2+ D441 1 ,+])
s+ DFL+L+L 1) +5(-D+L+L+L 1) 45+ DEL+L+L 1) (D L4141, 1) 2 2D+ L4141 1) +2(=IX+L+1+1, 1)

4,4, 0,0, -4,-4,-4,-4, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
;(11+1p +1R_+1R_ -1p, -1p, -li,-li, +0r+0r,+0i,+OR,  +0r,+0r,+0i,+0R, +0F+0F,+0R +0i; +0%+0F,+0R +0i,)
Coset-factored sum:

P(Qm é[(l)'lp% +('1)'pxpo4 "'(())'1'11304 +(O)'l’2p04 +(O)'f'1p04 +(O)'l~'2p04]
Broken-class-ordered sum:
P(ﬁ% = (11 +0+0+0+0+0+0+0+0 +lp, -1p.-1p, +0+0+IR, +0+0 +1I~{Z +0+0+0+0 -1i,-1i; )



AMOP 3.07.18 class 16.0: Symmetry Principles for
reference links 4 hvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3)>(Octahedral Op>0): Deriving D(®-matrices defined by
subgroup-chains O>D,O>Cy, ODD4sDOD>, and ODD;3DCs applications to IR spectra of SFg

Splitting O class projectors P" into irreducible projectors P"m.m, for ODCy
Left-cosets and coefficient arrays
Development of irreducible projectors P! u.m, and representations D pm.
Calculating Pto.0., P 20., P, Pl PYon,, P,  Collected Pmm results Table

*




oo¢, |0, 1, 2, 3, O characters, 2imyp

o . AR O:x, | g=1 v/, p,. RY. i dm4=e 1
Calculating P11, ANC | =4 |1 1T 1 1] , i
g 4Gy u=4 Cy Characters b, ~(1+R +p +R )4
ENC, | U b - |1 o
—> NG @ ! E 2 -1 2 0 0 13 2”1';714'1?Rp
P1T114 —-p, P =P'p, rie, | T 1 B Zg P=.
0 on 0 .| 3 0o -1 -1 1

)y g (p]4) E (Xgl) g ( 11-1p, +iR, —i'li;) p34=(1—iRZ—pZ+iRZ)/4

3%

8

16, ={Lp.R.R | pC, ={p.p.iis} rC={rriR} rc ={rri R} ic, -{f.ER, ,i6} £.C, = {E,.F, R, i, ]
—sxi(.d, d, d, D axe(hd, dy i) +5xl(d, dy dy) +5x0(d, d;,d;{) roxn(ld, dy dy) rpxn(ld, dy dy)
e (d, 1 dy dy D+, 1 dyody) +i5xi(d, 1 dy dy) M;(d didy) +hxid, 1 dydy) rpxad, 1 dydy)
el (o ) o) s ol dy 1 dy) bl (dy L dy) s (dy g ) ody) bt (dy dR,l d,) +axw (dy dy1 .d,)
v oy oy 1) by (d d ) 1)+ bxm (e dy ) 1) et (o, 1) i (dy g dy 1) sl (dyodyod, D)

= (3L =L 4i,=0) +5(=IX1 =140, +50X 1,=1,+i,—0)  +50X L=1,4i,—0)  +50X 1,=1,+i,=0)  +5(0X 1,=1,+i,-0)
bo(=IDX(=1L 1 =i, +1) +5(=1X=1, 1 ,=i,40) +50X=1, 1 ,—i,4i) +5O0X=1, 1 ,—i,4i) +5O0X=1, 1 ,—i,+i) +5(0X=1, 1 ,—i,+0)
b=+, 1,=1) 4 5(=1X=iy+i, 1 ,=1) +5(=1X=iy+i, 1 ,=1) +5(=IX=i,+i, 1 ,=1) +5(+1X=i,+i, 1 ,=1) +5(+1X=i,+i, 1 ,=1)
b (FD(+i=i,=1, 1) +pp(=1X+i=i,=1, 1)+ (1N +i,=i=1, 1) +p(+ 10 +i,=i=1, 1) 4 n(=1X+i,=i=1, 1) +op(=1X+i,—i,—1, 1)

+4,-4 4i-4i, 0, 0, 0, 0, +2i -2i-2, +2, +2i -2i,-2, +2, -2i,+2i+2, -2 20,+21,+2, -2.

1 ‘R _iR : 0 i i 1e 1 i il IR JE+E+ IR i ig iz lp L
s(11-1p +iR -iR_~ +0p+0p,+0i,+0i; +,r-,r,-i+R, + 50,5051, + R, -5 2R 40+ 5 R i)

Coset factored sum:
P = [(D1p, +O)pp, +Grp, +G)rp,  +E)EP, +()E,p,]
Broken-class-ordered sum:
+ R -iR,  -hi-4, +0i+0i, -2i; i)

T, _ 17, P i i i ix ix is iz 1 1 - IR
P114— (11 + r,+5r, -Sr;-;r, - L5, +,L+5T, +Opx+0py—1pZ +2Rx+2Ry+zRZ+2R
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02C, |0, 1, 2, 3 .| O characters 2mimgp
A1\|/C4 1 . . .| O ZXg g=1 r_4 pxyz nyz L_¢ dm; —e 4
Calculating P2, R TeN S IS T T p ‘ )
g X 2124 G pu=4, C4 characters b, ~(1+R_+p_+R )4
TR R R A A S B S B B ‘Gt IR
TIC, | 1 1 ! ] 2imy p p, =(1+iR _-p_-iR )4
B By g | s
2. = P, P, 1 : M i P, ~(-R_+p.R.)4
Q0 93 ,,| 3 0 -1 -1 1 : __—
= E °0 (X,)8 -(p24 ) = E%(ng).g ( 11+1p.—- 'R - 1-RZ) p, =(1-iR_-p_+R )4
8 4 )

~

1C, =1{1’ z’Rz’Rz} p.C, = {px’py’i4’i3} rc, = {rl’r4’i1’Ry} r,C, = {r2>r3ai2>Ry} rC, = {fl,f'3,Rx,i6} r,C, = {f'z,f‘4,Rx,i5}
=20 (Ld, ody odi ), (L, dy dy) v (bd, o dy ody) v (Ld, g dp) vy (Ld, dy dy) +5x (Ld, dy dy)
w30 X (i di ey (d, 1 dy d) v (d, L ody ) +ioxe (1 dy de) sy (d) 1 dy d) + 5 (d, ) dy dy)
e Xw (o1 ody Ve (dy s de 1 od,) e (dy di 1 dy) s (dy ody 1))+ (dy oy 1 d,) v (dy ody o1 d,)
+o Xy (dy dy od, 1) e (dy dy d, 1)+ (dy ody d, 1) +3‘2X§y(d;j,d;j,d;j,1) +3'2X£z(d;j,d;j d, D) +xi (dy ody d, 1)
L3N L4l,=1,=D) 4 L(=1X L+1,=1,=)  +1(0X L+1,=1,=1) +i(OX L+1,=1,=1) +1(0X L+1,=1,=) +1(OX 1,+1,~1,-1)

f (=10 1=l =) +2(=1X+L 1,=L=])  +1(0X+L 1,=L,=)  +1(0)X+1 1,-L=1)  +1(0X+L 1,-L=1) +2( OX+1, 1,-1,-1)

e I=] =l LD e (eIl =L Lal) w (e =l =1, 140+ l(eIX=l =1, L+l) +li(=1(=], =1, L+1) + (=1x=1, =], 1,+1)

s (DL =L+l D) 5+ DL =L+L D) w (DL =L+L 1)+ (=I(=L =L +1L 1)+ (1=, =L +1, 1) +5(+1)(=1, =1, +1, 1)
4, 4,-4,-4, -4,-4, 4, 4, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,

:(11+1p —1R_-1R_ -lp -lp +li,+li;  +0r +0r,+0i,+0R +0r,+0r,+0i,+0R  +0F+0F,+0R +0i; +0%+0F,+0R +0i,)

Coset-factored sum:
P> = i[(O1p, +()pp, +O)yrp, +O)yrp, +O) Fp,  +O)F,p,]

Broken-class-ordered sum:

PZZ§4=§(1-1 +0+0+0+0+0+0+0+0 -lp-Ip +1p, +0+0-1R_+0+0-1R, +0+0+0+0+1i,+1li;)



AMOP 3.07.18 class 16.0: Symmetry Principles for
reference links 4 hvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3)>(Octahedral Op>0): Deriving D(®-matrices defined by
subgroup-chains O>D,O>Cy, ODD4sDOD>, and ODD;3DCs applications to IR spectra of SFg

Splitting O class projectors P" into irreducible projectors P"m.m, for ODCy
Left-cosets and coefficient arrays
Development of irreducible projectors P! u.m, and representations D pm.
Calculating Pto.0., P 20., P, Pl PYon,, P,  Collected Pmm results Table

*




036,10, L 2, %] . O characters, 2rimyp
A1C, | 1 : 0 ‘Xg g=1 4 pxyz nyz 16 dm4 = 4
Calculating P21, NG, | u=a, |11 1 11Oy R haracters (
EVC, |1 - A I T T T B '
et 1o E |2 a1 2 0 0 e
T, T, T, . = — e
P, =p P =Pp, ricy| - (1)1 T, 3 0 -1 1 -1Pn 4120 z
°0 T, °0 T 3 0 -1 -1 ]
K N T 3 T . ~-2.\ :
= EOO -)’g '(p]4)= E%(Xg’)'g '( l'l—l'pz +l.RZ lRZ)
8 8

1C, =1{Lp.R.R.} p.C, ={p,.p,.i,.i
~od d, dy o dy) + iy (Ld,y dy dy) vl (d, dy dy)
rap (sl oy di) i (dy ) dydy) +xi(d, 1 dy dy)
el (i L dy) eyl (dy d 1 d,) w30 (dydy 1 d)

I P 1 Ty g4 g4 gl 1T g g g
+32XRZ(dRZ,dR29de71) +32Xi3_(dRz,dRZ,dpz,1) +32XR_y(dRz,dRZ,dpz,1)

(O 1,=1,+i,-1)
+3l2( Ox-1, 1
+o(+1X(=1,4i, 1 ,=1)

e (=01, 1)

L+i,=i) +5(=1X1,=1,+i,~0)
+3l2(_1)(_17 1 b
—1) (=040, 1 ,=1)

7_1, 1 )

- 5(+3)1,
so(=I0=1, 1,
+o(=1X=i,+i, 1
b (=D (+iy=iy=1, 1) 4 (+1)(+i,=i

—1,+1) —1,+1) ,—1,+1)

é(ilipZﬂ'RZ—_iliz +0p+0p,+0i,+0i; - r+1,+ i R

Coset—factored SUMm.
11 = 8[(1) Ip,, +(O)p.p,,

Broken-class-ordered sum:
!

+(-§)'I'1p14

b [~-

i i iy i Ps i
1 14 S B S0+

3} rC, = {rl,r4,11,Ry} r,C, = {1’2,1'3,12

+ (‘§)°r2p14

SO F, +0p,+0p,-1p,

~

7Ry} r1C4 = {rl,r3,Rx,

i} £C, = {F.E.R

P, =(1+RZ+pZ+13~{Z)/4
4

. E N
' =(1+iR -p_-iR )/4
pr (R TRARIR

p,=(R_+p, R )4

p, =(1-iR_-p_+R_)/4

\
J

v (Ld, dy o dy) vy (Ld, dy dy) +5x (d, g dy)

1 T g™ lg 14 1T, 44 a4 1Ty, g 4 4
+32X1‘3 (dpz,l ,djéz,dRz) +32Xf'3_(dpz’1 ,diez,dRz) +32Xf‘4 (dpz,l ,d]’éz,dRz)

l T] 14 14 14
+32Xi, (dkz’dRz’l d,)

l T2 I I I
+32Xl~{y(dRz’d1§Z’dpz’1)

+3l2( O)( la
+3l2( Ox-1, 1

ro(+1X(=1,+i, 1 ,=1)

—1,+i,-1)

,—1,+1)

l Tz V] I V]
e (dg dy d, 1)

+ (O 1,=1,4+i,—1)
o OX=1, 1

+ o (—1(=i,+i, 1 ,=1)

,—1,+1)

1 . 1 .
+o (I +i,=i,=1, 1)+ (+1N(+i,—1,—1, 1)
i s IR e iz IRl
LU RELE R R RIELIRSLEREE N T

N PN
+('2) 1'1P14 +(_2) r2p14]
~“R-R +R, R -R-R,  +i+i,

+3lz( O)X 1,
L L0X=1, 1
e (=i, 1,-1)
L+, =,

+ 01, + 01,

l Tv 14 14 14 l Tz I4 I4 14
+32Xl~1_x(dl§z ’dRZ ’1 ’dpz) +32XRx(dI~€Z 7dRz 71 7dpz)

1.7, I4 I4 I4
+32Xi5 (dRz,dkz,dpz,l)

—1,+i,-1)

,—1,+1)

-1, 1)

| e | e
+ 15 +1)
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_1
m4 4

0ooCc, |0, 1, 3, l-PO‘=(pO4 +p, + p, + p34)~P“ .
41C, | 1 1-PA1=POj104 +0 + 0 + 0
4,1C, 1'P°= 0 +0 + P +0
EJC, | 1 1-P” =POE404+ 0 + P;j24 + 0 o
TVC, | 1 1 I[P =P + P+ 0 4P b
\|,C4 - 1 ] (1I:-P°=0 + P44 + P2424 +P3434
P,g;; (02C) N TLG | PP, P, inenyiay R R | i i,
24P 1 I 11 1 1] 1 1
24-P", 1 | I o L e N
12-B, o - 11 - I
12-P2}i24 - - 11 . -1 -1 o+ -l
8-P£‘14 —% +% 0 —1 +% -1 +i —% 0
8-P37;134 +1 - 0 -1 +) +i —i| -+ 0
8Py, 0 0 -1 1 0 1 1| 0 -l
8P| +4 -1 0o -1 - —i +i| +2 0
8P - + 0 -1 - +i —i| +2 0
8-P,’, 0 0 -1 1 0 -1 -1 0 1

3
lm p/4p p
E R;

P, =(1+RZ+pZ +ﬁz)/4
4

p,=(1+iR -p -iR)/4

p24=(1—RZ+pZ—l~IZ)/4

p,=(1-iR -p, +iR )/4

Summary of
0ODCy
diagonal
(idempotent)
projectors
P
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

Fig. 4.3.1 PSDS

|l'22>=|6)

Solve XYs radial vibration K=a-matrix Solve SFs J-tunneling Hamiltonian H
Gl iyt s cii iy Y By TeaesCpesnsy (GBI amI2) c amEle)) [H T S.S .S S|
2lal1) {(2|al2) -+ (2]al6) T 5 s 5% QI|H|1) {2|H|2) -+ (2|H|6) T B Si568: 8 8
: Sty aling N g . y iy SeaSw B O 288§
| el i P S s 7 B S SE
: i e S 5 8 w8kt : : S -yiasS o S H T
(Glall) Glal2y - Glaley) s g s st iR [GHID . G2 - OGS RS ST
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

(5 1=(rq2 |
Fig. 4.3.1 PSDS

(6 1X)
Assuming Cy-local symmetry conditions for |1) state

1) = 1|1) = R5|1) = R3[1) = R3|1)

O operators (Two notations. Older Princ.of Symm.Dynamics and Spectra and Newey Int.J Mol.Sci)
psDS 1 |r, r, r, r, X rr rr r RR R? R|R R, R, R3 R, R}| i i, i, i, i, I
|

~

M5 r L, I T, r r, K L |p p p|R R Rz ; R, Ry R & i, iy i, i i

<
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

(5 1=(rq2 |
Fig. 4.3.1 PSDS

»

: (6 1X) 1
Assuming Cy-local symmetry conditions for |1) state

11> = 1{1) = R5|1) = R3|1) = R3|1)
Using Cy-local symmetry projector equations P#=P%= (1+ R, + R%+ R3)/4
1> = P%|1) = (1 + Ry + R; + R3)|1) /4.

O operators (Two notations: Older Princ.of Symm.Dynamics and Spectrq. and Newey Int.J. Mol Sci)
PSDS:{ 1|1 & 1 1 r; ro r; r, | R0 R R:|R, R, R3§R13 R, R}|i i, i I

IJMS: 1 r, r, r, r, f‘l f'2 f‘3 f‘4 P, py P, Rx Ry Rz Rx ﬁy R i] iz i3 i4

<
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

(5 1=(rq2 |
Fig. 4.3.1 PSDS

; (6 1X) 1
Assuming Cy-local symmetry conditions for |1) state

11> = 1]1) = R;|1) = R3|1) = R3|1)
Using Cy-local symmetry projector equations P#=P%= (1+ R, + R%+ R3)/4
1> = P%|1) = (1 + Ry + R; + R3)|1) /4.
These apply to all six |g)=g|1)-base states. [g) = [gR;) = |gR?) = |gR3)

g) = gl1) = gR,|1) = gR2|1) = gR3|1)

O operators (Two notations: Older Princ.of Symm.Dynamics and Spectrq. and Newey Int.J. Mol Sci)
PSDS:{ 1|1 & 1 1 r; ro r; r, | R0 R R:|R, R, R3§R13 R, R}|i i, i, i, I

IJMS 1 rl r2 r3 r4 f‘l f'z f‘3 f‘4 px py pZ Rx Ry RZ Rx ﬁy R il i2 i3 i4 i5

<
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

VRIS (g | (2 Thus we label states by

Fie. 4.3.1 PSDS 2-axis | left cosets riCs of Local Cy
(11> = 11),12) = IR}, 13) = |r}), 14> = |r), 15) = Ir2), 16) = |r2)

o T
el N
VIRAN e .
. N P e T
> Y »
~ WOL A
» AL 2
R A
\\‘\. b7 ‘ﬂ
\ il
\
’ .

21=(Rq? |

\ 1Cs=C,={1,R;,R%L R}
Ri(1,R;,R3, R3) = (R}, iy, RS, i3),

(31=Crq l~—r (1,R;,R2, R3) = (r1, iy, 14, R,),

ro(1,R3, R3, R3) = (rz,iz,r3,R§),

r{(1, Rs, R3, R3) = (r2, R}, r2,iq),

r3(1, Ry, RS, R3) = (73, Ry, 13,5 is),

Assuming Cy-local symmetry conditions for |1) state

11> = 1]1) = R;|1) = R3|1) = R3|1)
Using Cs-local symmetry projector equations P*=P%=(1+ R, + R?+ R3})/4
1> = P%|1) = (1 + Ry + R; + R3)|1) /4.
These apply to all six |g)=g|1)-base states. [g) = [gR;) = |gR?) = |gR3)

g) = gl1) = gR,|1) = gR2|1) = gR3|1)

O operators (Two notations: Older Princ.of Symm.Dynamics and Spectrq. and Newey Int.J. Mol Sci)
PSDS:{ 1|1 & 1 1 r; ro r; r, | R0 R R:|R, R, R3§R13 R, R}| i i, i, i, i, I

IJMS: E kayd oyl = = i~ i -l . . . ) ) .
' r, 1, 1 r n, b r | p P P R, Ry R. R, Ry R L L LI g

<
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ODCs induced representation 041 O~A1®TiDE and spectral analysis examples

(5 1X) y-axis 2 Thus we label states by
or (5 |= ( I’1 |

Fig. 4.3.1 PSDS 2-axis | left cosets riCs of Local Cy
(11> = 11),12) = IR}, 13) = |r}), 14> = |r), 15) = Ir2), 16) = |r2)

X \ \ 1C4=C,=1{1,R;, R% R}
N i R}(1, Rs, R3, R3) = (R2,i,, R3,i3),
(31=Crq | ~—r (1, R;, R%, R}) = (1, iy, 14s R,),
ra(1, Re, R, RY) = (13,7, R3),

r{(1, Rs, R3, R3) = (r2, R}, r2,iq),
r22(1, Rl Rg) = (r22, R i5),

6 10 Compare to IJMS cosets
Assuming Cy-local symmetry conditions for |1) state on pages 25 -60):
1) = 111) = R,[1) = R2[1) = R3I1) colmn
Using Cy-local symmetry projector equations P*=P%= (1 + R, + R? + R3) /4 ! (_W_l_ff 2
1> = P%|1) = (1 + Ry + R; + R3)|1) /4. {Lo.R.R |
These apply to all six |g)=g|1)-base states. [g) = [gR;) = |gR?) = |gR3) (PP
&) = gl1) = gR,|1) = gR2|1) = gR3|1) (ol K.}
{rz,r3,i2,Ry}
{FF R
{£,.F, R,.i;}

O operators (Two notations: Older Princ.of Symm.Dynamics and Spectrq. and Newey Int.J. Mol Sci)
PSDS:{ 1|1 & 1 1 r; ro r; r, | R0 R R:|R, R, R3§R13 R, R}| i i, i, i, i, I

IJMS: E kayd oyl = = i~ i -l . . . ) ) .
' r, 1, 1 r n, b r | p P P R, Ry R. R, Ry R L L LI g

<
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Elementary induced representation 04C4)TO

y-axi1s (5 |= (r12 I
or l
Fig. 4.3.1 PSDS

—=(2 IX) =(R12|
lry)=14
: R\ '? ’;\(/lll X-ax1Ss \ ]-C4 - C4
: o~ & - 1‘_
Z-aXl1S o :\‘“\‘\f\-‘:-\“\\‘\:\\‘.‘; RZ( R3’ R%, )
or € S
3-axigye (3 l=(rq | —_, (1 (1, Ry, R2, R3) =
(2
r2(1 R;,R3,R3) =
= 2 3
]-C4 C4 {1 R3, R3a } R3’R§, )
K l |r22)=|5)~ r2(1 R;, R}, R3) =

(6 1X)
This “coset-basis” spans a scalar 04 C4) induced representation 04(C4)TO

i4| 1>=i4| 1>v i4| 2>=i4Rf| 1>’ i4| 3>=i4r1|1>’ i4|4>=i41‘2|1>, 4|5>_i I | > 4| 6>_i r | >
=R]1),  =R]l), =ij1), =i{1), =i,|1), =i|1).
=[2), =[1), =[6), =[5), =[4), =[3).

Thus we label states by
left cosets l‘gC4 of Local Cy

{1 R35R§, 3}
(Re,1,. K. is)
(rl’ll’r4’ 2)

(72,

2 3 3
( Fis Rl’r3’l

2 .
( 3y Ry, 13, is

3
iy,r3, R3
6

),
),
),
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Elementary induced representation 04C4)TO

9 Thus we label states by
y-axis (5 |=(rq€ |
or. | left cosets reCy of Local Cy

2-axis

Fig. 4.3.1 PSDS - _
= [1),12) = IR}, 13) = Ir),14) = |ry), 15) = [r]), 6) = |r2)

’ i3)9

This “coset-basis™ spans a scalar 04 Cy) induced representation 04C4)TO
i|1)=i|1), i|2)=i,R]1), i]3)=i,r|1), i|4)=i,r|1), i)|5)=i,r]1), i|6)=i,r]1).
=Rf 1> ’ =R§| 1> ’ =i5| 1> ’ =i6| 1> ’ =i2| 1> ’ =i1| 1>'
=[2). =[1). =[6). =[5). =[4). =[3).

For example here is 04 Cy) induced representation 04C4)TO(is)
1) |]2> |§> |‘}> |§> |§>

/<1|i4|1> <1|i4|2> <1|i4|6>\ 41 .

(261 20]2) 5 2[f
s B
| (Ol1) (6fi2) (o) | el -1 -
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Elementary induced representation 04C4)TO

Thus we label states by

y-axis (5 |=(rq2 |
: left cosets reCy of Local Cy

or l
2-axis

= |1),12) = IR, 13}

Fig. 4.3.1 PSDS

’ i3)9

This “coset-basis™ spans a scalar 04 Cy) induced representation 04C4)TO
i4| 1>=i4| 1>’ i4| 2>=i4Rf| 1>’ i4| 3>=i4r1|1>’ i4|4>=i41‘2|1>, i4|5>=i4r12| 1>’ i4| 6>=i41‘22| 1>'

RIY, RIS, s i)
=[2). =[1). =[6). =[5). =[4). =[3).
For example here is 04 Cy) induced representation 04 C4)T0(4) and 04C4)TO(i3)
1) 2) [3)14) |5) |6
il i) qile)) e T (1)
Q1) (20i)2) I I R I ]
0t0fs \_ I CEEE. 193 )=
4 (14)_ 4| . . - ] - -
P B 1
\<6|i4|1> (6li2) <1|i4|6>/ CIEE N
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Elementary induced representation 04C4)TO

Thus we label states by
(51»\% left cosets reCy of Local Cy

ri2,14) = 1), 15) = |r{), 16) = |r?)

y-ax1s (5 |-(r12 |
or I
-axis

(1IN 11), 12) = IR2), 13) >

G
avwse At o
AN
SR Nae L e
. - S
& e Lt )
"W e S
(‘ i
—— U AR
( N‘\ !
N\ \

Fig. 4.3.1 PSDS

2|=<n12|

\ ].C4 - C4 {1 R39 R%a 3}
1, RLRGR (Re,1,. K. is)

+413 =
Z-aXI18S ( ) 52
or A
3-axiget (31=ry (L RS RS, RS 2 (7, i ra Ry
r,(1, R3, R3, R3) = (r,,i5, 13, R3),
1C4=C,={1,R;,R% R}
5 i { . 3. } r12( RB’R%’ )=(1 l’r3’ )"
K \ r3(1, R, R3, R3) = (3, Ry, 13, is),
(6 1X) k:
Here is 04 Cy) induced representation .7 *19(L;) of a linear combination of i-class rotations
Li= i+ izig+ 1303+ Q44+ isis+ isle
I
n 12) 13) 1 14) |5) 6)
__________________________________________________________________ LS A
(1 I o+, i 0 i I I
| | (-1 - )
2| i+, 1 i, | I I ]
|
0A0(L) = ] Y A R A A A o.10(- Coe ]
' al e A 4 (13)=
|| i i gt 1 1 i, A
|
(5] | i Is S 1 i+, !
. . | L \ 1
(6 | i I o, oL i+, 1
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Projection reduction of induced representation 04C4)TO

Scalar A eigenket
e ) =P [1)/NY
- D', (g,)g,|INN"

p=1

=(|1)+[2)+]3)+[4) +|5) +[6) W6

[Ra )

1g
A

1 H +4S

FREQUENCY OR ENERGY
SPECTRUM

4N
=)
(=)
~——
|
— e ek e e
p—
§||

-

o i SR e s g S G S




Projection reduction of induced representation 04C4)TO

Scalar A, eigenket 0404 lensor E-eigenket 0404
‘664104> 1;64 o ) /VNY Diagonal ‘3(1)5404> =P, [1)/VN"
1 (idempotent) 2 &
DA N™ P _ 2 N
"4 P (gp )8, ) Projector P¥; 24 E 0404(&9 )8, NN

~ (1) + |2>+|3>+|4>+|5>+|6>)/J6 From p.49-50: = (J1) +]2) =313)=34)-3l5) 2|6>)/\/—
P(io4 =112[(1)'1p04+(1)pp0+( )r1po+( )rzpo"'( )r1p0+( )I‘zpo]

{Lo.R.R} {p..pisi} {rl,r4,i1,Ry} {rz,r3,i2,ﬁy} {fl,f-3,1“1x,i6} [5,.F, R i}

4N
(=]
(=]
S
|
—_ e DN

(1) (e \
1 Aq | 1
‘ > 1+ 1 H +4S [l | L
eO 0 = — +.: 7
1 \/g R 1 \/g
1 FREQUENCY OR ENERGY 1
1 SPECTRUM 1




Projection reduction of induced representation 04C4)TO
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Projection reduction of induced representation 04C4)TO
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Projection reduction of induced representation 04C4)TO
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Projection reduction of induced representation 04C4)TO

CHy NU3  P(@®)

Lpesrsmy s
Tunneling T (next-neighbor) is
too “Tiny” toscontribute to E* B
=Y \ (1HI1)  (1H[2)
Fl Fi2 F22 (2|H|1) <2|H|2)
EY=H+T ‘
ET'=H — T| :
, (6/HI1) (6IHI2)
Eb o H + T . 293I83 8|.2 81.1 8.|0 7.l9 7.l8 7%7 7.!6 7%5 7.I4 7.13 7?2 29I37.1

Figure 4.3.3 Evidence of an (A,T,E) spectral cluster in methane laser spectra.
(Courtesy of Dr. Allan Pine, MIT Lincoln Laboratories, from Journal of Optical
Society of America 66, 97 (1976)). The ordering and approximate spacing of the A4,T;
and E lines is consistent with that of Figure 4.3.2.
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Projection reduction of induced representation 04C4)TO
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Figure 4.3.3 Evidence of an (A,T,E) spectral cluster in methane laser spectra.
(Courtesy of Dr. Allan Pine, MIT Lincoln Laboratories, from Journal of Optical
Society of America 66, 97 (1976)). The ordering and approximate spacing of the 4,7,
and E lines is consistent with that of Figure 4.3.2.
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AMOP 3.07.18 class 16.0: Symmetry Principles for
reference links 4 hvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Discrete symmetry subgroups of O(3)>(Octahedral Op>0): Deriving D(®-matrices defined by
subgroup-chains O>D,O>Cy, ODD4sDOD>, and ODD;3DCs applications to IR spectra of SFg
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OD (s induced representation 04C4)10 ~A 1 BTIPBE and spectral analysis examples

Elementary induced representation 04C4)TO

Projection reduction of induced representation 04C4)O
»Introduction to ortho-complete eigenvalue-parameter relations
Examples from SFs model spectroscopy
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Elementary induced representation 04C4)TO
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