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https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
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Intro spin %> coupling
Unit 8 Ch. 24 p3.

H atom hyperfine-B-level crossing

Unit 8 Ch. 24 pl>5.

Hyperf. theory Ch. 24 p438.

Hyperf. theory Ch. 24 p48.
Deeper theory ends p53

Intro 2p3p coupling
Unit 8 Ch. 24 pl7.

Intro LS-jj coupling
Unit 8 Ch. 24 p22.

CG coupling derived (start)
Unit 8 Ch. 24 p39.
CG coupling derived (formula)
Unit 8 Ch. 24 p44.

Lande’ g-factor
Unit 8 Ch. 24 p26.

Irrep Tensor building
Unit 8 Ch. 25 p).

Irrep Tensor Tables
Unit 8 Ch. 25 pl2.

Wigner-Eckart tensor Theorem.
Unit 8 Ch. 25 pl7.

Tensors Applied to d,f-levels.
Unit 8 Ch. 25 p21.

lensors Applied to high J levels.

Unit 8 Ch. 25 p63.

Intro 3-particle coupling.
Unit 8 Ch. 25 p28.

Intro 3,4-particle Young Tableaus
GrpThlLect29 p42.

Young Tableau Magic Formulae
GrpThLect29 p46-48.

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 23-26 )
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https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=21
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=28
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=17
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=63
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https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=15
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U(3) tensor product states and S, permutation symmetry

Generic U(3)DR(3) transformations (Just like /=1 vector basis {/=x, 2=y, 3=z})
p-triplet in U(3) shell model

Rank-1 vector in R(3)

or “quark”-triplet in U(3)
¢1, = u¢1 = ¢1 D11+ ¢2 D21+ ¢3 D31

¢; = u¢2 = ¢1 D12+ ¢2 D22+ ¢3 D32
¢; = u¢3 = ¢1 Dl3+ ¢2 D23+ ¢3 D33

Dirac notation:

where: Djk(u) = < j
)= u|l)=|1) D, +|2) D, +|3) D,
2)=u|2)=|1)D +|2) D,,+|3) D,
3¥)=u|3)=|1)D+|2) D,+|3) D,

K)={Julk)

or

where: D, = (6,0 )= (@ ug) |1

2)

o

Dl 1 Dl 2 Dl 3
D2 1 D22 D23
D31 D32 D33




U(3) tensor product states and S, permutation symmetry
Typical U(3)DR(3) transformations (Just like /=1 vector basis {/=x, 2=y, 3=z})
Rank-1 vectorin R(3) or “quark”-tripletin U(3) or p-triplet in U(3) shell model
¢1,:ll¢1 :¢1D11+¢2D21+¢3D31 where: Djk:(¢;9¢/; ):(¢;,u¢k) |1>:¢1 _ 1 }
¢2 = u¢2 = ¢1 D12+ ¢2 D22+ ¢3 D32 :
§=up, =4, D,+6,D,+,D,, H e { i}
6, =| 1

Dirac notation: where: D, (u) = < j k'> = < j‘ u‘ k> 2)=

)= u|l)=|1) D, +|2) D, +|3) D,

2'}=u|2)=|1)D,+|2) D, +|3) D, .

3,> - “‘ 3> - ‘ 1> D13+‘ 2> D23+‘ 3> D, : Djl D22 D23
Rank-2 tensor (2 particles each with U(3) state space)




U(3) tensor product states and S, permutation symmetry

Typical U(3)DR(3) transformations (Just like /=1 vector basis {/=x, 2=y, 3=z})

Rank-1 vector in R(3)
¢ =u¢p =¢ D +¢,D,+¢ D,
¢g.=u¢p,=¢ D +¢,D +¢.D,
g.=up, =¢ D +¢,D +¢, D,

Dirac notation:

)= u|l)=|1)D, +|2) D, +|3) D,
2)=u|2)=|1)D +|2) D,,+|3) D,
3)=u|3)=|1)D +|2)D,+|3) D,

Rank-2 tensor (2 particles each with U(3) state space)

k)

DXD .

ki j'K

/

“quark”-triplet in U(3) or
I
where: D, = (9}, )=(9),u9,) [1)=¢, -
|2>:¢2 =
Dll
where: D, (u)= <j k’> = <]‘ u‘ k> D,(w=| D,
D31
DllDll D11D12 D11D13 D12D11 D12D12 D12D13
DI 1D21 Dl 1D22 Dl 1D23 D12D21 D12D22 D12D23
D11D31 D11D32 D11D33 D12D21 D12D22 D12D23
D21D1 1 D21D12 D22 Dl 1 D22 D12
D21D21 D21D22 D22D21 D22D22

>

p-triplet in U(3) shell model

S O
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U(3) tensor product states and S, permutation symmetry

2-particle U(3) transform and outer-product U(3) transform matrix
bbb, DD, DD, DD, 6 & D,D, D,D, D.D, 6 D.D,
bbb, bD, DD, DD, 6 D,D, 6 D,D, D.D,6 D.D,
bD, DD, DD, DD, 6 DD, 6 D.,D, D.D, D.D,
b, D,D, DD, DD, & DD, DD, D.D,  D.D,
= Db,D, DD, DD, D,D, DD, DD, D.D, D.D,
b,D, DD, DD, DD, & DD,6 DD, D.D.  D.D,
b,b. DD, DD, D,D, DD, DD, D.D,  D.D,
b, DD, DD, D,D, 6 DD,6 D,D, D.D D.D,
D,D, DD, DD, D.,D, D.,D. 6 DD, D.D, D,D

\ 317 31 31723 31733 327731 327732 327733 337 31 337723

DD

D .D

137713

D, .D

137723

D..D

137733

D,.D

237713

D,.D

237723

D,.D

237733

D..D

337713

D..D

337723

D..D

337733

=DX®D , ,, =

jkij'k




U(3) tensor product states and S2=S, permutation symmetry

2-particle U(3) transform and outer-product U(3) transform matrix D, D, =D®D,, .. =
H H \
DHDII D11D12 D11D13 D12D11 D12D12 D12D13 D13D11 D13D12 D13D13
Dl 1D21 Dl 1D22 Dl 1D23 D12D21 D12D22 D12D23 D13D21 D13D22 D13D23
Duby DDy, DDy DDy, DDy D,Dyy DDy DDy, DDy
D21D11 D21D12 D Dl3 D22D11 D22D12 D22D13 D23D11 D23D12 D23D13
— D21D21 D21D22 D21D23 D22D21 D22D22 D22D23 D23D21 D23D22 D23D23
DDy DDy DyDyy DDy DDy DDy DDy Dy Dy, Dy Dy
D31D11 D31D12 D31D13 D32D11 D32D12 D32D13 D33D11 D33D12 D33D13
D31D21 D31D22 D31D23 D32D21 D32D22 D32D23 D33D21 D33D22 D33D23
\ D31D31 D31D23 D31D33 D32D31 D32D32 D32D33 D33D31 D33D23 D33D33
2-particle permutation operations: s(a)(b)‘ j>a k>b =‘ j>a k>b , s(ab)‘ j>a k>b = ‘ k>a j>b
Represented by matrices:
11 12 13i21 22 23:i31 32 33__ 11 12 13i21 22 23:i31 32 33
111 1 - - - - 111 1 .
12 1 - 12 1 .
13 1 - 13 - 1
21 1 : 21 1 .
b — b =
ab)= ) 1 Sab)= 1 .
23 1 - 23 . 1
31 1 ' 31 1 '
32 1 ~ 32 1 .
33 1 33 1
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Sz symmetry of U(3): Applying S> projection
S>matrix eigen-solution found by projectors: Minimal eq. (ab)2-1=0=((ab)+1)((ab)+1) yields:

Symmetric ([T ): pH- =%_1+(ab)] Anti-Symmetric (4 ): 1>H :%[1_(313)]
11 12 13:21 22 2331 32 33 11 12 13121 22 23131 32 33
11l - .. : A : 1110 -
12 1 1 12 1 =
HEE - 13 - -
pii_ 2 s ol 2 F
o) E S [ S »?l . . i 0 . :
23 Ll 23 L =L
31 L L 31| - - =2 L
32 IR 2 - i .4 L
3 T P R, | .k T R R
11 12 13:21 22 2331 32 33 11 12 13§21 22 23:i31 32 33
2y - 1 - - : S : T I A
13] - - 1. kN T S |
2nl - - i1 . A .1 . .
a)(b) = —
@O= 0l @y= 1
23| - 3l . . .
) T A I
32 - -4 - i 1 - e T S [ S
(k3 I T | 330, . .




Matrix representation of Diagonalizing Transform (DTran T) 1s made by excerpting P-columns

p0 _

11 12 1321 22 2331 32 33 112 13121 2 23131 30 33
1|1 - . N
12 > > 12 L 2L
13 % % 13 % —71
MR 25
22 1 - . 2 0 |
23 % % 23 % —?1
31 % % 31 —71 %
32 % % 32 —71 %
33 . - ;
-\ /
908/ T~00 [0
\xz yz > / Ty = yz
11 |1 , |
. i 4 S> symmetry of U(3):
2 2 . . .
13 N B Applying S> projection
V2 2
7= 21 % _T;
22 1 . .
32 ﬁ —T;
33 1
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So symmetry of U(3): Effect of S> DTran T on intertwining S> - U(3) irep matrices

S> matrix: U(3) matrices:

TTS(pab)T :6D(911D—1(p) @ 3Ddimzl(p)

T'DOD()T = 10, .(p) ® 1D, _(p)

L
D (p)
N p My | b (u): D () D)} D (u)} D,(u)
(®) Do) | Do(w)| Do) | Dy(w) | Dow) | Dy(w)
D (p) D, (u) | D,(u) | D(u)| D,(u); Dy(u); D, (u)
D (p) D, (u) | D,(u) D,(u)| D, (u) D,(u) D, (u)
D (p) D51(u) Dsz(u) Dss(u) D54(u) Dss(u) D56(u)
Dg,(u) | D, (w) i Dg(u) i D, (u) i D (u)i Dy (u)
D (p)
o) Dﬁ(u) D, (u) | D, (u)
b D, (W) | Dy(w) | Dyy(w
D) D, (u) | Dy(u) | Dy(u
D (p)
. . +1
Diagonalized
. +1
S, bicycle
. +1
matrix;
+1
T'(ab)T = -
. 1
Unicycle .
(a)(b) 1s -
unit matrix -1
-1




So symmetry of U(3): Effect of S> DTran T on intertwining S> - U(3) irep matrices

S> matrix: U(3) matrices:

T'S(p )T =60 (p) & 3D§”<p)

T'DRD)T = 1D (p) @ lD@ng(p)

m
D (p)
N p-H) | D,(u)| D,(w) D,(u) D) D,(u)
(®) Dy(w | Do(w) D) | D) | D(w | Dy (w
D (p) D, (u) | D,(u) | D(u)| D,(u); Dy(u); D, (u)
D (p) D41(u) D42(u) D43(u) D44(u) D45(u) D46(u)
D @) Dy(w) | Dyw) | Do(w) | Dyw) Dy(w) | Diy(w
D, (u) | Dy(u) i Dg(u): Dy (u) i D (u) D (u)
D (p) H
e DLl | D) Dy
: D, (w) D(w) Dy(w)
D" (p) D,(w)  D(w) D, (u)
D (p)
. . +1
Diagonalized
S. bicycle -
2
i 1 hook fi 1 U (3) eroup hook formula
matrix: + S, group hook formula (3) group
+1
T'(@ab)T = H il H
+1
1 DdDimDZI(p) Dgin=1(P) Diim=6(W) Dim=3(W
. +
Unicycle 21 _, 21 _, ﬂ
. -1 _— T —_ = S
(a)(b) is 2
unit matrix -1 =6 ? =3
-1 L
1
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S3 symmetry of U(3): Applying S3 projection
Rank-3 tensor basis |ijk) (3 particles each with U(3) state space) has dimension 33=27



Sz symmetry of UQ3): Applying S3 projection
Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27
[ab]

111112113 121 122 123 131 132 133 211212 213 221 222 223 231 232233 311 312 313 321 322 323 331 332 333

111
112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
311
312
313
321
322
323
331
332
333




Sz symmetry of U(3): Applying S3 projection

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

[ab]

111
112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
311
312
313
321
322
323
331
332

111112113 121 122 123 131 132 133 211212 213 221 222 223 231 232233 311 312 313 321 322 323 331 332 333

333

Whoa!

That’s pretty big.
So let’s solve by 3
character theory.
Only need traces
that are sums of
diagonal elements
(Just one per-class)



AMOP 4.04.18 class 21: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Characters of intertwining (S»)™*(U(m)) algebras and quantum applications

Generic U(3)DR(3) transformations: p-triplet in U(3) shell model

Rank-1 vectorin R(3) or “quark”-triplet in U(3)
Rank-2 tensor (2 particles each with U(3) state space)

U(3) tensor product states and S, permutation symmetry

2-particle U(3) transform. 2-particle permutation operations
S> symmetry of U(3): Applying S> projection
Matrix representation of Diagonalizing Transform (DTran T)

Effect of S DTran T on intertwining S; - U(3) 1rep matrices

S3 symmetry of U(3): Applying S3 projection
Applying S3 character theory

Frequency formula for D" with tensor trace values
Effect of S3 DTran T on intertwining S3 - U(3) irep matrices

Structure of U(3) 1rep bases
Fundamental “quark” irep. “anti-quark”. “di-quark”™.
The octet “eightfold way” The decapalet and Q

The p-shell in U(3) tableau plots
Hooklength formulas



Sz symmetry of U(3): Applying S3 character theory
Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

Whoa!

(ab) 111112 113121 122123 131 132 133 211212213 221222 223231232233 311312313 321 322 323 331 332 333 ’ .
il That’s pretty big.
12 |1 So let’s solve by S3
113 ]
121 character theory.
ii Only need traces
131 that are sums of
Ei diagonal elements
211 (Just one per-class)
212
213 Bicycle character :
- I 1 Trace s((ab)) counts
223 | states like [ja jb K )
231
232
233
311
312
313
321
322
323
331 |
332 |
333 1




Sz symmetry of U(3): Applying S3 character theory

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27
Trace(ab)=9

111
112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
311
312
313
321
322
323
331
332

111112113 121 122 123 131 132 133 211212 213 221 222 223 231 232233 311 312 313 321 322 323 331 332 333

|

1

333

Whoa!

That’s pretty big.
So let’s solve by 3
character theory.
Only need traces
that are sums of
diagonal elements
(Just one per-class)

Bicycle character :
Trace s((ab)) counts

states like |ja jb ke )
result: 7(ab)=9



Sz symmetry of U(3): Applying S3 character theory

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

Trace(abc) =

111
112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
311
312
313
321
322
323
331
332

3

111112113 121 122 123 131 132 133 211212 213 221 222 223 231 232233 311 312 313 321 322 323 331 332 333

|

333

Whoa!

That’s pretty big.
So let’s solve by 3
character theory.
Only need traces
that are sums of
diagonal elements
(Just one per-class)

Bicycle character :
Trace s((ab)) counts

states like |ja jb ke )
result: 7(ab)=9
Tricycle character :
Trace s((abc¢)) counts
states like [ja jbjc )
result: 7r(ab¢)=3



Sz symmetry of U(3): Applying S3 character theory

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

Trace(a)(b)(c)=27=3

111112113 121 122 123 131 132 133 211212 213 221 222 223 231 232233 311 312 313 321 322 323 331 332 333

111
112
113
121
122
123
131
132
133
211
212
213
221
222
223
231
232
233
311
312
313
321
322
323
331
332
333

|

1

Whoa!

That’s pretty big.
So let’s solve by 3
character theory.
Only need traces
that are sums of
diagonal elements
(Just one per-class)

Bicycle character :
Trace s((ab)) counts
states like |ja jb ke )
result: 7r(ab)=9

Tricycle character :

Trace s((abc¢)) counts
states like [ja jbjc )
result: 7r(abc¢)=3

Unicycle character :
result: 7r(a)(b)(c)=27
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Irep.freq.formula

S3 symmetry of UQ3): Applying S3 character theory . tueeisnas.
Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

Frequency formula for DI f141= 1 D (”de’” o ) 2 Trace (p,)

0 class(k)
S n classes(k)

Tensor traces: 7r(a)(b)(¢)=27, Tr(abc)=3, 7Tr(ab)=9,


https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44

Irep.freq.formula

S3 symmetry of U(3): Applying S3 character theory g tuietispas
Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

k=(1y’ k=(3) k=(1)(2)

1 o [1]
Frequency formula for DM s =— % (glj; (Zf;) 2Trace(p,) Xk | @oxo  @berach) (o). ab)

OSn classes(k) .U:DDD 1 1 1
Tensor traces: 7r(a)(b)(¢)=27, Tr(abc)=3, 7Tr(ab)=9, @

1 1 -1

and S3 character table: -
T, a0 o



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44

Irep.freq.formula

S3 symmetry of UQ3): Applying S3 character theory . tueeisnas.

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

Frequency formula for D: 141 = L D (ld(kf; ) 2 Trace(p,) £ b | o o e

Sn classes(k) .U:DDD 1 1 1

Tensor traces: 7r(a)(b)(¢)=27, Tr(abc)=3, 7Tr(ab)=9,
and Sz character table: ! -
H 2 —1 0
DDD _ 1 order of DDD order of DDD order of EDD
f B 5(( class(1) )Zﬁ Ir (a)(b)(C) T ( class(3) )Z(?)) Ir (abc) T ( class(1)(2) )Z(l)(Z) Ir (ab) )
:l((1)-1-27 (2 )1 3 +(3 )19 =10



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44

Irep.freq.formula

S3 symmetry of U(3): Applying S3 character theory g tuietispas
Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

1 y (1] | k=) k=(3) k=(1)(2)
D (‘” erof ) 2 Trace (p,)  “x @Ob)O)  (@bo)ach)  (be).(ac).(ab)

Frequency formula for DI M= I3 class()
n classes(k) ,U:DDD 1 1 1

Tensor traces: 7r(a)(b)(¢)=27, Tr(abc)=3, 7Tr(ab)=9,

and S3 character table: -
H 2 —1 0

1 order o order o order o
/ HHH 5(( CIZ;S(I{ )Z 1g L (a)(b)(c) + ( clcis(?)J)[ )Z Q)DDT r (abc) + ( chvS(I{(D )Z (EI)(DZ)DTr (ab) )

(v )1 27 +(2 )1 3 +(3 )19 )=10

( )
1
fo=g () a Tr @)+ () 2T @be) + (55 ) 2 T (ab)
\ J
:l( () -1 27 (2 )13 +(3 )¢9 )=


https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44

Irep.freq.formula

Sz symmetry of U3): Applying S3 character theory o iuce 15048

Rank-3 tensor basis |ia jb ke ) (3 particles each with U(3) state space) has dimension 33=27

1 (1]
Frequency formula for D" ft¥ = 3 D (ld(k’; ) 2 Trace (p,) X
n classes(k) .U:DDD

Tensor traces: 7r(a)(b)(¢)=27, Tr(abc)=3, 7Tr(ab)=9,

and S3 character table: HD

class(3)

P = () 2 e @)y + () 2 T @b+ (5 ) s T Gab)

class(1)

3!
1
6

(

class(1)

i L L]
P =% (et xH Tr (@)(b)(©)+ () x@ Tr @abe) + (G

class(1)

6

(v )1 27 #(2 )1 3 4(3 )1

1 oraer o oraer o
fl== ( der of ) X, Tr (a)(b)(c)+(djss(3{ ) %,/ (abe) + (m(lxz)) X T7 (ab)

() 2 w2 )3 w3 )6

9 )=

]
) Z(@(z)Tr (ab)

k=(1y’ k=(3) k=(1)(2)
(a)(b)(©)  (abc)(acb)  (be),(ac),(ab)
| 1 1
2 —1 0
9 ) =10
3\
order of
J

:l((l ) o2 27 +( 2 )3+ (3 )09 )=8



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44
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S3 symmetry of U(3): Effect of S3 DTran T on intertwining S -

e R Y O T = Y T N P R =T TR R T S I

Ss matrices:

23456789x11234567812345678

U(3) matrices:

1. -2 3. 4. .5. .6- -7- -8 9. .x-

__________ NG

P Up)

(ten 1-dimensional S, ireps)

s

(one 1-dimensional S, 1rep,

[a—

pLLL (u)
(one 10-dimensional U(3) irep)
<

U(3) irep matrices

1--1--2- .3 4. .5. .6. -7- -8 -1- -2- 3. 4. .5. .6- -7- -8.

D@(u)

_ (pne I-dimensional U(3) irep

]
> w

(eight 2-dimensional._

S, reps)

\ -

]
D @

(two 8-dimensional
| U(3) ireps mixed up.
with zeros to make-

|64 2-by-2D, (1)

e T Y N N - - Y N VR = TININ-T- R [ NV R NS VO

11 0
0 Dn

D> 0
0 D

D21 O
0 Do

D2 0
0 D2»




S» Young Tableaus and spin-symmetry for X, and XY, molecules

lableau dimension formulae

gAl =f[3’0’0](S3 )_

394 Examples.:

(DE)3)

3021 S3
— A]
Dimension ' 0= (s )= 3-21 = :
(1N (11_D)... . 3
Aul(s y= of S, Tableau m=n-(n-1)-(n=2)--- 321 _1 > A>3
" ook %51 %0 ¢4 o2 of -2 R E
[ [, [ m, ] ook ' R
length |1 % ¢ 321
o e (=g )= == BT
2
proaduct o) :
=2
FIG. 28. Robinson formula for statistical weights. The ‘“hook-
length” of a box in the tableau is the number of boxes in a “hook”’
which includes that box and all boxes in the line to the right and
in the column below it.
m | mH | me2 | me3 | mea | Examples:
. - . m-1 m m+1 -
2
dimension 1 (2100 S #U()= =
Dimension product ; 1
m-
g[”s](U y= of §,*U,, Tableau — =8
: [M][.uz ][.u ] hook- o] o] o] o] of [3,0.0] >
m length o o3| o/ 0TS 2U(3))= -
o3| o
product ", ~10




Dimension
([“S](S y= of S, Tableau

[,ulj[,uz ] ' I:‘un:l

nl=n-(n-1)(n-2)---3-2:1

hOOk— o ( ([ ] o e
length °1e®
[ (]
product .

S5 group hook formula

]
Ddgntju(p) D dim= l(p) Ddlm 2(1))
3-2-1 3-2

1 321

BRI %
1

Irep.freq.formula

GrpThLect.15p.48.

Dimension

Ml y= of S#U, Tableau

Lo ][} m, ]

m | mtl | mt2 | m+3 | mt+4
m -
m-1 m i+l
dimension
product ol
m-3
- hOOk- [ J ([ J o o [ J
length bl Bl
d t [ J ([ J
product [~
U (3) group hook formula
Ddlm lO(u) Ddim:3(u) d1m 8(u)
3[4
2
lll =10 =1 |:— =8

[EToJe=T0]w]



https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2015/GrpThLect_15_3.12.15.pdf#page=44

Sz symmetry of U(3): Effect of S3 DTran T on intertwining Sz - U(3) irep matrices

Ss matrices:

.1 1. .2-.3. .4..5. .6--7- -8 -1- -2. -3. 4. .5. .6- -7- -8-

1. .2 .3. 4. .5. .6- -7- -8 9. .x

™\

P Up)

(ten 1-dimensional S, ireps)

s

(one 1-dimensional S, 1rep,
“— —

[a—

U(3) matrices:
1-.2..3. .4. .5. .6 -7- -8 9. .x- -1- -1- -2- -3. .4. .5. .6- -7- -8 -1- -2- -3. 4. .5. .6- -7 -8-

pLLL (u)
(one 10-dimensional U(3) irep)
<

Dﬁ(ﬂ)

_ gone 1-dimensional U(3) irep

Fol -

e R Y O T = Y T N P R =T TR R T S I

(two 8-dimensional _

e T Y N N - - Y N VR = TININ-T- R [ NV R NS VO

U(3) ireps) -

Di1 Di2 Di3 Dig ... Dig
D21 D22 D23 D24 ... Dog
D31 D32 D3s4 Dissg ... Dss
D41 D4z D43 Das
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Structure of U(3) irep bases

@)Fundamentc_g\|
T 9 * -7 1 =2
Fundamental ¢- =3 “quark” irep | "7 1%
: P}

oo -

I | [L-2

NG

Each tableau has 3D Cartesian integer coordinates (n;,n,,n;) determined by number operators (a,a,,a,a,,a,d,)
, . (aifal,a;az,ag%)
Tableaus with the same total number N = n, +n, +n, lie in the same plane normal to (1,1,1).

Plane has orthogonal D and Q axes for dipole-sum D of z-component momentum D= < Lz> =ny—n =M,

and the quadrupole-sum Q of squared-z-component momentum. 0= < Lg > =ny+n=N-n,

(b) N-particle 3-level states ...or spin-1 states = Ty=1_1,

1l =1100y=a,T|000) 2= ey=]i/)
= 101 0)=a,1000) ¥ :
3l=1001)y=a31[000) )

e
e

7
9




Structure of U(3) irep bases Y Tr—

¥ ; 99 -ri 11
Fundamental ¢! = 3 “anti-quar Frriplet 1]
3]

T

2]
[

&>

Each tableau has 3D Cartesian integer coordinates (n;,n,,n;) determined by number operators (a,a,,a,a,,a,d,)

, . (aifal,a;az,ag%)
Tableaus with the same total number N = n, +n, +n, lie in the same plane normal to (1,1,1).

Plane has orthogonal D and Q axes for dipole-sum D of z-component momentum D= < Lz> =ny—n =M,

and the quadrupole-sum Q of squared-z-component momentum. 0= < L§> —nytm = N—n,
(b) (U(3) (-1 states) (b) (U(3) (-1 states)
Para-symmetric z TQ Anti-symmetric
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Each tableau is located at point (x1 X5 x3) in a cartesian

+ Fig.8 Weight or Moment Diagrams of Atomic (p)® States

co-ordinate system for which x_ is the number of n's in the

|
‘ng/k 33 .2_?_ tableau. An alternative co—ord?nate system is (vg, v%, vg)
(p)5 defined by Eq.16 which gives the zz-quadrupole moment, :
: z-magnetic dipole moment, and number of particles, respectively.
/ é;\ The last axis (vg) would be pointing straight out of the
3] figure, and each family of states lies in a plane perpen-

dicular to it.

A Unitary Calculus for Electronic Orbitals

\ William G. Harter and Christopher W. Patterson
Springer-Verlag Lectures in Physics 49 1976
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(a) (b)

-+ 2S=5-»

[pd= Lpl= EEEE
= ? Fig.1 Young Frames
2] (a) A Young frame of 13 particles corresponding to all or-
] 28=5 bital states (TL) of spin multiplicity 2S+1=6
l (b) A frame conjugate to (a) obtained by converting rows
::] to columns, corresponds to spin states of total spin S=5/2,

since only 5 of the 13 spins are unpaired. (These are repre-
sented by the single row of 5 boxes.)

(a) (b)

[} ® ® ® (-]
> 2 e Sy Rl el > 23:5 =
——.x‘3:9 x23:5 )\33.2 = Y
21212|3|3
Aj2:6 X22:3 :
e e
< " I 1S —at
. S T
CE iy e v :
: ‘:' j ':- ]:: < .
F-\_r—r—det———
=
1 I ®
PEdt
2 [ )
®

Fig.2 Unitary State Labeling

(a) Gelfand Pattern - The jth row of integers (?1 j)é g0
..)3 j) tells to which representation of U. the state belongs,
and similarily for the j-1th row ()1,j—112.j—i'"1j—1,j-1)

which labels a unique representation of Uj-1 contained in
()1.j}2.j"')j.j)' In this way each state has a unigue
genealogy chain and labeling.

(b) Young Tableau - Tableaus are a completely eguivalent
but non-algebraic "picture" of the Gelfand patterns.(When
labeled algebraically, it is just an up-side-down Gelfand

Pattern.)
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(a)
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(b)
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Fig.6 Hall - Robinson Hooklength Formulas

Dimension of representations of (a) S, and (b) U, labeled
by a single tableau are given by the formulas. A hooklength
of a tableau box is simply the number of boxes in a "hook"
consisting of all the boxes below it, to the right of it,

and itself.




Unitary raising and lowering operators Eix [E ok, q] =0, E; =0, .E

aj.ak+bj.bk+...:Ejk:ajc_zk+bjbk+...

Hooklength formulas for Ejx on atomic tableau states
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Multi-spin (1/2)N product states
1

Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams

GrpThLect29 p46-48.

(a) Permutation 1 o (b) Spin 9 9 _ Nz/‘z g[S] f[ﬁﬁ Ay |
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https://modphys.hosted.uark.edu/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_29_5.04.17.pdf#page=48
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Sz symmetry of UQ3): Applying S3 projection
Rank-3 tensor basis |ijk) (3 particles each with U(3) state space) has dimension 33=27
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