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that form a unit matrix with kets Following commutation relation [ aJ ,a k] =1- 5 [aj,ﬁk]:
b o o [ ()= 0la o) = (o2 >+<o‘a}‘af )
B G 1 = <O‘15 ‘ > + 0 (sm.ce: aj‘0>=0)
= 5jk (assuming;: <O‘O> =1)

Relating n-particle Ex=ej(a)+tei(b)+... operators to n-particle Boson a';ak, b'bg,... operator sets

n-particle operator commutation [Eji, Epg]= OipEjq - SQJEpk 1S Just like [e]k, epq|= Okp€jq - Ogj€pi
as long as different types always commute. 0=a b |=]a CZ —[b e }

0=|a,.b, |=|a;.¢; |=] B i |-
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Summary of multi particle commutation relations

Boson (af,a) operators and Elementary £ operators for multiple particles a, b, c,...:
1-particle ejk N-particle sums that make Ej= ejx(a)+ e(b)+ ejir(c)+...
aj.ak =e; =aa; aj.ak +bj.bk +...= Ejk =aa, +bjl;k +...

Each creation (afj=a;) or destruction (aj=a;) operator has a 1-term commutation relation

[aj,a,t_ = 5jk1, _aj,akJ =0, [a].,bﬂ =0, [b;,bz_ =0, _bf’bH = 5jk1, ... (Standard notation)
|:a] 7ak_ = 5jk17 _aj 9C—Zk :| — 09 |:Cl_J abk :| - 09 |:b] abk | = Oa _I;J 9bk :| - 5jk1’ (ShOVthClnd I’lOfatiOn)
Each elementary operator has a 2-term commutation relation
[ejk’equ ~ jkpg ~ “pqaCik [Ejk’qu] N 5pkqu B 5qupk

O .e

=018 ~ Oy jCpk
1-particle ejx relations apply to N-particle Ej: since all a’s commute with all other b’s, c’s,... .etc.

[ejk,epq}z aapa,a, — a,a,aa
=-a. +a a la - +a.a la
aj(5pk apak)aq ap(5qj a]aq)ak

= 0,44, taa,q.d, — 5qjapak —a,dad = 5kpejq B 5jqepk
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Symmetric p?-orbitals: U(3) sextet

P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Ell

E21

E21 =

E

21

) (e a0 0, ) = o 4 )1, 1) =2 )
> - (821(a)+621(b))‘1a’1b> :‘2a’1b>+‘1“’2b> - \/5 “ 1b>+

T
El 2

1 Y P Y Y Yy g Y Y

— ot
E12 _ E21

E

12

il [l2] Bfs] Q2] [l 2fs)

J2

®

J2




Symmetric p?-orbitals: U(3) sextet

P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Ell

E21

E21 =

E

21

) (e a0 0, ) = o 4 )1, 1) =2 )
> - (821(a)+621(b))‘1a’1b> :‘2a’1b>+‘1“’2b> - \/5 “ 1b>+

T
El 2

1 Y P Y Y Yy g Y Y

— ot
E12 _ E21

E

12

il [l2] Bfs] Q2] [l 2fs)

J2

®

J2




P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Symmetric p?-orbitals: U(3) sextet

Eyy >:(ell(a)+ell(b))‘1a’1b>:(alc_ll+b151)‘1a’1b>:2 >
1
E, >:(ezl(a)+e21(b))\1a,1b>=\2a,1b>+\1a,2b>=JE

1,.,2,)+]|2 ,1 7
E, > = (821(61)4-821([)))‘ b>\/5‘ b> _ -

_ T _
E21 _ E12 E12 - E21
E E
21 12
2 V2
. |
1




Symmetric p?-orbitals: U(3) sextet

P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Ell

E21

E21

E21

Ly =
E

21

> B (311(a)+ ell(b))‘la’1b> - (alc_ll +b151)‘la’lb> =2 >
> - (821(a)+621(b))‘1a’1b> :‘2a’1b>+‘1“’2b> - \/5 2“’1b>+

>:(ezl(a)+ezl(b))‘la,2b>+‘2a’lb> 2

J2

2.,2,)=12

J2

T
El 2

1 Y P Y Y Yy g Y Y

>:(eZI(a)+ezl(b))‘la’3b>+‘3a’lb> _1203)+130:20)

J2

V2

— ot
E12 _ E21

E

12

il [l2] Bfs] Q2] [l 2fs)

J2

o)

J2




P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Symmetric p?-orbitals: U(3) sextet

£y >:(ell(a)+ell(b))‘1a’lb>:(alc_ll+b151)‘1a’1b>:2
2 1 V+[1..2
E,, >:(eZI(a)+ezl(b))‘la,1b>:‘2a,1b>+‘1a,2b>:\/5 “ b>ﬁa ) _ >
1.2 >+\2 1> )
E >: + b ‘a’ b a’> b/ _ ) =\/§ >
21 (821(‘1) e ( )) \/5 \/5 a b>
1.3 >+\3 1 > \2 3 >+\3 2 >
E Ii>:e a)+ e b‘ab a>’b/ _1"a>"b a b:>
Y (€y1(a) + ey, (D)) 7 7
E21 a>
E21 — E1T2 E12 — E;Ll
E, E,
Y




P’ DD>

Sample matrix elements for the [2,0]=|oo) sextet states:

Symmetric p?-orbitals: U(3) sextet

_ R _
Eyy it _(ell(a)+ell(b))‘1a’1b>_(alal+b1b1)‘1a’1b>_2 h
E, | = p)1.1)=]2 .1 12.4?%9+%%Lﬁlﬂ
21 —(821(“)+621( ))‘ @’ b>_‘ @’ b>+‘ a’ b>_ hH =
12 ‘1 ’2b>+‘2 ’1b> 2 2|2
£y >:(821(“)+€z1(b)) ; J2 T J2 2,:25) =2
PRIIE _( N b)‘la’3b> ‘3a’1b>_‘2a’3b>+‘3a’2b>_
21 =|ey1(a)+ey(b) \/5 = \/5 =
£, )0
21
E21 = EIT2 E12 = Ejl E23 = E3T2
Ex|un o2 o8 @ o8 @) Pe|m BE o8 0F o8 9| s | @@ o8 02 08 B
T Y il |
B . . . L. | EE ElB V2
1/ R A ' I Be
N NG 1
w . . . . . . |\wm. . . . . || W |
B . . . .| BB BE J2
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Combining elementary “1-jump” E;2, and E>3, ... operators gives “2-jump” operator £;s.
U(n) operators Ez4, E3s5 ...,E14, E25, E36 ... Include n(n-1)/2 operators connecting n states.

Eis=[EnExx|=E;2E2 - Ex3Ep2

TP U SNy N SN P S L NP ALY
k, 1a,2b>\+52a,1b> _E,0 E, 2a,2b>\+52a,2b> k. 1a,3b>\+6 o1y
_ 10,,1b>\+610,,lb>:\25|1a’1b> A > _ 1a,2b>\+52a 1) 102 >\5|2a’1b> 4
E =E! = Eys > EyEy|3,:3,) = ExEyp|3,03,)
= Ey((2,.3,)+[3,2,)  —0

: : : . @ : - |1a’3b>+|3a’1b>:

2 |BE)
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Review:Representation of Diagonalizing Transform (DTran T) made by excerpting P-columns

p0 _

11 12 1321 22 23131 32 33 11 12 1321 22 2331 32 33
| S : 1110 -
12 > > 12 L 2L
13 > > 13 L -1
21 > > PH: 21| - 3 1
22 1 : . 79 0 . .
23 > > 23 3 5
31 > 2 31 £} 3
> I 32 I
33 : 1 0
'\\ /
9150/ 60 [0
2\ AL e
11| 1 : .
: P
13 ﬁ _T;
r= 2! 5 #
22 1 . .
23 ﬁ ﬁ DTran T Lect.2] p.13.
1 = =
2 5 #
33 1



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-21-4.04.18.pdf#page=13

11 12 1321 22

23

\<I\)
ot

(3]
S

Sl

5
<
s+

Using Diagonalizing Transform (DTran T)

to derive 1reps

. §‘|_

. s‘l_

. §|_

. §‘|_

el

E |11 12 1321 22 23 31 32 33 D mmomooiddQ
1 T e B
12 12 + +
13 13 -k - 3
21 21 + 4
22 2 | e
23 23 + +
31 S 31 NI 1
32 D@D 32 ﬁ + ﬁ L
33| - : : 33| . 1 : L
S~ Y1 D-TranF—

11 12 13121 22 23131 32 33
11 \/5 D®DT
ol . . | product
13 L 1L

% "

21 - 1
22
23 - -
31 - =L
32
33

E2) and DU(E)?)

DTran T Lect.21 p.13.



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-21-4.04.18.pdf#page=13

332 3l E |11 12 13721 22 2331 32 33 1o momomomi
11 1 1 . - x1 y z i . -y z z
12 | . 12 + +
7 13 -1 13 S -
21 1 21 + 4
22 22| - 1 . . . )
N 23 23 + +
: 2 31 . . . 311 - . ﬁ . ﬁ .
" _.1 32 D®D 3| . T % o
- 33| - : : 33| - : 1 : S
3233 11 12 13 21 22 23131 32 33
11 . 2 D®D-T
2] 1 . . | product
! S . . . . 1 13 ﬁ ﬁ
--------------- — |
ST T .
72 N 21 1
i ¥ * 22 £
. TN R 23 : : =
¥z N 2 -
. g SRR 2
+ 4 "
) S O Y 13 .
V2 V2
; YA V2
V2 V2 .
T i DIIER)
1
product ]
° . o 1
Using Diagonalizing Transform (DTran T) ; DUN(ET) -1
to derive ireps DI20(E;) and DII(E};) ]
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Relating elementary Ejr matrices to Tensor operator Tk, or vk, matrices:
(=1 (atomic p-shell)

i 0 -i -
2-by-2 case: H= (5..c"5 ) =%2(; 1)=( 1)< )+2( )
=A+7D 1 +BG +CG +A'_D Gz
U(2) generators (spin.J=1/2) A+D T (3. lC)T (B C)T +A_D 1

T (o 1 1_(1 O)l 1 _(0 0) rank-1 0
u+1_(0 0 uo_ 0 -12 u-l_ 1 0) (vector) ( ) (0 0)

0o_f1 0\ ~

“0—(0 ])f2 rank-0

(scalar)



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-11-2.19.18.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf#page=38
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf#page=41
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=9

Relating elementary Ejr matrices to Tensor operator Tk, or vk, matrices:
(=1 (atomic p-shell)

2-by-2 case: H= (BﬂcBZC) =A+TD(é ?)*BG é)*c (f b)“%(f) 3)

=40 1 +BQ, +c(yy 4D o'

2
U(2) generators (spinJ=1/2) — A+TD TO . (B-iC)Tl (B +iC)T1 4-D D T
w, (1) w2 w=C 0 T LN (s
o (o) ()
Generalization of U(2) spinor analysis to U(3)CU(4)CU(5)...
3-by-3 case: H—(’?;’I:)—BT +..t, T
(AMOP Lect. 11p.5 )

U(3) generators (spinJ=1)

0 1 =/ 0 0 k-2
2 2 i I I 2 ran
—M0 0 0 —{0 -2 = 1 =\{0 0 0
ll+2 (Z 0 0) ll_|_1 C a)fg C 0 U)B C 2 11_2 (I 0 Z) (tensor)
C ; 7 0 )f] 1 (z 0 )} rank-1
0 0~ 00 0 =\700 vector
u+1 2 o0k i = ( )

(0 0 ())f] rank-0
ll= 10 3 (scalar)
0 1

0
A
Mutually
commuting
diagonal operators
Ch.7 p592 Tensor matrices in PSDS Ch.7 p589

Tensor matrices in [IJMS-2013 (p9)



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-11-2.19.18.pdf#page=5
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf#page=38
https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.7_(4.21.10).pdf#page=41
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf#page=9

Relating elementary Ejr matrices to Tensor operator Tk, or vk, matrices:
(=1 (atomic p-shell) Recall vk, triangular arrays:

!
k\ _ 1 l k| 1
(AMOP Lect. 11p.5 ) <Vq>_ 2 ‘m><m‘vq‘m’><m"

m,m’=—/{
(=1
/ /
tensor array k| k
[-particle notation - z m Vq w' | Cmm T 2 | G
m,m'=—€ m,m’:—ﬁ m m

-1 1
note | € ] <V§>: 1 -2 1
o\ _1 . 1 . |4 = -1 1
orthonormality! <V°> o v (condensed
format) T
Diagonal examples 1n n-particle notation: (viy=| 1 0 -1 | %
S U I
7
1 -
i)
NS



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-11-2.19.18.pdf#page=5

Relating elementary Ejr matrices to Tensor operator Tk, or vk, matrices:
(=1 (atomic p-shell) Recall vk, triangular arrays:

!
k\ _ 1 l k| 1
(AMOP Lect. 11p.5 ) <Vq>_ 2 ‘m><m‘vq‘m’><m"

m,m’=—/{

(=1
tensor array Zg 0 k| Zﬁ k
: < ‘V ‘ ,> e ’ : e ’
m q| m m,m ’ m,m
o —y m m

[-particle notation

11
(vi)=| 1 2 1
(=1 -1 1
(condensed
format) T
Diagonal examples 1n n-particle notation: (viy=| 1 0 -1 | %
2
\/EV(;) =Bt E,tE, -1l ﬁ
\/EV(} =L, —E, =L, 1 . .
J6V =E —2E_+E, (V)= -1
NS



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-11-2.19.18.pdf#page=5

Relating elementary Ejr matrices to Tensor operator Tk, or vk, matrices:

l l
) Vi)
m m|  q|m m
l

(=1 (atomic p-shell) Recall vk, triangular arrays:

(AMOP Lect. 11p.5 )

(=1
lensor array
[-particle notation

(V)=3

m,m’=—

-1 1
(V)= o e R I ) e A v
1 -1 |
1
L V=l el )= 0
{’L\N » 22N 2p : -1
(pl' /(6 1
o=

2+
Diagonal examples 1n n-particle notation:
BV =E +E_+E,
Vvi=E  —E =L
J6V2 =E -2E_+E,
Off-Diagonal examples in n-particle notation:
VI=E , -2V'=\2(E,-E)),

3 2

2V_21 = \/E(Eﬂ o E32) ’

(=1
(condensed
format)

2V2 = F

-2 31 °

2V =N2(E, +E)=L, 2V' =V2(E, +E)=L .



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-11-2.19.18.pdf#page=5

AMOP 4.09.18 class 22: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Atomic shell models using intertwining (S»)*(U(m)) matrix operators

Single particle pl-orbitals: U(3) triplet
Elementary U(N) commutation
Elementary state definitions by Boson operators
Summary of multi particle commutation relations
Symmetric p2-orbitals: U(3) sextet
Sample matrix elements
Combining elementary “l-jump” E2, E>23, to get “2-jump” operator E;3
Review:Representation of Diagonalizing Transform (DTran T)
Relating elementary Ejx matrices to Tensor operator V&,  ({=1 atomic p-shell)

Condensed form tensor tables for orbital shells p: /=1, d: (=2, f: (=3, g: [=4.
Tableau calculation of 3-electron /=1 orbital p3-states and V4, matrices
Tableau “Jawbone™ formula

Calculate 2"-pole moments
Comparison calculation of p3-V%, vs. calculation by cfp (fractional parentage)
Complete set of Ejx matrix elements for the doublet (spin-2 ) p3 orbits
Level diagrams for pure atomic shells p»=1-9, dn=1-3, fir=1-7
Classical Lie Groups used to label f-shell structure (a rough sketch)




4

B (continued) (g ) 1

4.

3, g/

A. (j) SUB-SHELL TENSORS

2 f !

d: !

])

Condensed form tensor tables for higher orbital shells

p:l

o (o N
kil mmmmm FBeBR Y BBE Y s

CEC N 0 e .« - R .h.awc.. * e N
TEEBEE| GGGS e T

. v = <y v . DAY FA A . - . sl Mmoo
T A N AL LR X

» - 4 " . . » -« 1O O O WY | . . . - ol e
,u\ %mﬂﬁwﬁﬂﬁmw 0F5ﬁ.3m”/1 ﬁw _—r.nm(.va AT
reegiged gtaosadorernd | er)

LR A > >
(&W@mgwgﬂ@sw F 5@Fo - cno./m.v%rmm/ . . - - ﬁo ﬁo » -
u - . - - - - . - L] -
mmmgw%mx.mm LI "Ue 2
1»

N e[ M@t IR @ e g e N s e -~
Beigiel  jegrRee  C ERT VR S
BIREGE g TEER FOEE U vns R
dmmlwmm.ac.wmﬂﬂ-o.'mwmo- o el v . - . W/
mq” o IR o S

(=] NO PO [0 O O (0 Q el ive] E [ee}
egeBrBBl (ouuBEEE  veBualf  welell S
_llﬁlﬁllll Y AN ] .22%#2@# ..Qﬁo.fwmmw S
\ | I B A PO | 4 > s _v @ r
)| . - Lol
TR R LTSRN IR TR A I DL S
&l © N OO N > O AN O QR NN oo pnyya 0o
Aﬁz@mmwnfz TUTRERT AT TRE TR - FoER T TRE) m
FREEERITVTREORIPO NV TSSR GV VORE TRNE| <« =
1 “I> i
‘Wmm%nmmmggmwmommmgmmoﬁ%ﬁommrﬁﬂnofmaﬁ 5
hﬁ4wwﬁﬁm@4aﬁﬁW%o£@34a@1mﬁﬁae *ECRY~ =
,Vﬂmwmﬁwzﬁamm@mmoa4zwn@oﬁﬂdzﬁfuﬁ ®e o W
T rRRY TSI ITRRY OGS IR TS g RVYL &
1.4\111.1.51.”11 1ﬁ3r)ﬁ0311 ¢.4m2hw_..m0m22 . c..u.F/w_bw_kmran LI 4
“.M. Bh.vﬂ. ?u__vQ .m.q no
N
> 2
<+
o v—
| O
m —
+~
L S
- o ~N o ot x o a2 <+~ L
¢ ; P, & S <% S S
N A )
S Eeg ECE welBER ~veldE = 5
] HRRTT R N o oR AR < "
g LS “ig oWl g g aepgle oqign iyl = laigg i s <
ﬁh»\ 1_.,1@ Lo _..zu. \q g 2 AEP ~bkno g m ﬁ_ﬁ.ﬂ..w_ﬂmﬂ.’% o P.m
._m)_.o) @ ~ o Mg ¥ 0m [ olglmige oy ¢ 1_Mw—mg.f
ﬂzﬁx@ HRoan A T b A el B i St
(1*55 AN R ' 5%55 R SRR R R IR VR R
I3 ~ kit AN
._n_.u. mm LS 1&55 .m_; [ = - ﬂ i)
- o Lo B A - W
. oo - N " © -
" “ews  meo- CRy i
N
o - o Q ljﬁwl [o]
[ 1o 1 < o i \> oo
w_.. o - o - e o 1_Qk.mf7.. ﬁﬁrﬂm o ﬁﬂf W.F
2 % - — e e TR T ER o g TR
-~ 2
T ol w pRg e 7 9y e g g %
- 7 © Rexlg kel gl Mgy rRoR
AR o ! 1
g o Ehaveq [evle-| par-mo e
A L2 ~ - e - o~ hQ . N
& anell :F ceBER e S8k .
m 15@5-@;29 Q@g mo.wdmw. fl..f 5 . r(arw ﬁ .u558. T . B
2 7 W R ShELN T E GRS O G 1 L SIS R Y TR QT
= Mraregeqlre g Q 5ﬁ524@. LR R -1 R RS
1™ ™ 1 ™= . .
- ﬂ,sﬂﬁaumwﬁm«; IR A i Qg E - EF. B e S G getge b, n
= 1¢££wmmﬁﬁﬁﬁmomﬁﬁaﬂﬁsrr 7 & Bagi o N 28 Koo e e
Q.u “31%».%40_‘@,3& lmz_..rmo.qd ﬂ.ﬁlﬂﬁ ZKD N O ool Quﬁq_)ﬁm é ﬁ,llwm
¥ b i e . .
> zY@@ﬂaﬁ4£w@£401%425ﬁ5,ﬁdolﬁ R B e B RS
. ) > - 2 . 3 o "
m 11\&1&511 .lg.lﬁﬂll ﬁ@ 5. . I_ﬁﬁl . 555 ﬁ
“ ﬂ 1_. .0__ i FTa n.w:q ..L_Q. 2“0. L
. o > S » > L =&
~ .



Condensed form tensor tables for higher orbital shells. p: (=1, d: (=2, f:(=3, g:[(=4.
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Easy to fit tensors to any matrix!



AMOP 4.09.18 class 22: Symmetry Principles for
reference links 4 dvanced Atomic-Molecular-Optical-Physics

on page 2
William G. Harter - University of Arkansas

Atomic shell models using intertwining (S»)*(U(m)) matrix operators

Single particle pl-orbitals: U(3) triplet
Elementary U(N) commutation
Elementary state definitions by Boson operators
Summary of multi particle commutation relations
Symmetric p2-orbitals: U(3) sextet
Sample matrix elements
Combining elementary “l-jump” E2, E>23, to get “2-jump” operator E;3
Review:Representation of Diagonalizing Transform (DTran T)
Relating elementary Ejx matrices to Tensor operator V&,  ({=1 atomic p-shell)

Condensed form tensor tables for orbital shells p: /=1, d: (=2, f: (=3, g: [=4.
»Tableau calculation of 3-electron /=1 orbital p3-states and V%, matrices
Tableau “Jawbone™ formula

Calculate 2"-pole moments
Comparison calculation of p3-V%, vs. calculation by cfp (fractional parentage)
Complete set of Ejx matrix elements for the doublet (spin-2 ) p3 orbits
Level diagrams for pure atomic shells p»=1-9, dn=1-3, fir=1-7
Classical Lie Groups used to label f-shell structure (a rough sketch)



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) p3 state: ‘ 2D, L = 2> - & (Fermi spin-mate

)

(a) (b)

Orbital Spin

Part Part B \
2 TITITITITITIT
2131 WL 25-5—
314
416 S.=5/2
2
7 Spin
g Fermion State

FIG. 2. Young frames for labeling separate orbit and
spin wave functions for spin-i fermions. (a) A frame of
13 boxes would be used to label the 13-particle orbital

~states (°L ) of spin multiplicity 25+1=6. (b) A frame
conjugate to (a), obtained by converting rows to columns
corresponds to spin states of total spin S=5/2 since
only five of the spin boxes are “unpaired.”

s



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) p3 state: ‘ 2 D,’;=22> - & (Fermi spin-mate ¥ )
Then apply lowering operator L =+2(E, +E,)
(@) (b)
Orbital Spin
Part Part
2] [ITTITITT
%2 LTI F25-5—
416 S:=3/2
S
6 |
7 Spin 5
g Fermion State

FIG. 2. Young frames for labeling separate orbit and
spin wave functions for spin-i fermions. (a) A frame of
13 boxes would be used to label the 13-particle orbital

~states (°L ) of spin multiplicity 25+1=6. (b) A frame
conjugate to (a), obtained by converting rows to columns
corresponds to spin states of total spin S=5/2 since
only five of the spin boxes are “unpaired.”

s



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) p3 state: ‘ 2 D,§4=222> - & (Fermi spin-mate ¥ )
Then apply lowering operator L =+2(E, +E,) ‘ 2fo:21> = %L_‘ 2fo:22> = %\/5 (E, +E,)
Here this 1s done using Tableau “Jawbone” formula.

(@) (b)
Orbital Spin
Part Part
2] IPTITTRR
%2 LI ~25-5—
416 S.:=1/2
S
0 |
7 Spin 5
g Fermion State

FIG. 2. Young frames for labeling separate orbit and
spin wave functions for spin-i fermions. (a) A frame of
13 boxes would be used to label the 13-particle orbital

~states (°L ) of spin multiplicity 25+1=6. (b) A frame
conjugate to (a), obtained by converting rows to columns
corresponds to spin states of total spin S=5/2 since
only five of the spin boxes are “unpaired.”

s
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lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) p3 state: ‘ 2 1y L=2 >_
Then apply lowering operator L =+2(E, +

Here this 1s done using Tableau “Jawbone” formula.

i

{a)

(e}
(f)
(g)

(h)

=i,

(b)

. number /
Eui T> 'ST.'T(of (ifs ) <T

;
?
?

e

Ey)

1fen (Fermi spin-mate = )
PDiA) =1L DI ) = N2, +
(@) b)
Orbital Spin
Part Part
2] MTMATHETTT
416 SZ:-5/2
S
0 .|
7 Spin 5
g Fermion State

FIG. 2. Young frames for 1abe1mg separate orbit and
spin wave functions for spin-i fermions. (a) A frame of
13 boxes would be used to label the 13-particle orbital

~states (°L ) of spin multiplicity 25+1=6. (b) A frame

conjugate to (a), obtained by converting rows to columns,
corresponds to spin states of total spin S=5/2 since
only five of the spin boxes are “unpaired.”



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) pJ state: ‘ 2 1y L=2 >: (Fermi spin-mate

Then apply lowering operator L =+2(E, +E,)

{a)

(c)

(e}
(f)

(h)

/ number ;
<T B T>'8Tfr(of (ils ) <T

8, ] TE

i-1,i

PM=2

‘2D1€4::21>:%L_‘2D]€1::22>=%\/5(E21+E32)

FIG. 3. Simplified jawbone formula for electronic or-
bital operators. (a) Number operators E;; are diagonal.
(The only eigenvalues for orbital -states are 0, 1, and
2.). (b) Raising and lowering operators are simply tran-
poses of each other. (c)—(h) E;.,; acting on a tableau
state gives zero unless there is an (¢) in a column of the
tableau that doesn’t already have an (¢—1), too. Then it
gives back a new state with the (¢) changed to (¢ —1) and
a factor (matrix element) that depends on where the other
(¢2)’s and (¢—1)’s are located. [Boxes not outlined in the
figure contain numbers not equal to (£) or ({—1).] Cases
(c) and (d) involved the “city block” distance d which is
the denominator of the matrix element. The numerator is
one larger (d+1) or smaller (d —1), depending on whether
the involved tableaus favor the larger or smaller state
number (z or ¢—1) with a higher position. The special
cases of (d=1) shown in (f) always pick the larger (and
nonzero) choice of d+1=2. All other nonzero matrix
elements are equal to unity.



lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

Start with highest angular momentum (L=2) p3 state: ‘

Then apply lowering operator L =+2(E, +E,)

Here this 1s done using Tableau “Jawbone” formula.
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lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

o
Start with highest angular momentum (L=2) p3 state: ‘ 2 1y L=2 >_ 2| (Fermi spin-mate ¥ )
PM=2
Then apply lowering operator L =+2(E, +E,) ‘ 2ijj> =17 ‘ *D/” > LJ2(E,
Here this 1s done using Tableau “Jawbone” formula. L [ >+ >]
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T>=<T Ew
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Orthogonal to this 1s a 2P (M=1) state
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lableau calculation of 3-electron (=1 orbital p3-states and their Vk, matrices

o
Start with highest angular momentum (L=2) p3 state: ‘ 2 1y L=2 >_ 2| (Fermi spin-mate ¥ )
PM=2
Then apply lowering operator L =+2(E, +E,) ‘ 2ijj> =17 ‘ *D/” > LJ2(E,
Here this 1s done using Tableau “Jawbone” formula. L [ >+ >]
(@ (b) T

/ . number / _
<T £ T>'ST.'T(of {iI's) <T i T>'<T

E..
: Orthogonal to this is a 2P (M=1) state
3 — —;—I__.. E

T il T T i1, I
2 pI=1\ _
§ I PN—%[ >—|
E 5\ E

Next we calculate 2"-pole moments the pair:
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Comparison calculation of p3-Vk,; vs. calculation by cfp (fractional parentage)
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2
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1.3
3

12
3

13
2

13
3

22
3

2 3,

Complete set of Ejx matrix elements for the doublet (spin-% ) p3 orbits

3

FR R H B 32 13 2 3% 3% 3%
M=2 M=1 M=0 M=-1 M==2
2(11) +1@2) 112) 1(23) e (13) ﬁ(lS)
2 2
101 o(22) J I @3) JTe) 103)
2 2 -
2(11) 4 1(33) V2t 103)
101 4162 4 169) VSR L
- 2 2
notation: 100 L 1@ 169 /5eI /3 (3)
(jk) numbers tell . )2 - "; )
] 1 33 12)
which Ejx gave that entry 177 +2 :
9(22) , 1(33) 1@3)

Diagonal examples in n-particle notation:
BV'=E +E_+E,
Bvi=E  -E,=L
J6V =E —2E, +E,

Off-Diagonal examples in n-particle notation:
sz =Lk '2V12 = \/E(EIZ —E£,), 2V—21 = \/E(EZI —£,) 2V—zz =Ly,

2V =N2(E, +E)=L, 2V' =vV2(E, +E)=L .

1@2) 4 9(83)

'=<Eij>
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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By s
P NO M ™M GENERAL SCALAR
ONLY  INTERACTION ONLY ane INTERACTION

Excerpts from unpublished Ch. 9 intended for Vol II of
Principles of Symmetry, Dynamics and Spectroscopy
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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Level diagrams for pure atomic shells pn=1-3, dn=1->, fi=I-7
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Level diagrams for pure atomic shells pn=1-3, dn=1->, fi=I-7

2p(1)
' \
\
\\
6p
\\
2
N RN r——-———-——D—(l’— SENIORITY 1
29 \\\\\ /
-_l___._\_‘___‘\ d° / 2p
d5 T\ | // s 22l
o / S SELL SENIORITY 3
v /! 7/ 2 -
WONB L s
i\ o L - 2p(3
I << —"’m__ﬂz}_ SENIORITY 5
i\ N _26(2)
p\ N
A
i\ —5m
[T 4p
! ‘\ ——<ZZ_ % }semomws
1 \ E // 4D
\ // - 3
\ s —~ 4G
\
|
|
“ —10m
\
. \
\ > SENIORITY 5
\
\
\
1
|
\
\
\y 3 6s
A S ——_——— )

Eigenstates of P and M are said to be states of definite SENIORITY. The guantum number v of

SENIORITY is equal to the number of unpaired particles in the state. Examples of states made
entirely of paired particles are |p2 'S >, 1d2 18>, ld4 18> ..

The first two examples have exactly
one “pair” and their p eigenvalues are 3p and 5p respectively. The state Id® 1S > has two pairs, and
it takes energy 5p to “break one pair’’ to make seniority 2 states TD(1) and 1G(1). However, then
only 3p is needed to break the remaining pair to make any of the seniority 4 states. Note that in

each case, seniority  states show up with the same partners in the £ configuration. “Pairs” are like FE xcerp s fl"O m unpu b l LS h ed Ch 9 inten Cl’@d fO r Vo Z Il o f
a scalar “core’” which does not influence the angular momentum of the v unpaired particles “‘outside”
it. You will first see a seniority » group in ¢, then all over again in £*2, 2*4 .. and so on.
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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Level diagrams for pure atomic shells pn=1-3, dn=1->, fi=I-7
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Level diagrams for pure atomic shells pn=1-3, dn=1->, fi=I-7
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Level diagrams for pure atomic shells pn=1-3, dn=1-5, fn=1-7
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Level diagrams for pure atomic shells pn=1-3, dn=1->, fi=I-7
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Classical Lie Groups used to label f-shell structure
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(a) (b)

-+ 2S=5-»

[pd= Lpl= EEEE
= ? Fig.1 Young Frames
2] (a) A Young frame of 13 particles corresponding to all or-
] 28=5 bital states (TL) of spin multiplicity 2S+1=6
l (b) A frame conjugate to (a) obtained by converting rows
::] to columns, corresponds to spin states of total spin S=5/2,

since only 5 of the 13 spins are unpaired. (These are repre-
sented by the single row of 5 boxes.)

(a) (b)

[} ® ® ® (-]
> 2 e Sy Rl el > 23:5 =
——.x‘3:9 x23:5 )\33.2 = Y
21212|3|3
Aj2:6 X22:3 :
e e
< " I 1S —at
. S T
CE iy e v :
: ‘:' j ':- ]:: < .
F-\_r—r—det———
=
1 I ®
PEdt
2 [ )
®

Fig.2 Unitary State Labeling

(a) Gelfand Pattern - The jth row of integers (?1 j)é g0
..)3 j) tells to which representation of U. the state belongs,
and similarily for the j-1th row ()1,j—112.j—i'"1j—1,j-1)

which labels a unique representation of Uj-1 contained in
()1.j}2.j"')j.j)' In this way each state has a unigue
genealogy chain and labeling.

(b) Young Tableau - Tableaus are a completely eguivalent
but non-algebraic "picture" of the Gelfand patterns.(When
labeled algebraically, it is just an up-side-down Gelfand

Pattern.)




Each tableau is located at point (x1 X5 x3) in a cartesian

+ Fig.8 Weight or Moment Diagrams of Atomic (p)® States

co-ordinate system for which x_ is the number of n's in the

|
‘ng/k 33 .2_?_ tableau. An alternative co—ord?nate system is (vg, v%, vg)
(p)5 defined by Eq.16 which gives the zz-quadrupole moment, :
: z-magnetic dipole moment, and number of particles, respectively.
/ é;\ The last axis (vg) would be pointing straight out of the
3] figure, and each family of states lies in a plane perpen-

dicular to it.

A Unitary Calculus for Electronic Orbitals

\ William G. Harter and Christopher W. Patterson
Springer-Verlag Lectures in Physics 49 1976

.
7
/s

(p)°? (p)

=] [N

— | e Alternative basis for the theory of complex spectra I
William G. Harter
Physical Review A 8 3 p2819 (1973)
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BIN=
/ Ll

, ,J T Alternative basis for the theory of complex spectra Il
N3 William G. Harter and Christopher W. Patterson
Physical Review A 13 3 p1076-1082 (1976)
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e i Alternative basis for the theory of complex spectra I11
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Physical Review A ?7?
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1.2.3)=[1) 1,12),13),

2) pariete-s3)
particle—a | particle=b! ! particle—c



Single particle p!-orbitals: U(3) triplet  |»'[]) erzezr=err [1N2[2){11=[1]

erexz=erz  [1)(2|2)(2|=[1)(2
b B o - - Elementary matrix algebra :
er=| - - lhep=| - - - lhea=| - - |hey=| 1 - |een=| o - |- 8 | |
L S S L L. ejkepg=Opiejg  |J)(k| pXa|=8 4l iXd]

General elementary operator commutation [k, Lpg]= OkpEjq - OgiEpk Elementary-elementary
has same form as 1-particle commutation: [ej, epq]= Orpejq - Ogiepi operator commutation algebra

This applies to all of multi-particle representations of £jx and to momentum operators Ly, Ly, and L.

Single particle p-orbit (/=1) representation of Ly, L,, and L:

1 . .1 1 -
D (L)===| 1 - 1| D ()=E <1 - | DL(n)=| - o

R A7) B S

Elementary operator form of L,, L,, and L.

L =(Ey,+Eyy+Ey + Ey)/2, Ly:—i(E12+E23—E21—E32)/\/5, L =E, —E,

z

...and of raise-lower operators L+ and L-

Lo=L +iL, =~N2(E,+Ey), L =L —iL =~N2(Ey+E,)=L], L =[L,L]



r DD>

Elementary creation-destruction a;ax pairs give the [2,0] sextet states ﬂ H 12 >‘>‘>‘>‘>}
E,|n ,n2> = alﬁz‘ n, ,n2> = al\/g‘ n,n, — 1> = \/”1 + 1\/n2 ‘ n+1,n,— 1>
E,q\n,n, ,n3> = a253‘ n,n, ,n3> = az\/g‘ NN 1> = \/n2 + 1\/113 ‘ n,n,+1,n,— 1>

Apply elementary operations ejx to each particle a, b, c, ... in turn.

Symmetric p?-orbitals: U(3) sextet

233 323 332
E23‘3a3b3c>:‘2a3b3c>+‘3a2b3c>+‘3a3b2c>:\/g‘ a~b c>+‘ a\/é) c>+‘ a~b >:\/§ >
ayay|n = 0,1, = 0,1, = 3) = 4,4/3]0,0,2) = V14/3]0,1,2) = E,, > =3 >
The e procedure shows a=a'or a=a factors \/a ory/n+1 arise by adjusting norms.
)3 ’ 2a3b3c3d> + ’ 3a2b3c3d> + ’ 3a3b263d> + ’ 3a3b302d> _ E23 >
2
_ 2,23.34)+|2.2330)H2.31230) H12.33.24) NA 2,2334)|2.3234)+12.33.24)
2 ) J6
N 2,3,234)+13:2230) *13:252:30) +13423.24) _|_‘3a2b2c3d>+‘3a2b3c2d>+‘3a3b2c2d>
2 J6
n ‘ 2a3b302d> + ‘ 3a2b302d> + ‘ 3a3b202d> + ‘ 3a3b202d> _ \/g >
2
ayds|n, = 0,n, = 0,n, = 3) = 4,+/3[0,0,2) =v/13/3[0,1,2) = E,, > =3 >




