4.30.18 class 27: Symmetry Principles for
Advanced Atomic-Molecular-Optical-Physics

William G. Harter - University of Arkansas
Molecular rovibrational spectra : On symmetry, SF¢ and. UF¢ examples

SF¢ has octahedral (On>O0>DC4y or Csyv) symmetry
SFs octahedral (On>Casv) Cartesian coordination
SFe octahedral (On>C4y) symmetry coordination
SFe¢ octahedral (Ono>Cs4yv) mode labeling
Ireps for ODD4DD; subgroup chain and coset factored projectors
Sorting [T1uw)A, [T1uw)B, and |T1u)c mode vectors
Combining |T1u)a, |T1u)B, and |T1u)c into two states of zero momentum

Matrices of force F, mass m, and acceleration a for mode dynamics

Acceleration matrix a for 2-by-2 T1, ABC-mode dynamics
Modes and energy level diagrams: SFe, UF¢, etc.
SFe, overtones and harmonics

Coriolis orbits of Ty modes v3 (947cm-1) and v4 (630cm-!) of SFe
Graphical interpretation of Coriolis Ty effects 1n v4 (630cmi-1)

Rovibronic Nomogram of Coriolis Ty effects
Tensor centrifugal and Coriolis Ty effects 1n v4 P(88) fine structure

Nomogram of Ty SFev4 P(88) fine, superfine, and hyperfine structure




AMORP r ef erence links (Updated list given on 214 and 37 pages of each class presentation)

Web Resources - front page Quantum Theory for the Computer Age 2014 AMOP
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2017 Group Theory for QM
Classical Mechanics with a Bang! 2018 AMOP

Modern Physics and its Classical Foundations

Representaions Of Multidimensional Symmetries In Networks - harter-imp-1973
Alternative Basis for the Theory of Complex Spectra

Alternative Basis_for _the Theory of Complex Spectra | - harter-pra-1973

Alternative Basis for the Theory of Complex Spectra Il - harter-patterson-pra-1976
Alternative_Basis_for_the Theory of Complex_Spectra_lll_-_patterson-harter-pra-1977

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978
Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-dJMP-1979
Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter
Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.
l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
ll) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989 (Alt scan)
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989 (Alt scan)
l1) Half-integral angular momentum - harter-reimer-jcp-1991
Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan)
Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)
Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996
Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001
Molecular Symmetry and Dynamics - Ch32-Springer Handbooks of Atomic, Molecular, and Optical Physics - Harter-2006

Resonance and Revivals

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-0hio2013-R777 (Talk

Molecular Eigensolution Symmetry Analysis and Fine Structure - IIMS-harter-mitchell-2013
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

QTCA Unit 10 Ch 30 - 2013
AMOP Ch 0 Space-Time Symmetry - 2019
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https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Alternative_Basis_for_the_Theory_of_Complex_Spectra_III_-_patterson-harter-pra-1977.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Frame_transformation_relations_and_multipole_transitions_in_symmetric_polyatomic_molecules_-_Harter-Patterson-Paixao-RMP-1978.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Galloping_waves_and_their_relativistic_properties_-_ajp-1985-harter.pdf
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https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392(1986).pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration_spectra_of_icosahedral_molecules._I._Icosahedral_symmetry_analysis_and_fine_structure_-_harter-weeks-jcp-1989.pdf
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https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/JCP_C60_VibeModesHiRes.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration_spectra_of_icosahedral_molecules._III_-_Half-integral_angular_momentum_-_harter-reimer-jcp-1991.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure:%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/C60symmReduct&fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Springer_Handbooks_of_Atomic_Molecular_and_Optical_Physics_-_Harter-Ch32_-_2006.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molecular_Eigensolution_Symmetry_Analysis_and_Fine_Structure_-_IJMS-harter-mitchell-2013.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li%20-%20Harter%20-%20cpl%20-%202013%20-%201308.4470.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2014.html
https://modphys.hosted.uark.edu/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/AMOP_References.html

AMORP r ef erence links (Updated list given on 2 and 3 pages of each class presentation)

(Int.J.Mol.Sci, 14, 714(2013) p.755-774, OTCA Unit 7 Ch. 23-26 ), (PSDS - Ch. 5, 7)
Int.J.Mol.Sci, 14, 714(2013), QTCA Unit 8 Ch. 23-25, QTCA Unit 9 Ch. 26, PSDS Ch. 5, PSDS Ch. 7

Intro spin % coupling Irrep Tensor building Intro 3-particle coupling.
Unit 8 Ch. 24 p3 Unit 8 Ch. 25 p5. Unit 8 Ch. 25 p28.
H atom hyperfine-B-level crossing
Unit 8 Ch. 24 p15 Irrep Tensor Tables Intro 3,4-particle Young Tabl
Hyperf. theory Ch. 24 p48. Unit 8 Ch. 2 pl2 GrpThLect29 p42.
Hyperf. theory Ch. 24 p48. Wigner—Eckart tensor Theorem. Young Tableau Magic Formu
Deeper theory ends p33 Unit 8 Ch. 25 pl7. GrpThLect29 pd6-48.
Intro 2p3p coupling
Unit 8 Ch. 24 pl7. Iensors Applied to d,f-levels.
Intro LS-jj coupling Unit 8 Ch. 25 p21.
Unit 8 Ch. 24 p22.
CG coupling derived (start) Tensors Applied to high J levels.
Unit 8 Ch. 24 p39. Unit 8 Ch. 25 p63.

CG coupling derived (formula)
Unit 8 Ch. 24 p44.

Lande’ g-factor
Unit 8 Ch. 24 p26.



https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=15
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https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=22
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https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._24_2013.pdf#page=39
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https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_8_Ch._25_2013.pdf#page=28
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AMORP r ef erence links (Updated list given on 27 and 3" and 4th pages of each class presentation)

Predrag Cvitanovic’s: Birdtrack Notation, Calculations, and Simplification

Chaos_Classical_and_Quantum_-_2018-Cvitanovic-ChaosBook

roup Theory - PUP_lLucy _Day_- Diagrammatic_notation - Ch4
Simplification_Rules_for Birdtrack Operators_-_Alcock-Zeilinger-Weigert-zeilinger-jmp-2017
Group Theory - Birdtracks_Lies_and_Exceptional_Groups_-_Cvitanovic-2011

)
Birdtracks for N) - 2017-K ler

Frank Rioux’s: UMA method of vibrational induction

uantum_Mechanic roup_Theory_an -_Frank_Rioux_-_D rtment_of Chemistr int_John
mmetry _Analysis_for H20- H20GrpTheory-_Rioux

uantum_Mechanics-Group_Theory_and_C60_ - JChemEd-Rioux-1994

r Theory_ Problems-_Rioux- mmetryProblemsX
mment_on_the_Vibrational Analysis_for n ther_Fulleren Rioux-BRSP

Supplemental AMOP Techniques & Experiment

Man rrelation Tabl re Molien n - Kl Draft 201
High-resolution_spectroscopy alobal_analysis F4_rovibrational _band model atmospheric_absorption-_carlos-Boudon-jqsrt-2017
mmetry an hirality - ntinuous_Measur -_Avnir

*

Special Topics & Colloquial References
r-process_nucleosynthesis_from_matter ejected_in_binary_neutron_star mergers-PhysRevD-Bovard-2017
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https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Mechanics_Group_Theory_and_C60_-_Frank_Rioux_-_Department_of_Chemistry_Saint_Johns_U.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Symmetry_Analysis_for_H20-_H20GrpTheory-_Rioux.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Mechanics-Group_Theory_and_C60_-_JChemEd-Rioux-1994.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Group_Theory_Problems-_Rioux-_SymmetryProblemsX.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Comment_on_the_Vibrational_Analysis_for_C60_and_Other_Fullerenes_Rioux-RSP.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Molien_Sequences-1602.08774v1.pdf
https://modphys.hosted.uark.edu/ETC/MISC/High-resolution_spectroscopy_and_global_analysis_of_CF4_rovibrational_bands_to_model_its_atmospheric_absorption-_carlos-Boudon-jqsrt-2017.pdf
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AMOP 4.30.18 class 27: Symmetry Principles for
reference links 4 4y anced Atomic-Molecular-Optical-Physics

on pages 2-4
William G. Harter - University of Arkansas
Molecular rovibrational spectra : On symmetry, SF¢ and. UF¢ examples

» SF¢ has octahedral (On>O0>DC4y or Csyv) symmetry
SFs octahedral (On>Casv) Cartesian coordination

SFe octahedral (On>C4y) symmetry coordination

SFe¢ octahedral (Ono>Cs4yv) mode labeling
Ireps for ODD4DD; subgroup chain and coset factored projectors
Sorting [T1uw)A, [T1uw)B, and |T1u)c mode vectors

Combining |T1u)a, |T1u)B, and |T1u)c into two states of zero momentum
Matrices of force F, mass m, and acceleration a for mode dynamics

Acceleration matrix a for 2-by-2 T1, ABC-mode dynamics
Modes and energy level diagrams: SFe, UF¢, etc.
SFe, overtones and harmonics

Coriolis orbits of Ty modes v3 (947cm-1) and v4 (630cm-!) of SFe
Graphical interpretation of Coriolis Ty effects 1n v4 (630cmi-1)

Rovibronic Nomogram of Coriolis Ty effects
Tensor centrifugal and Coriolis Ty effects 1n v4 P(88) fine structure

Nomogram of Ty SFev4 P(88) fine, superfine, and hyperfine structure



SF¢ has octahedral (Ohn>O0>C4y or Csy) symmetry Intro-O-symmetry Lect 11 p.25.

'» O-groupTable Lect.11 p.35.
@ A§ -

Figure 4.1.1  Objects having octahedral (O) symmetry. (a) The cube or hexahedron.
(b) 'The octahedron. The cube is transformed into the octahedron by placing vertices
of one in the center of the faces of the other. (c) (4! = 24) permutations of four

integers correspond to the 24 equivalent positions in which the octahedron may be |
placed.
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Figure 4.1.2 The five classes of octahedral operations. (a) The identity class (no
rotation). (b) The threefold rotations (120°). (c) The tetragonal twofold rotations
(180°). (d) The fourfold rotations (90°). (e) The diagonal twofold rotations (180°).

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T,
T,, and O. The Abelian D, subgroup of T is indicated also.
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Sorting [T1wA, |T1w)B, and |T1u)c mode vectors

PSDS Ch.4 p.61.

D, |R) [R) [R) [R) [R)

0, [6) [5) |7) [=) [R) [R) [R) |R) |[R) |R}) [ir)

Do 12) 13)

3
IR A
1)

Model of “’covalence’’
or bending force
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Sorting |Tiua, |T1ws, and |Tiw)c mode vectors PSDS Ch.4 p.67.

X-translation in A space

el Al [R) [R) [R) |[R) [R)|ID, [5) [5) |) [) [R) |R) |R) |R) |R) [R}) [i) | [2) [3)

L —L

G BT

T
g U
.13A>

12

x-translation
momentum=n-\2

IRqA)



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.4_(4.22.10).pdf#page=67

Sorting |Tiua, |T1ws, and |Tiw)c mode vectors PSDS Ch.4 p.67.

X-translation in B space

e11

"B

, [R) [R) |R) |R) |R)

0, [5) [5) [7) |5) |R) |R) |R) |R) |R) |R) |ii)

e 12) 13)

1 1

1
2, 2, 2

L=

x-translation
momentum=m-2
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Sorting |Tiua, |T1ws, and |Tiw)c mode vectors PSDS Ch.4 p.67.

x-translation in C space

e C 10, [R) |R) |R) R [R)N), |6) |n) |&) [=) [R&) |R) |R) |R) |R) |R]) [i) ][ [2) [3)

1

x-translation
momentum=AM-1

lA)
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Combining |T1wa, |T1u)B, and |T1u)c into two states of zero momentum

x-translation in A space PSDS Ch.4 p.67.

elrA |, [R) [R) |R) |[RY) [R) |0, |5) |n) |7) |) |R) [R) |R) |R) [R) |R) [i) ][V [2) [3)

1 -1
NS NS x-translation in B space

el B[, |R) |[R) [R) [R) |R) |, |5} |n) [&) [w) [R) |R) |R) |Ry) [R) |R) |is) | [ [2) [3)

1

L
2 2

x-translation in C space

1
2

=

e C 110, [R) |R) |R) |R) R, |5} |n) [5) [=) [R) [R) [R) [R) |R) |R) |i) |0 [2) |3)

1
Combining A and B space to zero momentum

cl0)=+2|ely A)—|evB) = 2P| A)— 2P| B)

< 1/2
~

.
Ic lu
e,
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Combining |T1wa, |T1u)B, and |T1u)c into two states of zero momentum

X-translation in A space

PSDS Ch.4 p.67.

D, (R R) [R) R |R)

10, |n

)

n) |7) =) [R) [R) |R) [R) |R) [R) |i)

D 12) 13)

! -1

2 V2

x-translation in B space

0, R [R) [R) |R) |R})

D, |5) |n) [5) [) [R) |R) |R) |R) [R) |R) i)

e 12) 13)

=

1
2

1
2

1

2

x-translation in C space

T,
e 'C

D, |R) [R) |[R) [R) |R)

0, [n) [5) |7) [=) [R) [R) |R) |R) |[R)) |R}) |iy)

Do 12) 13)

Combining A and B space to zero momentum

cl0)=+2|ely A)—|evB) = 2P| A)— 2P| B)

< 1/2
~

.
Ic_lu
e,

|cT0)= M~2|efy A)+2M|efB) - 6m|C)

|

Combining A, B and C space to zero momentum
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Combining |T1wa, |T1u)B, and |T1u)c into two states of zero momentum

X-translation in A space PSDS Ch.4 p.67.
elA |, R |R) [R) |RY) R0y |5) [n) [7) [r) |R) [R) [R) [R) |R) [R) [i)|[De [2) [3)
1 -1
N2 N x-translation in B space
el B[, |R) |[R) [R) [R) |R) |, |5} |n) [&) [w) [R) |R) |R) |Ry) [R) |R) |is) | [ [2) [3)
1 —1 1 1
2 2 2 2

x-translation in C space

e C 110, [R) |R) |R) |R) R, |5} |n) [5) [=) [R) [R) [R) [R) |R) |R) |i) |0 [2) |3)

1
Combining A and B space to zero momentum Combining A, B and C space to zero momentum
cT0)=2|els A)—| el B) = 2P]r| A)— 2P| B) |cT0)= M~2|efs A)+2M| el B)—6m|C,)
- 1/2
< |
1]y

1

Ty translation

A . i
A third state is one of rigid translation  |clirigid)=+2|ely A)+2|efy B)+|C;) (discarded)
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Matrices of force F, mass m, and acceleration a for mode dynamics

Having non-orthonormal states involves non-Hermitian mass and force operator equations

Newton-like mode equations: m|%) = —F|x) give (frequency)’ eigenvalues: (a)(“))2 ‘ X(“)> =Fem™ ‘ X(“)>

D, R |R) [R) [R) |R)| D, [n) o) |&) |2) [R) [R) |R) |R) |R) |R) |i)| [D. 12) [3)
(All2k+j o K K K K14 kK o X o 0o X ol o o0 -j
2 2 2 2 2 2 2 2
(B k+b 0 0 0 o o o ZKED o, o ZKED 1 b4
2 2 2

(C 2(j+b) 0 O
(m)=

0, TR (&) (R TR R0, T 1a) 17) 12) 18) (&) [&) &) 1) 18) 1) P) 15

<A m 0 0 0 0 0 0) 0 0 0 0 0] 0 0 0 0 0 0 O O

<B m O 0 0 0 0 0) 0 0 0 0 0 0O O

(C M 0 0




Matrices of force F, mass m, and acceleration a for mode dynamics
PSDS Ch.4 p.72.

Having non-orthonormal states involves non-Hermitian mass and force operator equations
2
Newton-like mode equations: m|%) = —F|x) give (frequency)’ eigenvalues: (a)(“)) ‘X(“)> =Fem™ X(“)>
(F)=

D, R |R) [R) [R) |R)| D, [5) o) |5) |2) [R) [R) |R) |R) |R) |R) |i)| [D. 12) [3)
(All2k+j o X K K Kby o o XX v o 2 9 o X o] o o -
2 2 2 2 2 2 2 2
(B k+b 0 0 0 o o o k¥ 45 o, ZtKtb) 0 D,y
2 2 2
(C 2(j+b) 0 0

For A and B spaces the eigenvalues are simple projector sums

a V2 1 A .
(™) =EZ<A|F|g£A>D s(g,)=[(4k+ j)]/ m

g2 1 E - .
(@) =—X.(A[Flg.A) D" (g)=[(k+ )]/ m

’ k T, k+b
(™) =iZ<B\F|ggB>Df%"<gf>— (k+b)Df: (D—%b(DH (R,)+ D" (R} ))}/m:%
Ly 2_i T, _k"‘b ng T, k+b
(07) = ZABIFl2.B) DL (¢ - (ke 5)D% ()= Dl R,y + DI RD) [ m=2 K20
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Matrices of force F, mass m, and acceleration a for mode dynamics
PSDS Ch.4 p.72.

T1u vector symmetry involves A, B and C space 2-by-2 matrices of Q=F and Q=m.
in zero-p basis: |cjl13 > \/—|eT1 A> eﬁ"B> 2P[y|A)-2P*|B) and: |c}s0 > M\/—|eT1 A>+2M|6T1 B> 6m|Cj>
11-Matrix (T.|Q|T,.)

(cl,0|Q|cTi;0) = (2(A|PJ —2(B| P )Q(2Py| A) - 2P| B))

=4(A[PQ|A) - 4(APQ|B) - 4(BP}Q|A) - 4(B|P["Q|B)=2Q,, ~V2Q,; +2Qs ~ V20,

Each term reduces to group coset leader sums:
QAA =Z<A|Q|g€A>D3TIISH(gf)’ QAB =ﬁZ<A|Q|g£A>D,ﬁ"(g£):QBA, QBB :Z<B|Q|ng>D1T1lu(gz)
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Matrices of force F, mass m, and acceleration a for mode dynamics
PSDS Ch.4 p.72.

T1u vector symmetry involves A, B and C space 2-by-2 matrices of Q=F and Q=m.
in zero-p basis: |cjl13 > \/—|eT1 A> eﬁ"B> 2P[y|A)-2P*|B) and: |c}s0 > M\/—|eT1 A>+2M|6T1 B> 6m|Cj>
11-Matrix (T.|Q|T,.)

(cl,0[Q|cTi;0) = (2(A| P —2(B| Pl )Q(2Py| A) - 2P| B))

=4(A[PLQ|A) - 4(APQ|B) - 4(B[PIQA) - 4(BIP'Q|B) =  2Q,,~V2Q,;+2Qu; —V2Qy,

Each term reduces to group coset leader sums:

Quu = 2(AIQlg,A) Dk (g)). Qup = 2.(AIQ|gA) D (g,) = Qps; Qs = 2,(BIQlg.B) Dfi'(g))
For Q=F: F,, F _ 2k+J —\/Ek For Q=m: my, Mmyg z( m 0 )
Fg, Fgy B 2k k+b mp, Mpgp 0 m

(cliv 0| F|ci0)=2F,, ~2F,;, + 2Fy, —2F,, =9k +2 j+b (cfix,0|m|cfi,0) = 2m,, —V2m,, +2my, —~2my, =3m
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Matrices of force F, mass m, and acceleration a for mode dynamics
PSDS Ch.4 p.72.

T1u vector symmetry involves A, B and C space 2-by-2 matrices of Q=F and Q=m.
in zero-p basis: |cjl13 > \/—|eT1 A> eﬁ"B> 2P[y|A)-2P*|B) and: |c}s0 > M\/—|eT1 A>+2M|eT1 B> 6m|Cj>
11-Matrix (T.|Q|T,.)

(cl,0[Q|cTi;0) = (2(A| P —2(B| Pl )Q(2Py| A) - 2P| B))

:4'<A|P?)T31 Q| > - <A|P3TiuQ| > - 4<B|P1€UQ|A> B 4<B|P1?UQ|B> = ZQAA_\/EQAB+2QBB_\/§QBA

Each term reduces to group coset leader sums:

Q.= ,(AlQ|g,A) DY (g)). Q. =% 2.(AQ|g,A) D3 (8,)= Q. Qs =Y (BQ|g.B)D/}(g,)
4 4 g
FOI‘ Q:F: FAA FAB . 2k+ ] —\/Ek FOI‘ Q=m' mAA mAB _ m O
F F - \/5]( k mp, Mpgp 0 m
BA BB — +b
< ]130|F| Cii's > F,, ‘/_FAB+2FBB ‘/_FBA_9k+2]+b < 113O|m| Cii's > 2mAA_\/§mAB+2mBB_\/§mBA:3m
12-Matrix (T.|Q| T};)
<C]T11”-30 Q| erll,li30> = 2MQ,, + 2\/§MQAB - \/EMQBA —2MQp; - \/EQBA - 12m(<A‘ Q‘ C> - <B| Q‘ C>)
(30| F|cfi,0) = 2(j = b)(M + 6:m) (cl;0mlcT0)=0
22- Matr1x< Q|T:)

(™0 F|c™,0) = (2, +4b)(M +6m) (cTi-,0|m]c™,0) = 6mM (M +6m)
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Acceleration matrix a for 2-by-2 T1yw ABC-mode dynamics

[ (cT,0[alc,0) (c%,0[alcT,0)=

T,Ll TLI
| (ekoalel0) (cholalelto)

Secular equation gives square-frequency eigenvalues

/

Ok+2j+b

2(j—b)M +6m)

3m
(j—b)
3mM

3m
(27+4b)(M +6m)

3mM

PSDS Ch.4 p.72.

\



https://modphys.hosted.uark.edu/pdfs/PSDS_Pdfs/PSDS_Ch.4_(4.22.10).pdf#page=72

Acceleration matrix a for 2-by-2 Ty ABC-mode dynamics s

( : : )
/ \ Ok+2j+b 2(j—b)(M +6m)
<a> _ <m>—1 <F> _ <Cﬁu30 a Cﬁu30> < J1 30‘3‘ J1 -3 > - _ 3IH 3m
(c,0[al 0} (,0[a|%,0) (j=b)  (2j+4b)M +6m)
\ / . 3mM 3mM )

Secular equation gives square-frequency eigenvalues

A*—=SA+P=0 gives eigenvalues /le:(a)eTl“ )2 in terms of their

3k+]+b+21+4b andtheerroductP—ﬂ. 2 = (kj+2kb+ jb)(M + 6m)

Sum S=A,+/4_=
m M m°M
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Acceleration matrix a for 2-by-2 Ty ABC-mode dynamics s

( : : )
(1 - . . \ Ok+2j+b 2(j—b)(M +6m)
(a)=(m) (F)= (cis0[a|cfis0)  (cfis0]alcfis0)= ~ 3m 3m
\ <cﬁi30 a cﬁ{30> <cﬁ{30‘a‘cﬁ{30> ) (J=b)  (2j+4b)(M +6m)
. 3mM 3mM )
Secular equation gives square-frequency eigenvalues
A*—=SA+P=0 gives eigenvalues /le:(a)eTl“ )2 in terms of their
3k+j+b 2j5+4b . kj+2kb+ jb)(M +6
Sum S=A, + 1 = JT2 2 and their Product lej,_:( J i X m)
m M m-M

. \/Si\/Sz—4P
a)i— IU: 2
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Figure 4.4.3 Hexafluoride vibrational modes and spectrum. 7;, modes are not
drawn precisely, since their form depends upon the choice of constants and rotational
perturbations. (See Figure 4.4.7.)
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Figure 4.4.3 Hexafluoride vibrational modes and spectrum. T;, modes are not
drawn precisely, since their form depends upon the choice of constants and rotational

perturbations. (See Figure 4.4.7.)
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low-frequency [v, or (—)] vibrations. (a) Plane-polarized or standing-wave motions. (b)
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