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Symmetry group .5 representations=>4mop Hamiltonian H (or K) matrices, irreps &%
=> 0P wave functions ¥, eigensolution projectors P©

fz C2 — CYCIIC (OI' CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group Co» GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
Cs beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page

Cs group spectral resolution. GThlLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 Ist page
CsWavefunction bra-kets GThLect. 11 p40-45. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. st page
Cs character or irrvep tables GThLect. 11 p54-38. Ist page
Cs wave dispersion functions GThLect. 11 p60-68. st page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&= Cs= Cyclic (or Circle) group of order 6

15t Step: Find Cs symmetric H by Cs product table of recular reps and coupling paramsi{ro,r;...rs'GThLectl2 p3-9

Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r°r!,y2.r3.r4.r5} GThLect12 p11-16 ~ 1stpage
Character tables of Cs, Cs3, Cy4, Cs,.... C144 GThLect12 p18-24 1st page
31 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 Ist page
Ortho-complete eigenvalue/parameters p32-38 Ist page Gauge shifting complex coupling p40-48 Ist page

Bohr-Schrodinger dispersion p49-51
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AMORP r ef erence links (Updated list given on 2nd page of each class presentation)

2014 AMOP
Web Resources - front page

2017 Group Theory for QM
UAF Physics UTube channel

2018 AMOP

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
Il) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Molecular Eigensolution Symmetry Analysis and Fine Structure - IUMS-harter-mitchell-2013

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989

[1) Half-integral angular momentum - harter-reimer-jcp-1991
QTCA Unit 10 Ch 30 - 2013
AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019
RESONANCE AND REVIVALS

) QUANTUM ROTOR AND INFINITE-W DYNAM - ISMSLi20 alk) https://kb.osu.edu/dspace/handle/18 /

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)
Gas Phase Level Structure of C60 Buckyball and Derlvatlves Exhlbltlng Broken Icosahedral Symmetry - relmer—dlss 1996
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https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
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https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
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https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
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https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html

Symmetry group .S representations=>4mop Hamiltonian H (or K) matrices, irreps &'
=> 0P wave functions ¥, eigensolution projectors P©
' 5= C;

— CYCIIC (OI' CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group Co» GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
Cs beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect. 11 p40-45. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. st page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&= Cs= Cyclic (or Circle) group of order 6

15t Step: Find Cs symmetric H by Cs product table of recular reps and coupling paramsi{ro,r;...rs'GThLectl2 p3-9

Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r°r!,y2.r3.r4.r5} GThLect12 p11-16 ~ 1stpage
Character tables of Cs, Cs3, Cy4, Cs,.... C144 GThLect12 p18-24 1st page
31 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 Ist page
Ortho-complete eigenvalue/parameters p32-38 Ist page Gauge shifting complex coupling p40-48 Ist page

Bohr-Schrodinger dispersion p49-51
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base state k. +k —k
1 0 M2 T2
0)=)=12) = 1=b)=1)=17 ( j ] | " m ( 2 ]
o o X ~k k +k x
! 0} ‘ 10 11N 2 12 L 12 2
_______________ | mirilfor @ WML @ AN M M
"E) L reflection = >
X1 %0 T - 1 _| A R ] More conventional
Kn En \ % ) coordinate notation
%) = - K)o )
C: (Bilateral op reflection) symmetry conditions: ~ K-matrix is made of its symmetry operators in

K,=K=K,, and:K,, =k=K,=-k, (Let: M=1)

group C> ={1,05} with product table: ¢, | 1
Kll K12

B
[ K kg 10 [0 11 o,
k K 0 1 1 0

Op| Op 1

K21 K22

K= K1 + k'aB

Symmetry product table gives C» group representations in group basis{|0)=1|0)=1) , |1)=0c5|0)=|0s)}
(Lafr) - (1ft]oy) =(1 o) (Hou|1)  (Moslog) | (o 1

<%‘1’1> <GB‘1“’B> 0 1 <GB‘°B’1> <GB‘°B‘GB> 10

C, spectral resolution for 2D oscillator Lecture 6 p.11

Ist page p. 6
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

C, spectral resolution for group Co GThlLect.6 p.17 15 page

group C> ={1,05} with product table: C,

Op
1 (o
o 1

B

Basic Projection operators GThLect.4 p.31-46

Symmetry product table gives Co group representations in group basis{|0)=1(0)=1) , |1)=03|0)=|cs)}

(o) 1 (40 f Gt ko) ) o b et
(s[1[1) {osft]o) 01) (05los|1) (o5|os|op) o 1 1.
Minimal equation of o3 is: o52=1 pr_ o | 2 2
or: 052—1=0=(c5—1)(o5+1) Spectral decomposition of Cz(o5) into {P+,P—} 7 5 3
o | 1 =P"+P" [
with eigenvalues: pr_1795 _ 2
IxHop)=+1, x~(0p)=—1} o,=P"—P" T2 R

|
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C> Symmetric 2DHQO eigensolutions

K = K1 - kyo,
k, +k -k
gl 10 ~k,, 0 1 J_| m™"2 12
0 1 1 0 ~ki, ki tk,

C2(os) spectrally decomposed into {P+,P—}projectors: p*=

1 =P +P"

E1genva1ues of op: .
XH(08) =+1, x (o) = —1
Figenvalues of K=K-1 - k2 o3 :
e(K)= K=k, e (K)=K +k;>
= ki = ki+2ki>

Even mode |+)=0,) = (5 A2

K-matrix 1s made of its symmetry operators

in group C> ={1,05} with product table:
'l

1 1 =
1+OB b b) \/5 1 1
o I B R
2 2 ) L2 '
R e R R L L R ERELEE LR L factored projectors
: 1 1 : L
- 1-0, 2 _i E\/EE 1 -1
" [ ]
2 2 : \/5'.: _______ :
Diagpnalizing transformaion (D- fran) of K-matrix:
1 :\ ' .
L1 1, 1.
R R R PR PR | IRV I T
\/15 :/%/ ~ky,  ktky, \/15:/% 0 k+2k,
----------- gD—tran)
C, mode phase character tables E A
p 1S position 2 N2
1 -1
p=0 p=1 R

o 1 NRNSE
m 2 norm:| (x,|+) (x,|-)

1 @@1/\/2 (D-tran is its

own 1nverse
in this case!)

gy |
2

m is wave-number

or “momentum ” C, spectral resolution for 2D oscillator Lecture 6 p.33

Wavelt Web Simulation - C2 Characters as Phasors
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Symmetry group .S representations=>4mop Hamiltonian H (or K) matrices, irreps &'
=> 0P wave functions ¥, eigensolution projectors P©

§= C2 — CYCIIC (OI' CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group Co» GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
Cs beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect. 11 p40-45. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. st page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&= Cs= Cyclic (or Circle) group of order 6

15t Step: Find Cs symmetric H by Cs product table of recular reps and coupling paramsi{ro,r;...rs'GThLectl2 p3-9

Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r°r!,y2.r3.r4.r5} GThLect12 p11-16 ~ 1stpage
Character tables of Cs, Cs3, Cy4, Cs,.... C144 GThLect12 p18-24 1st page
31 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 Ist page
Ortho-complete eigenvalue/parameters p32-38 Ist page Gauge shifting complex coupling p40-48 Ist page

Bohr-Schrodinger dispersion p49-51
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {xi,x2}-basis...but are uncoupled in {+,—}-basis

( x; ]=_( l—klz12 k1+ll§12 ]( x; ] ( :: )=_[ ]:)1 k1+gk12 j_’ ]
%) = - K x) %) = _ K x)
[<x1x> J CINEYCTINES <x1|x>] (5 | [ (oK) Tt
(ols) | falkn) (k) | (n/x) () || e (Hx-)

C> Symmetric 2DHQO uncoupled dynamics Eigenbra veciors: -]

Each mode runs independently
Mx + (kl)x+ ( 0 ) (+)-mode at frequency wi=v (ki/M)
MX +(k+2k 5 )x_ 0 (—)-mode at frequency w-=/ (ki+2ki2)/M
Spe(tml jecompositian Ofinitl[al St]te x(0)=(x1 x2) =(1,0): Mixed mode dynamiCS .

5 )
P
1+

—
~— S~
N————

Eigenket vectors: |+)

1-x(0)=(P, +P_)(

1 H1p &
_ W2 i
®(j§j§) ( (1) )+ o % )( (1) ) Fl (4)-mode L ﬁ

S-S

1
O ) | 2 | 2.2V 0 ) 2 ) Coiittl

e N XIS

A L e e b
1 1 e 1 1 . : N
V2 1 V2 l-— ] 1 2 2 ) _- =] ﬁ‘
1 1 e ’! :
s0: X(1) = e ? +e ' _21 (—) d
2 2 a-b  a-b L node i SRS
] ia b gatb oo T, ath b [ axis : Vo
100% AM modulation results ~——=¢ > “——"——=c > cos(”’2 ) = L
Cz beats of 2D osc. GThLect.6 p.35-46
( e—la)+t +e—lw_t \ _'(w++w-);/ (0,-0_) (0,-0_) \ ( (w_-w )t \
[ x(t) ) Ty eyt (@40 | cos . .
1 _ 2 _e e +e _. 2 2 BoxIt Web Simulation
Xy (1) o0 _ it 2 e_l.(w+;w_)t el.(w ;“’—)t Note i phase)| isin (0_-,) Coupled Oscillators K;1=10, K;>=-1
2 - 2
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Three famous 2-state systems and two-complex-component coordinates

-~

(a) Electron Spin-1/2-Polarization

( A

( \
X1 (T

£

| | | <¢Ix>/
=| T XY+ X [P

/ p:i=Im x, \
1:
Re X1

~

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phys. 26 167 (1954)

_/

(b) Photon Spin-1-Polarization

Plane-x

1)=|x)

W)=

x| (e
R
=3 )X [Y)+y Xy W)

N

John Stokes 1862

Proc. Soc. London 11 547 (1862)

Harter and Dos Santos

Am. J. Phys. 46 251 (1986)
J. Chem. Phys. 85 5560 (IQW

f (¢) Ammonia (NH3) Inversion States

( \ / \
Vip (UP|v)
VDN (DNJv)

\ / \ /

=|UPYXUP|v)+|DNXDN]|v)

B

Feynman, Vernon,
and Hellwarth 1957

J. Appl. Phys. 28 49 (1957)

Fig. 10.5.1
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=> 0P wave functions ¥, eigensolution projectors P©
ﬁz Chr= CYCIIC (OI' CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
Ca spectral resolution for group Co GThLect.6 p.17 15 page

C, spectral resolution for 2D oscillator GThLect.6 p.33
Cs beat dynamics for 2D oscillator GThLect.6 p.35-46

U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56
»ﬁ = C3= Cyclic (or Circle) group of order 3
Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThlLect. 11 p14-27 1st page
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15t Step: Find Cs symmetric H by Cs product table of recular reps and coupling paramsi{ro,r;...rs'GThLectl2 p3-9
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Cs gig-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gtg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 1st row
op ] 2 1 ¢! with its inverse gf=g-! 1n the 1st column
2| 2 ] so all unit 1=g-1g elements lic on diagonal.
Cs Basic group representation theory. GThLect. 11 p6-12. Ist page

A Cs H-matrix 1s then constructed directly from the gfg-table and so 1s each rP-matrix representation.

0,.-1...712 1 0 O O 1 0 0O 0 1 Constants 7 that are grayed-out
H=| rn % . |[=rn 0 1 0 |+ 0 0 1 |+n| 1 0 0 may change values
I 00 1 1 0 0 0 1 0 if Cs symmetry
1 N A, ]1: I~ i\S\br01<€n,y Point
1 2 ‘&*m\ \ - Af 7 =1 mod 3
=71 +rT +5 T P

H-matrix coupling constants  {ro, 1, r2} equilibrium
relate to particulan\operators {r9, rl, r2} zero-state
that transmit a partrgular force or current. Xg=x;=x,=0
Conjugation symmetry ] , Point |
Hermitian Hamiltonian (H ,=H,;) requires ¥y=r,and 1, =7, . j ir(;i p=0 mod 3 \8 |

(p=1) unit base state |, (p=2) unit base state

[1)=r'|0)=r"|0

(p=0) unit base state
Cs operators {r9, r1, r2} 0)=r’|0)
also label unit
base states:

1
0

0)=r010) x,=1 %=

— rl
1> r2 O> -120°=240°
2>: r O> Unit displacement r Oltatl(j;@
modulo-3 * of mass point-0 r'=r

from equilibrium
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Cs Spectral resolution: 3™ roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3 roots of unity x m=em2w3=a),,.

N2
-i0 3

Complex numbers z make it easy to find cube roots of z =1=e27im, (Answer: zI3 =g2mim/3) ( y =e " * =1
. 2 _il%ﬂ *
3 . : 3 —im3 £ xi=e =Y,
1=r> implies: 0=r"-1=(r- o )(r - ) 1)(x - x,1) where: x,,=e =y, L
Xo=e =1,

We know there 1s an idempotent projector P such that r-Pm=y,,P(m for each eigenvalue x» of r,

They must be orthonormal (P(m)P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-Pm=y,,Pm Ortho-Completeness 1 = PO + P + PC)

Yo=ei0=1, y;=ei27/3 \,=ei47/5  rl-Spectral-Decomp. ' = o PO+ y; PO+ > P>

(x0)’=1, (x1)’=x2, (x2)?=x1. r>-Spectral-Decomp. ¥’ = (x0)’ PO + (1)’ P + (x2)’ P
+i2n/3

X?: Cs group spectral resolution. GThLect. 11 pl14-27 Ist page Reallaxis
*_1_e+i0 C; mode phase character table p_is position MolVibes App C3v N3
=1=

Real axis pZO p:] p:2 pZO p:] p:2 Wavelt App - N3 Wave

m=0) X()O:j_ X = 1 K= ] @@@ C3 character conjugate
3 .
wave-number B ] - _-i2n/3 B i2n/3 / X”;,np—elmPZW/ 3
oom= N IO T S E | is wave function
momentium i21/3 -i21/3 — ik
3 , orm.
IN3 \/g



https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

Given unitary Ortho-Completeness operator relations: or ket relations: (fo |[1)= [r’))
PO+ PO + PU=1= PO+ PO+ PO (1= [05)+ |15y +  [25) )

(x0)?P@ +(\1)?PD + (o)’ P2 =r2= 1 PO+ ez‘27r/3l)(i) + e-27/3 P 3] 12)=|03)+ei2m/9| 13)+e-i27/3|23) |
Inverting O-C 1s easy: just T-conjugate! (and norm by 3)

P01 (r + it r) 3(1+ r'+ r2)

p(h_ o231, —idnl3 2)

3(r +X1r +X2r ) 3(1+

r1>+e—z2n/3 r2>

(2) _ 1 —z2n/3 Iy +z2n/3 2 = =
P 3(r -I—X2r+xlr )—3(1-|—e ) S
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page . ‘r0> 4oi2m/3 r1>+e+i2”/3 r2>
Two distinct types of modular “quantum” numbers:

p=0,1,0r 218 power p of operator r” labeling oscillator position point p
m=0,1,0or 2 that is the mode momentum m of waves
+i2n/3 m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

Real|axis
.10 C; mode phase character table p is position MolVibes App C3v N3
=1= 051l
Real axis pZO p:] p:2 pZO p:] p:2 Wavelt App - N3 Wave

m=0) X()O:j_ X = 1 K= ] @@@ C3 character conjugate
3 w
wave-number B ] - _-i2n/3 B i2n/3 / X mp—elmPZW/ 3
oom= N IO T S E | is wave function
momentium i21/3 -i21/3 — ik
3 , orm.
IN3 \/g
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§: C2 - CYChC (OI' CerIG) group of order 2 Basic Projection operators GThLect. 4 p.31-46

Ist page
C, spectral resolution for group Co GThLect.6 p.17 [ page
C, spectral resolution for 2D oscillator GThLect.6 p.33
Cs beat dynamics for 2D oscillator GThLect.6 p.35-46
fz C = CYCIIC (OI' Circle) group Ofgézl)&%t %hase dynamics for 2D oscillator GThlLect.6 p.52-56

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page

Cs group spectral resolution. GThLect. 11 pl14-27 1st page

CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page

» CsWavefunction bra-kets GThLect. 11 p40-45. 1st page
Cs quantum number Mod-3 formulae GThLect.11 p47-52. Ist page
Cs character or irrep tables GThLect. 11 p54-58. 1st page
« Cswave dispersion functions GThLect.11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

G'= (.352 Cyclic (or Circle) group of order 6

&= C,= Cyclic (or Circle) group of order n
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Comparing wave function operator algebra to bra-ket algebra

CsWavefunction bra-kets GThLect. 11 p40-45. Ist page
\

(C3 Plane wave function
: Cs Lattice position point-p vector
Un((x,)=elt
\/3_ Wavevector for mode or momentum-m
. km=2mm /SL=27 /\m
=g 2m/3 Wavelength
NEY =27 /km=3L /m

\ _J

position kets position bras

e ¥ | ~ S
r’ lg)=Ig+p) implies: (ql(r”) =(glr "={(q+pl implies: {(glr’={(g-pl

Action of r” on m-ket I(m)) =lk,) is inverse to action on coordinate bra (x_I=(g|.
ik,, (x,—p-L) tk,, (x,—x,,)
(Norm factors left out) wkm (Xq— ) L) = <xq Ir” | km> =€ ! =€ 1

(g-pl(m))  ={glr’ I(m))=e """ (g (m))

This implies: r’ 1(m))=e """ | (m))
v
mode or momentum (m) kets
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. . +i2n/3
Modular quantum number arithmetic x’;e;\
+i0
X;=1=e

Cs quantum number Mod-3 formulae GThLect.11 p47-52. Ist page

Real axis

Two distinct types of modular “quantum” numbers: /
is of operator r labeling oscillator 123
m=0,1,or 2 that 1s the mode momentum m of waves

m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

*_
Xr=FC

For eXample, for m:2 and :2 the number (pm) :(elm27l'/3) IS eim '271'/3: ei4'27l’/3: ei]'Z?l’/3 ei3'27[/3: ei27[/3:p].

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)?=p;. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p1)*=po.

Other examples: -7/ mod 3=2 [(p;)/=(p-1)/=p2] and -2 mod 3=1.

Imagine going around ring reading off address points p=... 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2,....
..for regular integer points ...-3,-2,-1, 0, I, 2, 3, 4, 5, 6, 7, 6,....

eimp27/3 must always equal ei(mp mod 3)27/3,

(pm)p:(eim2n/3)p — eimp'27r/3:pmp = ei(mp mod 3)27r/3zpmp mod 3


https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=47

Cs-group jargon and structure of various tables

(O r'=1 r'=r =r"
i Cs-group {r9, r!, r?}-table -1 1 X e
X1= obeyed by {xo=1, x/= e-27/3 y = e+i27/3} D | ; |
;=1=e+10 r'=r~| r r’ 1
Real axis
Set {0, x1, X2} is an G %=l x=x3" =x

X;:e—ih/ : irreducible representation Xo=l=x31 Xo X X

(irrep) ot Cs nea | % X

D(x%)=x0, D(x)=x1, D(r?)=x>} =12 | w %

Cs character or irrep tables GThlLect. 11 p54-58. Ist page

In fact, all three irreps {D©), D(1), D@} listed in character table obey Cs-group table

o |0 ¢ g g= |r' r r The identity irrep
B (0)=
DVg) | % % 5 D"(g)| 1 1 1 b DO={1.1.15 bl
0 ! 2| i 2 obeys any group taple.
DY@ | %" %" 4V DY@ |1 e e d
(2) 2) . .(2) ..(2) i 2
D7 ()| xi xi= X D(2)(g) 1 e 3 e 3

Irrep D@)={1, e+i27/3  e-i27/3} is a conjugate irrep to D={1, e-i27/3  e+i2/5}

D)= D()*
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
» Cs wave dispersion functions GThLect.11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&'= Cs= Cyclic (or Circle) group of order 6
15t Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rst GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0.r! Y2 x3. x4 x5 GThLectl2 pll-16 Ist page

Character tables of C2, C3, C4, Cs,.... Ci44 GThLectl2 pl8-24 Ist page
314 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ist page

1st page
Ortho-complete eigenvalue/parameters p32-38 1st page Gauge shifting complex coupling p40-48 Ist page
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Ligenvalues and wave dispersion functions - Moving waves

: 27 . 21 : 27
i0(m)z il(m)z i2(m)z
<m| H‘ m> = <m| rOrO+r1r1 +r2r2‘m> =re 3 +re 3 +re 3
i0(m)2T" 2m_2mn 5
(fglere V\E@ assumevi=r2=r) —re 3 4r(e 3 +e 3 )=r +2rcos(>) =]
(all-real)
Quantum H-values: Classical K-values:
1
(nor e )] . (K & ) 2m
i< i '3
[ roornr J e 3 =(r0 +2rcos(2"%”)) e 3 -k K -k e
2mm 2mm - - 2
rooroon S5 i k -k K e_l ngm
n=0 p=1 p=2  C5moving waves Quantum H-dispersion
TN 0=+ 2rc0s2MY
+ ] 3 ]  etmi3  p-2mi/3 —— 1 3\ 7
right-hand moving wave 7 )% |
\ . L \
—] 5 ] e-2mi3  p+2mi/3 | with:ry=-2r |
left-hand moving wave | nd: r<0 |
\ \
0, 1 1 1 O m:03 L
scalar standing wave \ norm:
D 1S position pZO p:] p:2 IN3 This 1s an

exciton-like
dispersion function

wy(m) = ro(1-cos ")

Cs wave dispersion functions GThLect.11 p60-68. Ist page

wn(m) ~2ro("3)?

wy(m) 1s quadratic for low m
(long wavelength \)

MolVibes App C3v N3
Wavelt App - N3 Wave

r

r

K-eigenvalue...

= (K — 2kcos(2”%”)) e
needs Square-Root

to be a frequency
geometry  Classical K-dispersion

1, +2r (form=0)

ny—r (form==1)

1
j2mi
3

_j2mm
3

| C3|53 |

| (DK=\/K-2 cogzmTJI
| |

| |

1 1

| |

| with:K=2k
| 0; | |

m=-—1 m=0 m=+1

This 1s a

phonon-like

dispersion function

Wi (1 m):\/ 2k—2kc0s2%r
—2Vk sin s

w(m) ~2V k("5 )

wy(m) 1s linear for low m
(long wavelength \)
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Ligenvalues and wave dlspersmn functmns Standing waves

zO(m)— zl(m)— z2(m)—
<m|H‘ m> = <m|r0r +r1r1+r2r2‘m> =re 3 +re 3 +re
ZO(m)gﬂ Zmn _2m )
(Here we assumeri=r2=1r) = 7€ 3 4r(e 3 +e 3 )=r +2rcos( ”%”)=<
(all-real) .
Quantum H-values: Classical K-values:
1 1 (1 )
(rn ) o P K -k -k )\ 2m
roror ¢ 3 (”0 +2rcos(2"§”)) ¢ 3 -k K -k e 3
rooroon _;j2mm _;2mmw /' ¢ _2mm
e e 3 e 3

Moving vs standing waves p71-73.

1st page

Standing waves possible if H is all-real (No curly C-stuff allowed!)

= (K - 2kcos(2"%”))

(

e

e

Moving eigenwave

Standing eigenwaves

H - eigenfrequencies

K - eigenfrequencies

(1 )
+i2m/3
|(+1)3>=[31 e”
e—i2n/3
4
1 —i2m/3
|(‘1)3>=@ ©
e+i2n/3

o)) = |(+D)3) +|(=D3)

V24

|S3>=

V2

(1)

|(O)3> =J§1L 1 J
1

1
6

51—

[ 2 )

= /s _1
-1
States |(+)) and |(=)) in any mixtures are still stati

ey

[0 )

-

1
w3 2 \ +2rcos

+23mjr)
=ry=r
onary due to (i{‘degei
w3 = o+ 2r cos( )

w3 = vy +2r

Jk

2kcos(+2§’m )

neracy (cos(+x)=cos(-x))

\/ko - 2kcos(_2§’m)

it

1
2mm
3

1, +2r (for m=0)

ny—r (form==1)

2mit
3

)
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Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
=0 p=1 p=2  C;standing waves  Quantum H-dispersion  geometry  Classical K-dispersion

/'\
cs[2N6 -176 -16 @/\ v

cosine standing wave

s 0 1N2 -1N2 ND//
Sine standing wave
04 1~3 1A3 A3 |I(H) Q (A1
|

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

(26, -1N6, -1N6) (0 +1N2,-1A2)

‘3

Moving vs standing waves p71-73.
Radial vs transverse waves p71-73.

MolVibes App C3v N3
Wavelt App - N3 Wave



https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
p=0 p=1 p=2  Cystanding waves  Quantum H-dispersion  geometry  Classical K-dispersion

B 2052y
c,2N6 -1/6 -1/\/6®/\ Nz N isr 4

cosine standing wave

s 0 1A2 -1A2 ND/ / :
sine standing wave / } 1

0413 173 143 || (1) Q (1) I\m(f =1

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

o (0 #1A2,-1A2)

(26, -1N6, -1N6)

Angular standing waves (all-real) ] ,
(N3, 143, TA3 ) (26, -11N6, -1\6 ) (0 +12, -12) Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

MolVibes App C3v N3
Wavelt App - N3 Wave
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

15t Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rst GThLect12 p3-9

I &'= Cs= Cyclic (or Circle) group of order 6

Ist page

2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0r!.xr2,x3.r4, x5} GThLectl2 pl1-16 Ist page
Character tables of C>, C3, Cy, Cs,.... C144 GThLect12 p18-24  1st page
314 Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLectl2 p27-30 Ist page
Ortho-complete eigenvalue/parameters p32-38 Ist page Gauge shifting complex coupling p40-48 Ist page
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15t Step in Abelian symmetry analysis

7.
. o o 88
Expand C, symmetric H matrix using C, group table( form)
g7‘

Ce | 1 r5 r4 r3 r2 r

1 1 r5 r4 r3 r2 r

- 5 4 3 2

H= I’Ol'o 7‘11'1 7’21'2 o Tr Il‘n ]=ZV l‘k S

i 1 r2 r2 r 1 r5 r4 r3

g r3 r3 r2 r 1 r5 r4

4 4 3 2 5

r r r r r 1 r

r5 r5 r4 r3 r2 r 1

H :761'0 +Iil‘] + 1‘2 +I§l‘3 + 1‘4 +Igr

(o 75 £ \ (1 . \ I\ 1 . .o 1 . . 1 . . . 1 . ...
H T s £ A I (T N PR 1 1. 1 .. A
r r.Fr A 1 ... | A E R 1 1. A
r31r(1)r(5)r5 =’6. .1..+r1 A TR e IR T +r31 .......... 1+r5. D1 .
]/'3 ]/'1 ]/'O .1 . .1 . .1 . .1 . 1T .« « .« .« 0 . < o . . 1
,,5 ,,3 non)o o\ 1 .1 .1 .1 .1 1 - . . ..

C, group table gives r-matrices,...

(known as a regular representation of the group )




15t Step in Abelian symmetry analysis

: . gg’
Expand C, symmetric H matrix using C, group table( form)
g7‘

Ce | 1 r5 r4 r3 r2 r

1 r5 r4 r3 r2 r

-] 5 4 3 2

H=r x'+r ri+r y’+..+r r*=Xrr* roto
0 / 2 n-1 q ) 5 4 3
r r 1 r r r

g r3 r2 r 1 r5 r4

r4 r3 r2 r 1 r5

r5 r4 r3 r2 r 1

0 1 2 3 4 %
H =Kr +FT v +BT r +ET
/r() 7”5 7'3 1”2 7”1\ (1 ..... \ ([« - - - 1\ (- 1 \ (- - 1 . 1 \ (- 1 SR
H T s B | : (T N PR 1 . 1 . 1 : . 1 ..
72 7’1 7’0 7”5 7”3 1 - | N | 1 1 . . 1 . .
7 B BB R =0 1 + 1 +12. 1 +r31 .......... 1+V5. 1 .
7”3 12 rl rO r5 | 1 . 1 R P | E O 1
,,5 r3 ,,2 ,,1 ,,O ..... 1 1 . 1 A .1 1 - . ...
| I3

C, group table gives r-matrices,...

Put “1” wherever r

(known as a regular representation of the group )

appears 1n product-table




15t Step in Abelian symmetry analysis
Expand C; symmetric H matrix using C, group table( form)

g’
Ce | 1 oY P r
1 1 r5 r4 r3 r2 r
H=r x'+r ri+r y’+..+r r*=Xrr* SR
0 1 2 n-1 q 2| .2 5 4 3
r r r 1 r r r
g Pl e 1 e
4 4 3 2 5
r |r rr r 1 r
Pl o 1
0 1 2 3 4
H =Kr +FT s y +BT I +ET
(o 75 B 7j1\ (1. . . .. \ (e 1\ 1 . 1 . . 1 S A
H T s B A (T N PR 1 1. 1 . . .o .
12 7’1 7’0 1”5 7”3 . 1 .. |- | ; | sl 1 1 . aE 1 .
7 B BB R -0 A R i | I 2009 .. L] T A I 1175, 1 .
3 ]2 ]/'1 ]/'O ]/'5 1 R | .1 . .1 . 1T . « .« .« 0 . < o . . 1
o onoRl\ 1 1 1 1 .. 1. . 1 . . ...
C 5 Sroup table gives r-matrzces C6-allowed H-matrices...
1)=1r") N -1l . |
earest neighbor coupling ALL neighbor coupling
S\—1-3 0
I)=r |I')/\ |r1)=r]|r0) (I;O :5 ) i ("o ’s 350
1 0 5 r, r, T 7. 7’./,
i s AR
1 7(? },.5 ; 7/'3 /',) I"l I"O I"S
p 1 lf) ’,-5 7'3 l’2 I"l I”O 7"5
3 Y FS Iﬂ3 /‘2 rl rO

~




(a) 1" Neighbor C,

®
®" “@

-

p=0 1 2 3 4 5

[H1 oo . _r‘\ 0
-FH,-r - - - |
HB1(6)= - -FH, -r -2
- -FH, -r 3

4

5

e o FH,
et

=H1 -1 -7t

C, group table gives r-matrices,..

[1)=1[r°) _ .
r r! Nearest neighbor coupling
|r5)=r5|r0/\
th)=r|1%) (T s 7\
s
T T
1% s
T s
I"l v

0



(a) 1" Neighbor C,

®
®" “@

s B
®; .9

HBI(6)=2r1 —rr —rr!

Conjugation symmetry
Hermitian Hamiltonian {3 =H,;) requires ¥, =r,and #;=7 .

)

O 1 2 3 4 5 |p
2r -r : - =r| 0
-r 2r -r - : : 1
-r 2r -r 2

-r 2r -r 3

-r 2r -r| 4

-r -r 2r| 5

1, equals conjugate of r.: ( r,=1.) { i)
1 — 5

C, group table gives r-matrices,..

| 1)=1 |1‘0) Elementary - Bloch - Model : Nearest neighbor coupling:

|r5)=r5|r0)% \},] HBI(6)=r01 + 7”11'1 + VSr5 =2rl—rr +-rr
[rh)=r|r% 45

Elementary Bloch model
assumes both are real

pP

5
) 2r -r . S 4
n T 7’5

(5 om - - on) |0 1 2 3
-r 2r -r

v, ¥ T
1 0 5
=l - -y 2r -r

c 5 7 7 7 5
1 0 5
\ / : : -r 2r -r
S B S

-r 2r -r

-7 . . . -7 2’,-

b B~ W NN = O



(a) 1" Neighbor C, (b) 2" Neighbor C,
&
@ @
& B

>§ ) ? i Conjugation symmetry

S ¢ S "
® L@ (MM o

® @ )
= > = drn=r,.
%@@ @ T=s*—g \req}nres 0=y an v, )

H3 O =201 — ! — 1! HBz(6)=H21 —sr’ —sr

0O 1 2 3 4 5]|p o 1 2 3 4 5 |p
2r -r : - =r| 0 H, =S —S 0
-r 2r -r 1 H, ~S -s | 1
-r 2r -r - S -s - H, - =s 2
—-r 2r -r 3 —g H, - -s| 3
-r 2r -r| 4 _g _g H, 4
-r : - —-r 2r| 5 g s - H| s
. ES *
r, equals conjugate of r.: (r,=r. =-r) (. =r, =-8) We assume both are real
C, group table gives r-matrices,..., and all C(allowed H-matrices...
11)= 1|1'0) 2" Nearest neighbor coupling: |]) 1|1‘0) All - neighbor couphng
r BI(6) 2, .4 A(6) 1 3 4
|r5)=r5|r0) H =ty 1+ 71" +1,r H™ V= 1+nr + r’ + 70+ r +r5r
/\ |I'1):l']|1'0) (ro o o) |I'1):I‘1|I'O)( W s Iy 1 rl\
. l"o . 1‘4 : I"l }"0 1”5 /’4 I"3
A oo H o Ts T, B
. . I"O . l4 _ |r2): |r0) r3 I"l I"O 1”5 l_1
\ / By R/ \ / ron nor T
o T = oo h R R




(a) 1" Neighbor C, Neighbor C, (c) 3" Neighbor C,

5 S ®

® T 57=s (=t*

H2 =201 - pr' = pr”! HBz(6)=H21 —srl—sr’ HB3(6)=H31 —ir’ =i
0 1 2 3 4 5|p 0 1°2 3 4 5|p 0 172 3 4 5|p
2r -r : - —-r| 0 H, —S —S 0 H, —1 0
—r 2r -r 1 H, —S —s | 1 H, — I
-r 2r -r - |2 -s - H, -+ -5 2 H,y -t | 2
-r 2r -r 3 —g H, —s | 3 —t - H, 3
—r 2r -r| 4 _g _g H, 4 —t H, 4
-r - . - —=r 2r| 5 g g H,| 5 _¢ Hy| 5
. % * Y
r, equals conjugate of r.: ( ,=r" = -r) (r=r, =-5) (r,=r, =1) must be real
C, group table gives r-matrices,..., and all C,-allowed H-matrices...
D= N o 1)=1]t") P
r r earest neighbor couplin r A neignbor coupling
|r5)=r5|1‘0)/ \ g ping |I’5)=I'5|1‘0)5/ r
r)=r[r%) ("o s i irhy=r[r0) (M s 473 1 M
% 75 N p T s
70 ' T ’s 4 73
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§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
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Cs Beam analyzer used in Unit 3 Ch. 8 thru Ch. 9
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&'= Cs= Cyclic (or Circle) group of order 6

15t Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rst GThLect12 p3-9

Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0r1.y2.r3.r4.r5} GThLect12 p11-16 1St page
Character tables of C2, C3, C4, Cs,.... Ci44 GThLectl2 pl8-24 Ist page
»3”01 Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLectl2 p27-30 Ist page
Ortho-complete eigenvalue/parameters p32-38 Ist page Gauge shifting complex coupling p40-48

Ist page
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&'= Cs= Cyclic (or Circle) group of order 6

st Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rstGThLect]12 p3-9  Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0r1.y2.r3.r4.r5} GThLect12 p11-16 1St page
Character tables of C>, C3, Cy, Cs,.... C144 GThLect12 p18-24  1st page
314 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 Ist page
» Ortho-complete eigenvalue/parameters p32-38 1st page Gauge shifting complex coupling p40-48 Ist page
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Complete sets of Cs coupling parameters and Fourier dispersion

2 M ~i(2 ﬂ_
a)m(HGB(N))=<I’I1| D rprp|m>= D rp<m|rp|m>= > e o 2 ‘ ‘ {27 ,)
p=0 p=0 p=0

Cs Bloch H GB(®) eigenvalues are Fourier series



Complete sets of Cs coupling parameters and Fourier a’zsperszon
~i2 ﬂ ~i(2 )
wm(HGB(N)) =(m| S rpl.p|m> -3 (m|r’|m)="3 re d E ‘ ‘ N Setting gauge
p=0 p=0 p=0 to zero (gbp _O)
Real Cs Bloch H 6B eigenvalues are Fourier series with 4 (for N= —6) Fourier parameters

{ro=H, ri=r=rg,ro=s=r2 r;=t=r;3}



Complete sets of Cs coupling parameters and Fourier dzsperszon
_i2 ﬂ ~i(2 )
wm(HGB(N))=<m| D rpl.p|m>= S, (m|r’|m)="3 re g E ‘ ‘ Ty Setting gauge
p=0 p=0 p=0 to zero (qbp _O)
Real Cs Bloch H 6B eigenvalues are Fourier series with 4 (for N= —6) Fourier parameters
{ro=H, v =r=rg,r=s=ro r;=t=rj3}

.oml oomel .om2 . om?2 .om3

GB(6) in— - in—  —im— T — N
)=rp+ri(e 3 +e ) +r(e P +e ) +r(e ) (forreal:ir,=r_,=r))

w,, (H =T,

real



Complete sets of Cs coupling parameters and Fourier dzsperszon
_i2 ﬂ ~i(2 )
wm(HGB(N))=<m| D ,,pl.p|m>= S, (m|r’|m)="3 re g E ‘ ‘ Ty Setting gauge
p=0 p=0 p=0 to zero (qbp _O)
Real Cs Bloch H 6B eigenvalues are Fourier series with 4 (for N= —6) Fourier parameters
{ro=H, v =r=rg,r=s=ro r;=t=rj3}

. ml . ml . m2 . m2 . m3
GB(6) G Ty el T =3 :
w, (H,; )=r+r(e +e ) +n(e +e ) +13(e ) (forreal:r,=r_, =r,)

| 2
=H + 2rcosan + 2scosan + t(-D"



Complete sets of Cs coupling parameters and Fourier dzsperszon
~i2 ﬂ ~i(2 )
wm(HGB(N)) =(m| S ,,pl.p|m> -3 (m|r’|m)="3 re d E ‘ ‘ N Setting gauge
p=0 p=0 p=0 to zero (pr _O)
Real Cs Bloch H 6B eigenvalues are Fourier series with 4 (for N =6) Fourier parameters

{ro=H, ri=r=rg,ro=s=r2 r;=t=r;3}

. mel . mel . m?2 . m?2 . m3
GB(6) GNPy Ry =3 .
w, (H,; )=r+r(e +e ) +n(e +e ) +13(e ) (forreal:r,=r_, =r,)
m-1 m-2 m
=H + 2rcosnT + 2SCOSJ‘L’T + t(-1)

giving 4 wm-leyels.

wg =H+ 2r+ 2s+t
w, =H+ r-— s-t
W, =H- r— s+t
w3 =H-2r+2s-t




Complete sets of Cs coupling parameters and Fourier dlsperszon
mp
i _’(2” =4 Setting gauge

G
@M =] 3 rlim)= 3 r,{mle’|m)= 3 re N = 3 e
p=0 p=0 p=0 to zero (pr _O)
Real Cs Bloch H 6BW) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters

{ro=H, v =r=rg,r=s=ro r;=t=rj3}

. ml . ml . m2 . m2 . m3
GB(6) NN T Y i
w, (H,; )=r+r(e +e ) +n(e +e ) +13(e ) (forreal:r,=r_, =r,)
m-1 m-2
=H + 2rcosm— +  25C0ST—— + t(=D)"
3 3 :
...In terms of 4 solvable r,-parameters:

giving 4 wm-levels:
wg =H+ 2r+ 2s+t

=H+ r- s-t 1
1 7"=8((L)0+ (1)1—(02—603)

H=%(a)0+ w; + W, + W3)

(l)m=<
(Uiz =H- r— s+t 1
=6(0)0— W) — Wy + W3)

w3 =H-2r+2s-t
=6 (CUO —20)1 +20)2 (1)3)




Complete sets of Cs coupling parameters and Fourier dlsperszon
mp
i _’(2” =4 Setting gauge

HOBNV)y _ Pl ) = Pl ) =
ou )= () 3 riIm) = 3,1l m)= 3 e 3 e Sting gouge

Real Cs Bloch H 6BW) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters

{ro=H, v =r=rg,r=s=ro r;=t=rj3}

. ml . ml . m2 . m2 . m3
GB(6) NN T Y i
w, (H,; )=r+r(e +e ) +n(e +e ) +13(e ) (forreal:r,=r_, =r,)
m-1 m-2
=H + 2rcosm— +  25COST—— + t(-D"
3 3 :
...In terms of 4 solvable r,-parameters:

giving 4 wm-levels:

a)o =H+ 2}"+ 25+t H=%(a)0+ w1+a)2+a)3)

(1)m=< wil H+or $-1 B r=%((ﬂo+ (1)1 —(U2 —CU3)
() ) =H- r—- s+t rp_< 1
=6 (wg = W) = Wy + 3)
w3 =H-2r+2s-t
=6 (a)o—2w1 +20)2 (1)3)

General Bloch H 6BW) eigenvalues are Fourier series with six (for N =6) Fourier parameters
{ro=H, ri=rei®l, r.=rei®, p> =sei®’, ro=sei®’, r;=t=r;}
Nonzero gauge ¢, ,

! 2 :
m ) +2$cos(nm3 —¢2) + t(-D"  orcomplex:r_, =,

a)m(meplexGZB(6)) =H+2r cos(nT - ¢,



Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&'= Cs= Cyclic (or Circle) group of order 6

st Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rstGThLect]12 p3-9  Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0r1.y2.r3.r4.r5} GThLect12 p11-16 1St page
Character tables of C>, C3, Cy4, Cs, .... C144 GThLectl2 p18-24 1st page
314 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 1st page
Ortho-complete eigenvalue/parameters p32-38 st D4Gauge shifting complex coupling p40-48 Ist page
Bohr-Schrodinger dispersion p49-51
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Complex sets of Cs coupling parameters and gauge shifts

zzn z(anp 0,)
GB(N) p p N TN
o= (n] 3 1 |m) = 3, (e )= 3 e = 3

p=0 p=0 p=0
Complex Bloch matrix H 6B®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters
{7‘0 =H, 1 :V€i¢1, roi Zre'“bl, Vo :S€i¢2, V—2:S€'i¢9, r;=t =r-; } Nonzero gauge O,

¥ ml ¥ ml inm.z ian I 3

ml _igmt me _jg e o )

a)m(HfOZn?p(li;) =r,+rhe 3 +re 3 +re 3 +roe 3 +re 3 or complex: r_, =r,,.



Complex sets of Cs coupling parameters and gauge shifts

12n z(2nmp )
GB(N) p p N TN
o= (n] 3 1 |m) = 3, (e )= 3 e = 3
p=0 p=0 p=0
Complex Bloch matrix HSB®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters
{ro=H, r =rei®l, y. =rei®l, po>=sei®, ro=sei? r;=t=r; } Nonzero gauge ¢, ,
I ml I ml inm.z I 2 LT 3
ml _ig m- _ig e mo )
a)m(HfOZn?p(li;) =r,+rhe 3 +re 3 +re 3 +roe 3 +re 3 or complex: r_, =r,,.

1 .
a)m(HGZB(6)) H+2rcos(nm7—¢1) +2scos(nT—¢2) + t(-D)" or complex: r_ =7,

complex p



Complex sets of Cscoupling parameters and gauge Shlfts
-z(zn P9 )

0 (D) ('S 1 ey = S 1 (| m)= S re TN - 3)ne
p=0

p=0 p=0

Complex Bloch matrix H 6BW) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

{ro=H, r/=rei®l, r,=rei®l, r>=se®’, ro=sei’, ri=t=r;} Nonzero gauge ¢, ,
inml i m-1 mm~2 mm 2 iﬂm 3

ml _igm m= _ig e mo .

wm(HcGoZn?p(fezc) =r+re 3 +rge O +ne P o+r,e 3 +ne 3 or complex: r_, =7,

a)m(Hg)Z,,fp(gl) H + 2rcos(nT —qbl) + 2scos(nT —¢2) + t(=D" or complex:r_, =7,

giving 6 wm-levels:

-

CUO = I’O + 7"1 + I’_l + 7'2+ r_2 + r3

17T -7t 127 -2

W, =h+rne3+r_e3 +re 3 +re 3 -r

—zn m -I27 i ¥ 1

W_; =T+re 34 1e3+r2e 3 +re 3 —r;

127 -2 LT -t

w,,=r+ne 3 +re 3 -re3-r,e3 +r,

-I27 127 -t T

W ,=r+ne 3 +re 3 -re3 -r,e’+r,

(1)3 = }"O— n —r_ + r + r_» —7"3




Complex sets of Cs coupling parameters and gauge ShlﬁS

12n —1(27T ¢p)

0 HPN)Y = (| S 1 x’|m)= 3 7, (mlr’|m)= 3 re N E\ e
p=0 p=0 p=0

Complex Bloch matrix HSB®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

{7’0 =H, i :rel¢19 F-1 :re_l¢19 r2 :S€’¢2, 7'_2:S€’l¢»9, V3=t =r-; } Nonzero gauge ¢P )
i 1 LT ] inm.z LT 2 LT 3
ml _ig™L = _ig o )
0 (Hfozlfp(la) =r,+rhe 3 +re 3 +re 3 +roe 3 +re 3 or complex: r_, =r,,.
GZB(6) m-1 m-?2 " N
@, (H i pppiex) = H + 271 cos(nT —-¢, | +2scos|m———-¢, | + 1(-1) or complex:r_, =7,
giving 6 wm-levels: in terms of 6 solvable r,-parameters
CUO = I’O + 7"1 + I’_l + 7'2 + r_2 + r3
¥ -1t 127 127 . 9
= = 2 1y ="
\=rtne3+r_e3 +re 3 +re 3 -, v
. . . . r="
S :
w_y=r+re3+r_e3+re 3 +re 3 -r oy ="
o 1=htn ~1 2 2 3 W B Left as an
= = .
m = iox ion i in P r, =7 exercise...
w,,=r+ne 3 +re 3 -re3-r,e3 +r, =7
127 127 -1TT 7T
i — Iy = ?
W ,=r+ne 3 +re 3 -re3 -r,e’+r, \
(1)3 = ro - n —r_ + r + r_» —7"3

Geometric solution shown next...



3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n
e Z P — 51 . 5« P — Z WP hore « (M) — Z rpX™ = w(knm) (Dzsperszon function)
m=0 p=0
: B1(6)
Elementary 3 0 36 ezg:e(;q va]luezs 0f3H4 5
Bloch Model el 5 H 0
H=H11-rr-rr'1 +2, TS I"]\
***** o T T T~ . ! i blet r H r . " - 1
‘ 1417 Bl(n)
o0 SR R I
,,,,,,,, i S e H o =ToXo TTiX1 TT-1X-1
%r % 1 -1 3
PN FH | T Hy — 2r cos(2rm/6)
r rG&@ < 4 = T T T i oublet ; <
@ @ -1 \”-1' -1y H]/
@ 777777777777777 O] )
Nearest neighbor coupling
(o " M
nt
SRS
noTy I
I”l I"O 1
¥ ror

I 0



3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n 1

rp 51 XmP(m) — Z MPM™)  where : w(™) = Z rpxp =
0 m=0

H = Z rprt =

Elementary

Bloch Model
H=H1-rr-rr!

@‘@@%@
%r

p=

rg
®. . @ I K

m=0

Nearest neighbor coupling

HB1(0)=

(7o

g

I

4 N

roT

ot T

noTy I

I’ll"o I

T

For Hermitian HB'©=(HB1©)T
complex components

v =—re® imply
conjugate components
r¥,=r =-re’®

L] L]
aue\

I"I'
ngle

p=0

H

1 g

rpH T
r,H, r
r,H, 1

) (Dispersion function)

5 eigenvalues of HB!(©)
i p=0 1 2 3 4 5

rp\
- 1

v.H, r

14,7
’”JHJ/

wBl(n) (km)

2
=roxo’ + rixi’ +r-1x™
= H, - 2r cos(2mm/6)

4

5



3rd Step (contd.)
...ezgensolutzons for all possible C symmetrzc complex H

n 1
H — Z rprP = 3 S, ;‘0 XTPm) = Z WP where : W™ =3 rx™ = w(km) ) (Dispersion function)
p= m= m=0 p=0

5 eigenvalues of HB!(©)

Elementary 3,
+Hp=0 1 2 3 4 35
Bloch Model 1% ;
H=H1-rr-rr! /HI Fops = I”]\
***** roH, r, o« o« |1
@ 1°71°-] Bl(n)(k )
w
@J@% ;%@ LA =y m—rr T +roix™
r H] ]/'_] . 3_ 0Xo 1X1 —1X=1
% r% = Hy — 2r cos(2rm /6)
@ r r @ I~ g - T V] H] 7/'_] 4
%@@ﬁr* S A Hz/ 5

a 7singlet‘

Nearest neighbor coupling i FBLO=fB16)T
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3rd Step (contd.)
...ezgensolutzons for all possible C; symmetric complex H

n—1 n—1 n—1

n 1
H=) rrf=) ) x P = Z w™P™  where : w™ =Y " rpx™ = w(km) ) (Dispersion function)
p=0 p=0 m=0 m=0 p=0
Elementary 3 3 eigenvalues of HB1(6)

60 =9 1 2 3
Bloch Model g pH 45

H=H1-rr-rr! /1 Fops I”]\O
V]HIV_] " " " 1

®. Bi1(n)
o e iy o |
A =roXo +Trix1 +7r-1x71
if ﬁ o f}] ‘= H, —2r cos(2mm /6)
r I 1

) - 5 5 ]/-] ) ]/v_] )
]/'_] . . . ]/‘1 H]/ S

a 7singlet‘

Nearest neighbor coupling  For Hermitian HB1O=(gB10)T
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3rd Step (contd.)
ezgensolutzons for all possible C Symmetrzc complex H

H — Z rpr? = Z "o Z XTPm) = Z WMPM™  where : W™ — Z rpX T = w(k ) (Dispersion function)

p=0

In this C-Type situation m-eigenstates
are required to be moving waves ek,

s HZB(O) eigenvalues
5_vmglet Shift
W, Zeeman splitting
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Symmetry group & representations=>4mop Hamiltonian H (or K) matrices, irreps P
=>00p wave functions ¥, eigensolution projectors P©

§= Ch= Cych C ( or CiI’ClC) group of order 2 Basic Projection operators GThLect.4 p.31-46  1st page
C, spectral resolution for group C> GThLect.6 p.17 [ page
Ca spectral resolution for 2D oscillator GThLect.6 p.33
C, beat dynamics for 2D oscillator GThLect.6 p.35-46
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56

&’= C3= Cyclic (or Circle) group of order 3

Cs Basic group representation theory. GThlLect. 11 p6-12. Ist page
Cs group spectral resolution. GThLect. 11 p14-27 1st page
CsOperator/State-Ortho-completeness GThlLect. 11 p29-38 1st page
CsWavefunction bra-kets GThLect.11 p40-435. 1st page
Cs quantum number Mod-3 formulae GThLect. 11 p47-52. Ist page
Cs character or irrvep tables GThLect. 11 p54-38. 1st page
Cs wave dispersion functions GThLect. 11 p60-68. Ist page Moving vs standing waves p71-73.

Radial vs transverse waves p71-73.

&'= Cs= Cyclic (or Circle) group of order 6

st Step: Find Cs symmetric H by Cs product table of regular reps and coupling params{ro,r;...rstGThLect]12 p3-9  Ist page
2nd Step: Find H eigenfunctions by spectral resolution of Cs ={1=r0r1.y2.r3.r4.r5} GThLect12 p11-16 1St page
Character tables of C>, C3, Cy, Cs,.... C144 GThLect12 p18-24  1st page
314 Step. Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30 Ist page
Ist page

Bohr-Schrodinger dispersion p49-51

IOrtho-complete eigcenvalue/varameters p32-38 1st page Gauge shifting complex coupling p40-48
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Simulating Complex Systems With Simpler Ones

H
Discrete Rotor Waves
=) H; Bohr-Rotors Made of Quantum Dots
H] :3
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Hj S lmulat lng COmpl ex SyS rems [Harter, J. Mol. Spec. 210, 166-182 (2001)]

With Simpler Ones
=2 H Made of Quantum Dots

Making pure quadratic w=ck? (Bohr dispersion)

_____ (k)

vy HoHjyH-oH3 HyHyj

H1HOH1H2H3H2\\
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H3HyHyjHoHjy H>
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Hj S lmulat lng COmpl ex SyS rems [Harter, J. Mol. Spec. 210, 166-182 (2001)]
With Simpler Ones
=) ] Made of Quantum Dots
Making pure quadratic w=ck? (Bohr dispersion)
=3 S e e e o e
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Simulating Complex Systems With Simpler Ones

Discrete Rotor Waves
Bohr-Rotors Made of Quantum Dots
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Hexagonal becomes Octahedral
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