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III) Half-integral angular momentum - harter-reimer-jcp-1991


QTCA Unit 10 Ch 30 - 2013

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019
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I) QUANTUM ROTOR AND INFINITE-WELL DYNAMICS - ISMSLi2012 (Talk) https://kb.osu.edu/dspace/handle/1811/52324
II) Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talks)
III) Quantum Resonant Beats and Revivals in the Morse Oscillators and Rotors - (2013-Li-Diss)

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996

Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-Ohio2013-R777 (Talk)

Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - harter - jms - 2001
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2D HO Matrix operator equations 2D HO “binary” bases and coord. {x0,x1}

More conventional  
coordinate notation  
{x0,x1}→ {x1,x2}

C2 (Bilateral σB reflection) symmetry conditions:
K11 ≡ K ≡ K22  and: K12 ≡ k ≡ K12 = −k12   ( Let: M= 1 )
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Symmetry product table gives C2 group representations in group basis{|0〉=1|0〉≡|1〉 , |1〉=σB|0〉≡|σB〉}

σB  
mirror 

reflection 

C2 spectral resolution for 2D oscillator Lecture 6 p.11  
1st page p. 6  

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=11
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=6


(a) unit base state
|0〉=|x〉=|2〉 =

(b) unit base state
|1〉=|y〉=|-1〉=

MMMM

MM

xx11==11 xx11==11

xx00==00 xx11==00

xx00==00 xx11==00

11
00

00
11

(c) equilibrium zero-state 0
0

k1 k12 k1

k1 k12 k1

k1 k12 k1
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  1 = P++ P−

σ B = P+− P−

Spectral decomposition of C2(σB) into {P+,P−}

with eigenvalues:  
{χ+(σB) = +1, χ−(σB) = −1}
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in group C2 ={1,σB} with product table:

   

  1 = P++ P−

σ B = P+− P−

C2(σB) spectrally decomposed  into {P+,P−}projectors:

Eigenvalues of σB :  
{χ+(σB) = +1, χ−(σB) = −1}
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Diagonalizing transformation (D-tran) of K-matrix:

C2 Symmetric 2DHO eigensolutions

(D-tran)
2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

x1 + x1 −

x2 + x2 −

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

                                           (D-tran is its 
own inverse  
in this case!)

factored projectors

         K       =          K·1     −      k12·σ B

K 1 0
0 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟− k12

0 1
1 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟=

k1+ k12 −k12

−k12 k1+ k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

k1+k12 −k12

−k12 k1+k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

2
1

2
1

2
1

2
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

k1 0

0 k1+2k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

                                           

C2 spectral resolution for 2D oscillator Lecture 6 p.33  

WaveIt Web Simulation - C2 Characters as Phasors

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=2&clock=true&docolor=false&ImWave=true&ReWave=true&hand=true
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

 

G = C6 = Cyclic (or Circle) group of order 6

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     
Bohr-Schrodinger dispersion p49-51 

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=31
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=17
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=45
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=58
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=29
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=60
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=9
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=16
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=24
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=30
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=48
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=3
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=11
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=18
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=32
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=51


C2 Symmetric 2DHO uncoupling
2D HO Matrix operator equations are coupled in {x1,x2}-basis ...but are  uncoupled in {+,−}-basis 

C2 Symmetric 2DHO uncoupled dynamics
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i (ω+−ω− )
2

t

e
−i (ω+−ω− )

2
t
− e

i (ω+−ω− )
2

t

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= e

−i (ω++ω− )
2

t cos
(ω− − ω + )t

2

i sin
(ω− − ω + )t

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

100%  AM modulation results  

Note i phase

eia + eib

2
= e

ia+b
2 e

ia−b
2 + e

−i a−b
2

2
= e

ia+b
2 cos a − b

2
⎛
⎝⎜

⎞
⎠⎟

Spectral decomposition of initial state x(0)=(x1  x2) =(1,0):  
 1 ⋅x(0)= (P+ +P− ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟=

2
1

2
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
⊗  2

1     2
1  ( ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟+

2
1

2
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
⊗  2

1    2
−1   ( ) 1

0

⎛

⎝
⎜

⎞

⎠
⎟

                                 x(0)= 2
1

2
1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
( 2

1 )+ 2
1

2
−1

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
( 2

1 )= 2
1 + + 2

1 − = 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+

2
1

2
−1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟  

so: x(t)= e−iω+t 2
1

2
1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
+ e−iω−t 2

1

2
−1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

(+)-mode 
axis

(−)-mode 
axis
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,           − = 2

1

2
−1

⎛

⎝

⎜
⎜
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⎟
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Eigenket vectors:
M !!x++         (k1)x+
M !!x−+ (k1+2k12 )x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= 0

0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Each mode runs independently 
(+)-mode at frequency ω+=√(k1/M) 
(−)-mode at frequency ω−= √(k1+2k12)/M

!!x1
!!x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= −

k1+ k12 −k12

−k12 k1+ k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

x1
x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

!!x =        − K                   x

x1 !!x

x2 !!x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
= −

x1 K x1 x1 K x2

x2 K x1 x2 K x2

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

x1 x

x2 x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

!!x+
!!x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= −

k1 0

0 k1+2k12

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

x+
x−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 !!x =        − K                   x

+ !!x

− !!x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
= −

+ K + + K −

− K + − K −

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

+ x

− x

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

C2 beats of 2D osc. GThLect.6 p.35-46  

BoxIt Web Simulation 
Coupled Oscillators K11=10, K12=-1

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.1583&BU2=-0.1583&CU2=0.0&DU2=3.1583&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&wantStokes=0&wantRationalPrint=0&wantCosinePlot=1
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=3.1583&BU2=-0.1583&CU2=0.0&DU2=3.1583&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&wantStokes=0&wantRationalPrint=0&wantCosinePlot=1


|χ〉=

χ↑

χ↓

=

x1=

Re χ1

p1=Im χ1

=

〈↑|χ〉

〈↓|χ〉

=|↑〉〈↑|Ψ〉+|↓〉〈↓|Ψ〉

(a) Electron Spin-1/2-Polarization

Spin-up

Spin-dn

|ψ〉=

ψ
x

ψ
y

= =

〈x|ψ〉

〈y|ψ〉

=|x〉〈x|ψ〉+|y〉〈y|ψ〉

(b) Photon Spin-1-Polarization

Plane-x

Plane-y

(c) Ammonia (NH3) Inversion States

N-UP

N-DN

|ν〉=

ν
UP

ν
DN

=

x
DN

p
DN=

〈UP|ν〉

〈DN|ν〉

=|UP〉〈UP|ν〉+|DN〉〈DN|ν〉

x
UP

p
UP

y

p
y

x

p
x

p2

x2

| 1 〉=|↑〉

| 2 〉=|↓〉

| 1 〉=|x 〉

| 2 〉=|y 〉

| 1 〉=|UP 〉

| 2 〉=|DN 〉

Fig. 10.5.1  
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C3 g†g-product-table
Pairs each operator g in the 1st row  
with its inverse g†=g-1 in the 1st column  
so all unit 1=g-1g elements lie on diagonal.

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

A C3 H-matrix is then constructed directly from the g†g-table and so is each rp-matrix representation.

H =

r0 r1 r2
r2 r0 r1
r1 r2 r0

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
= r0

1 0 0
0 1 0
0 0 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+ r1

0 1 0
0 0 1
1 0 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
+ r2

0 0 1
1 0 0
0 1 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

                                = r0 ⋅1                  + r1 ⋅ r
1                  + r2 ⋅ r

2

r0

r 0 r
0

M

M

M

Point
p=00 mod 3

Point
p=11 mod 3

Point
p=22 mod 3

equilibrium
zero-state
x0=x1=x2=0

0
0
0

r
1

r
2

r1
r2

r 1

r 2

M

M

M

xx00==11

11
00
00

Unit displacement
of mass point-0
from equilibrium

(p=0) unit base state
|0〉=r0|0〉

(p=0) unit base state
|0〉=r0|0〉

M

M

M

xx11==11

120°
rotation
r1

00
11
00

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

(p=1) unit base state
|1〉=r1|0〉=r-2|0〉

M

M
M

xx22==11

-120°=240°
rotation
r-1=r+2

00
00
11

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

(p=2) unit base state
|2〉=r2|0〉=r-1|0〉

Constants rk that are grayed-out 
may change values 

if C3 symmetry 
is broken

C3 operators {r0, r1, r2} 
also label unit  
base states: 
⏐0〉= r0 ⏐0〉
⏐1〉= r1 ⏐0〉
⏐2〉= r2 ⏐0〉
modulo-3 

C3 g†g-product-table and basic group representation theory

H-matrix coupling constants   {r0, r1, r2}  
relate to particular operators   {r0, r1, r2}  
that transmit a particular force or current.

Hermitian Hamiltonian (            )  requires          and           .r1
∗=r2r0

∗=r0H jk
∗ =Hkj

Conjugation symmetry

C3 Basic group representation theory. GThLect.11 p6-12.     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
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C3 character conjugate 

χ mp=eimp2π/3

is wave function 

ψm(rp)=eikm·rp

C3 Spectral resolution: 3rd roots of unity
We can spectrally resolve H if we resolve r since H is a combination of powers rp.

p is position

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

*

χ0 =ei0=1,   χ1 =e-i2π/3,  χ2 =e-i4π/3.       r1-Spectral-Decomp.    r1 =   χ0    P(0)  +   χ1    P(1)  +   χ2    P(2)

(χ0)2 = 1,   (χ1)2 = χ2,   (χ2)2 = χ1.       r2-Spectral-Decomp.     r2 = (χ0)2 P(0)  + (χ1)2 P(1)  + (χ2)2 P(2)

They must be orthonormal (                          ) and sum to unit 1 by a completeness relation:   P
(m)P(n)=δmnP(m)

r·P(m)=χmP(m)     Ortho-Completeness    1  =         P(0)  +         P(1)  +         P(2)

We know there is an idempotent projector P(m) such that r·P(m)=χmP(m) for each eigenvalue χm of r,

Complex numbers z make it easy to find cube roots of z =1=e2πim. (Answer: z1/3 =e2πim/3)  χ0=e
−i0 3

2π

= 1 

χ1=e
−i1 3

2π

=ψ ∗
1

χ2=e
−i2 3

2π

=ψ ∗
2

1 = r3  implies :  0 = r3 −1 = (r − χ01)(r − χ11)(r − χ21) where :  χm = e
−im 3

2π

 r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3rd roots of unity χ*m=eim2π/3=ψm.

=ψ*m

p=0 p=1 p=2

m=0
3
χ00=1 χ01= 1 χ02= 1

m=1
3
χ10=1 χ11=e

-i2π/3
χ12=e

i2π/3

m=2
3
χ20=1 χ21=e

i2π/3
χ22=e

-i2π/3

wave-number
m=

“momentum”

C3 mode phase character table

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

“Chi”(χ) refers to 
characters or 

characteristic roots

C3 group spectral resolution. GThLect.11 p14-27      1st page     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


C3 character conjugate 

χ mp=eimp2π/3

is wave function 

ψm(rp)=eikm·rp

Given unitary Ortho-Completeness operator relations:                           or ket relations:

m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3) 

p is position

norm:
1/√3

p=0 p=1 p=2

Real axis

Imaginary
axis

*

p=0 p=1 p=2

m=0
3
χ00=1 χ01= 1 χ02= 1

m=1
3
χ10=1 χ11=e

-i2π/3
χ12=e

i2π/3

m=2
3
χ20=1 χ21=e

i2π/3
χ22=e

-i2π/3

wave-number
m=

“momentum”

C3 mode phase character table

   

P(0)=3
1 (r0  +    r1+    r2 ) =3

1 (1+            r1+            r2 )

P(1)=3
1 (r0  + χ1

*r1+ χ2
*r2 ) =3

1 (1+ e+i2π /3r1+ e−i2π /3r2 )

P(2)=3
1 (r0  + χ2

*r1+ χ1
*r2 ) =3

1 (1+ e−i2π /3r1+ e+i2π /3r2 )

Inverting O-C is easy: just †-conjugate! (and norm by   )                            (or norm by   )3
1

 3
1

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

                     m=0,1,or 2 that is the mode momentum m of waves

Two distinct types of modular“quantum” numbers:  
          p=0,1,or 2 is power p of operator rp labeling oscillator position point p 

           P(0) +       P(1)   +             P(1)   = 1  =      P(0)  +          P(1)  +          P(2)      ⏐1〉=  ⏐03〉+        ⏐13〉 +         ⏐23〉         
    χ0  P(0)  +  χ1 P(1)     +   χ2    P(2) = r1 =   1  P(0) + e-i2π/3 P(1) + ei2π/3 P(2)      ⏐ r1〉=⏐03〉+e-i2π/3 ⏐13〉+ei2π/3 ⏐23〉

(χ0)2P(0)  +(χ1)2P(1)  + (χ2)2 P(2) = r2 =    1  P(0) + e i2π/3 P(1) + e-i2π/3 P(2)     ⏐ r2〉=⏐03〉+ei2π/3 ⏐13〉+e-i2π/3 ⏐23〉

 3

 3

 3

 3

(to ⏐1〉= ⏐r0〉)

03 = P(0) 1 3 =
r0 +          r1 +          r2

3
  

13 = P(1) 1 3 =
r0 +e+i2π /3 r1 +e−i2π /3 r2

3

23 = P(2) 1 3 =
r0 +e−i2π /3 r1 +e+i2π /3 r2

3
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r p |q〉 = |q+ p〉   implies:   〈q | r p( )†= 〈q | r− p= 〈q+ p |  implies:  〈q | r p= 〈q− p |

Action of r p  on m-ket |(m)〉 =|km 〉  is inverse to action on coordinate bra 〈xq |= 〈q | .

                         
ψ km

(xq− p ⋅L) = 〈xq | r p | km 〉 = e
ikm (xq−p⋅L ) = eikm (xq−xp )

〈q − p | (m)〉 = 〈q | r p | (m)〉 = e− ikmxp 〈q | (m)〉

 This implies:                                         r p | (m)〉 = e− ikmxp | (m)〉

Comparing wave function operator algebra to bra-ket algebra

ψm(xp)=eikm·xp  

=eimp2π/3
 3  

 3  

C3 Lattice position point-p vector 
xp=L·p 

Wavevector for mode or momentum-m  
km=2πm/3L=2π/λm 

Wavelength 
λm=2π/km=3L/m

C3 Plane wave function

(Norm factors left out)

position kets position bras

mode or momentum (m) kets

C3Wavefunction bra-kets GThLect.11 p40-45.     1st page     
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That is, (2-times-2) mod 3 is not 4 but 1 (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (ρ2)2=ρ1. Also, 5 mod 3=2 so (ρ1)5=ρ2, and 6 mod 3=0 so (ρ1)6=ρ0.

Other examples: -1 mod 3=2 [(ρ1)-1=(ρ-1)1=ρ2] and -2 mod 3=1.

Imagine going around ring reading off address points p=… 0,  1,  2,  0,  1,  2,  0,  1,  2,  0,  1,  2,….

…-3,-2,-1,  0,  1,  2,  3,  4,  5,  6,  7, 8,…. 

eimp2π/3 must always equal ei(mp mod 3)2π/3.

(ρm)p=(eim2π/3)p = eimp·2π/3=ρmp = ei(mp mod 3)2π/3=ρmp mod 3 

For example, for m=2 and p=2 the number (ρm)p=(eim2π/3)p is eimp·2π/3= ei4·2π/3= ei1·2π/3 ei3·2π/3= ei2π/3=ρ1.

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3) 
                     m=0,1,or 2 that is the mode momentum m of waves

Two distinct types of modular“quantum” numbers:  
   p=0,1,or 2 is power p of operator rp labeling oscillator position point p 

Modular quantum number arithmetic

..for regular integer points

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     1st page     
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C3-group {r0, r1, r2}-table 
obeyed by{χ0 =1, χ1= e-i2π/3, χ2= e+i2π/3} 

g = r0 r1 r2

D(0)(g) χ (0)0 χ (0)1 χ (0)2
D(1)(g) χ (1)0 χ (1)1 χ (1)2
D(2)(g) χ (2)0 χ (2)1 χ (2)2

=

g = r0 r1 r2

D(0)(g) 1 1 1

D(1)(g) 1 e
−
2π i
3 e

+
2π i
3

D(2)(g) 1 e
+
2π i
3 e

−
2π i
3

   

C3 r0=1 r1=r−2 r2=r−1

r0=  1 1 r1 r2

r2=r−1 r2 1 r1

r1=r−2 r1 r2 1

  

C3 χ0=1 χ1=χ2
−2 χ2=χ1

−1

χ0=1= χ3 χ0 χ1 χ2

χ2=χ1
−1 χ2 χ0 χ1

χ1=χ2
−2 χ1 χ2 χ0

C3-group jargon and structure of various tables

In fact, all three irreps {D(0), D(1), D(2)} listed in character table obey C3-group table 

χ2=e
-i2π/3

χ1=e
+i2π/3

χ0=1=e
+i0

Real axis

Imaginary
axis *

*

*

Set {χ0, χ1, χ2} is an  
irreducible representation 

(irrep) of C3 
{D(r0)=χ0, D(r1)=χ1, D(r2)=χ2}

The identity irrep 
D(0)={1,1,1}   

obeys any group table.

Irrep D(2)={1, e+i2π/3 , e-i2π/3} is a conjugate irrep to D(1)={1, e-i2π/3 , e+i2π/3} 
D(2)= D(1)*

C3 character or irrep tables  GThLect.11 p54-58.     1st page     
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3
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1st page  C2 spectral resolution for group C2 GThLect.6 p.17  
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G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30
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Eigenvalues and wave dispersion functions - Moving waves

   

m H m = m r0r0+r1r
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Quantum H-values:   

(Here we assume r1 = r2 = r )

p=0 p=1 p=2

+13 1 e+2πi/3 e−2πi/3

−13 1 e−2πi/3 e+2πi/3

C3 moving waves Quantum H-dispersion geometry Classical K-dispersion

m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

03 1 1 1

lleefftt--hhaanndd mmoovviinngg wwaavvee

rriigghhtt--hhaanndd mmoovviinngg wwaavvee

scalar standing wave
p is position

norm:
1/√3p=0 p=1 p=2

ωΗ= r0+2rcos
2mπ
3

needs Square-Root 
to be a frequency

K-eigenvalue...

This is a  
 phonon-like 

dispersion function 
ωK(m)=√2k-2kcos    

      =2√k sin

This is an  
 exciton-like 

dispersion function 
ωH(m) = r0(1-cos      )

with:K=2k

with:r0=-2r 
and: r<0

2mπ
3

mπ
3

ωH(m) ~2r0(     )2mπ
3 ωK(m) ~2√k(     )1mπ

3
ωH(m) is quadratic for low m  

(long wavelength λ)
ωK(m) is linear for low m  

(long wavelength λ)

(all-real)

2mπ
3

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


   

Moving  eigenwave Standing  eigenwaves H − eigenfrequencies K − eigenfrequencies
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Eigenvalues and wave dispersion functions - Standing waves
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Classical K-values:
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Quantum H-values:   

(Here we assume r1 = r2 = r )

States ⏐(+)〉 and ⏐(−)〉 in any mixtures are still stationary due to (±)-degeneracy (cos(+x)=cos(-x)) 

(all-real)

Standing waves possible if H is all-real (No curly C-stuff allowed!)

Moving vs standing waves  p71-73.     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=70


M
M

MMMM

M
M
M

M

M MM

MM M
M03 c3
s3

( 1/√3, 1/√3, 1/√3 )
( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

p=0 p=1 p=2

c3 2/√6 -1/√6 -1/√6

s3 0 1/√2 -1/√2

C3 standing waves Quantum H-dispersion geometry Classical K-dispersion

03 1/√3 1/√3 1/√3

sine standing wave

cosine standing wave

scalar standing wave
m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

ωΗ= r0+2rcos
2mπ
3

Eigenvalues and wave dispersion functions - Standing waves

Radial standing waves (all-real)

(Possible if H is all-real)

Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
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MM M
M03 c3
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( 1/√3, 1/√3, 1/√3 )
( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

M

M

M

M

M

M

M

M

M

03 c3 s3

( 1/√3, 1/√3, 1/√3 ) ( 2/√6, -1/√6, -1/√6 ) ( 0 ,+1/√2, -1/√2 )

p=0 p=1 p=2

c3 2/√6 -1/√6 -1/√6

s3 0 1/√2 -1/√2

C3 standing waves Quantum H-dispersion geometry Classical K-dispersion

03 1/√3 1/√3 1/√3

sine standing wave

cosine standing wave

scalar standing wave
m=−1 m=+1m=0

ωΚ=√K-2kcos2mπ3

03

c3 s3

m=−1 m=+1m=0
03

c3 s3

ωΗ= r0+2rcos
2mπ
3

Eigenvalues and wave dispersion functions - Standing waves

Radial standing waves (all-real)

(Possible if H is all-real)

Angular standing waves (all-real)
Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

WaveIt App - N3 Wave
MolVibes App C3v N3

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=N3MovingWave_k_2016HP
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3


Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

 

G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     

https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=31
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=17
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=33
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_6_2.02.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=45
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=52
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=12
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=27
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=58
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=6
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=14
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=29
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=40
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=47
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=54
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=68
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=60
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=71
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_11_2.21.17.pdf#page=73
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_4_1.26.17.pdf#page=46
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=9
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=16
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=24
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=30
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=38
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=48
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=3
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=11
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_12_2.23.17.pdf#page=18
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Expand C6 symmetric H matrix using C6 group table( )

C6 group table gives r-matrices,...

1st Step in Abelian symmetry analysis
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(known as a regular representation of the group )
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1st Step in Abelian symmetry analysis
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(known as a regular representation of the group )
Put “1” wherever r3 appears in product-table
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Elementary - Bloch - Model : Nearest neighbor coupling:
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r1  equals conjugate of r5: ( r1=r5
∗)

Elementary Bloch model 
assumes both are real

( r1=-r=r5
∗)
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=eimp2π/6
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C6 character 

χ mp=e-imp2π/6

is wave function conjugate 

ψm(rp)=e-imp2π/6
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*

(with norm √6)
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Wavevector 
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L L L L L L
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C4 Phasors

WaveIt  
C3 Phasors

WaveIt  
C5 Phasors

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=6&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=4&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=3&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=5&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=false
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WaveIt  
C7 Phasors

http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=7&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=true
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=24&clock=true&ImWave=true&ReWave=true&hand=true&fillFace=false&docolor=true
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 
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1st page  C2 spectral resolution for group C2 GThLect.6 p.17  
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r1  equals conjugate of r5: ( r1=r5
∗ = -r)
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 
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=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
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C3Wavefunction bra-kets GThLect.11 p40-45.     
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C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
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Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }
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ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.
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⎞
⎠⎟
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m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m              or complex: r− p = rp
*

Nonzero gauge φp ,



Complex Bloch matrix H GB(N) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters  
{ r0 =H,     r1=reiφ1,    r-1 =re-iφ1,   r2 =seiφ2,    r-2=se-iφ2,   r3=t =r-3 }

ωm =

ω0  =   r0   +   r1  +   r−1  +   r2 +   r−2   +   r3  

ω+1 = r0+ r1e
iπ
3 +r−1e

-iπ
3 +r2e

i2π
3 +r−2e

-i2π
3 −r3

ω−1 = r0+ r1e
-iπ
3 +r−1e

iπ
3 +r2e

-i2π
3 +r−2e

i2π
3 −r3

ω+2 = r0+ r1e
i2π

3 +r−1e
-i2π

3 −r2e
iπ
3 −r−2e

-iπ
3 +r3

ω−2 = r0+ r1e
-i2π

3 +r−1e
i2π

3 −r2e
-iπ
3 −r−2e

iπ
3 +r3

ω3  =   r0 −  r1  − r−1  +   r2   +   r−2   − r3

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

rp =

r0 = ?
r1 = ?
r−1 = ?
r2 = ?
r−2 = ?
r3 = ?

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

ωm (H
GB(N ) ) = m rpr

p

p=0
∑ m = rp m r p m

p=0
∑ = rpe

−i2π m⋅p
N

p=0
∑ = rp e

−i(2π m⋅p
N

−φp )

p=0
∑

giving 6 ωm-levels: ...in terms of 6 solvable rp-parameters:

Complex sets of C6 coupling parameters and gauge shifts 

ωm (Hcomplex
GZB(6) ) = r0 + r1e

iπ m⋅1
3 + r−1e

−iπ m⋅1
3 + r2e

iπ m⋅2
3 + r−2e

−iπ m⋅2
3 + r3e

iπ m⋅3
3                   or complex: r− p = rp

*.

Left as an 
exercise...

Geometric solution shown next...

ωm (Hcomplex
GZB(6) ) = H + 2r cos π

m ⋅1
3

−φ1
⎛
⎝⎜

⎞
⎠⎟

 + 2scos π
m ⋅2

3
−φ2

⎛
⎝⎜

⎞
⎠⎟

 +   t(−1)m              or complex: r− p = rp
*

Nonzero gauge φp ,
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In this C-Type situation m-eigenstates  
are required to be moving waves eikm·xp
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Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

Symmetry group G representations=>AMOP Hamiltonian H (or K) matrices,   irreps D(α)           
=>AMOP wave functions Ψ(α), eigensolution projectors P(α) 

G = C2 = Cyclic (or Circle) group of order 2

G = C3 = Cyclic (or Circle) group of order 3

Basic Projection operators GThLect.4 p.31-46      1st page     
1st page  C2 spectral resolution for group C2 GThLect.6 p.17  

C2 spectral resolution for 2D oscillator GThLect.6 p.33  
C2 beat dynamics for 2D oscillator GThLect.6 p.35-46  
U(2) beat phase dynamics for 2D oscillator GThLect.6 p.52-56  

C3Operator/State-Ortho-completeness GThLect.11 p29-38      

C3Wavefunction bra-kets GThLect.11 p40-45.     

C3 quantum number Mod-3 formulae GThLect.11 p47-52.     

C3 Basic group representation theory. GThLect.11 p6-12.     
C3 group spectral resolution. GThLect.11 p14-27      

C3 character or irrep tables  GThLect.11 p54-58.     

1st page     
1st page     
1st page     
1st page     

1st page     

1st page     

C3 wave dispersion functions  GThLect.11 p60-68.     1st page     Moving vs standing waves  p71-73.     
Radial vs transverse waves  p71-73.     

 

G = C6 = Cyclic (or Circle) group of order 6
1st Step: Find C6 symmetric H by C6 product table of regular reps and coupling params{r0,r1…r5}GThLect12 p3-9
2nd Step: Find H eigenfunctions by spectral resolution of C6 ={1=r0,r1,r2,r3,r4,r5}GThLect12 p11-16

Character tables of C2, C3, C4, C5,…. C144  GThLect12 p18-24
3rd Step: Dispersion functions and eigenvalues for various coupling parameter sets GThLect12 p27-30

Ortho-complete eigenvalue/parameters p32-38 Gauge shifting complex coupling p40-48 

1st page     
1st page     

1st page     
1st page     

1st page     1st page     
Bohr-Schrodinger dispersion p49-51 
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Discrete Rotor Waves
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Simulating Complex Systems With Simpler Ones




