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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NHs maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)’x=-K*x  vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)

-104

Crazv-Thing Theorem: e = cos® - 10, sIn®

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion
...and some other stuff for next class.



AMORP r ef erence links (Updated list given on 2nd page of each class presentation)

2014 AMOP
Web Resources - front page

2017 Group Theory for QM
UAF Physics UTube channel

2018 AMOP

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
Il) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Molecular Eigensolution Symmetry Analysis and Fine Structure - IUMS-harter-mitchell-2013

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989

[1) Half-integral angular momentum - harter-reimer-jcp-1991
QTCA Unit 10 Ch 30 - 2013
AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019
RESONANCE AND REVIVALS

) QUANTUM ROTOR AND INFINITE-W DYNAM - ISMSLi20 alk) https://kb.osu.edu/dspace/handle/18 /

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)
Gas Phase Level Structure of C60 Buckyball and Derlvatlves Exhlbltlng Broken Icosahedral Symmetry - relmer—dlss 1996



https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html
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U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



Three famous 2-state systems and two-complex-component coordinates

Charles H. Townes, Who Paved Way for the Laser in Daily Life, Dies at
99 Ehe New JJork Eimes Most Popular | Video | My Account

By ROBERT D. McFADDEN JAN. 28, 2015

Today's Headlines Thursday, January 29, 2015

He had an “a-ha!” moment. Sitting on a park bench in Washington one April
morning in 1951, pondering how to stimulate molecular energy to create
shorter wavelengths, he conceived of a device he called a maser, for
microwave amplification by stimulated emission of radiation. It would use
molecules to nudge other molecules, and amplify their thrust by getting
them to resonate like tuning forks and line up in a powerful beam.

He and two graduate students, James P. Gordon and H. J. Zeigler, built his
maser in 1953 and patented their creation. It was the first device operating
on the principles of the laser, although it amplified microwave radiation
rather than infrared or visible light radiation.

Five years later, Dr. Townes and Dr. Schawlow, who was his brother-in-law
and would win the 1981 Nobel Prize in Physics for work on laser

f spectroscopy, drew a blueprint for a laser. They called it an optical maser, a
Chaies Trwoesin 1965, i B Toip ok . | » | term that never caught on, and through Bell Laboratories they secured the
first laser patent in 1959, a year before Dr. Maiman’s first working model.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
i (1)) = H[W (1)) %)= -K +|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must Newton-Hooke equation
[ A B-iC ) _H obey: (Hjx) *= Hy;

H —_
| B+ic D ) \
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters

(W) [ xrip N e (22250

A I I I

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1st-order equation i0W=HWV
into pairs of real 1st-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX

i W (1)) = H|w (7)) %)= -K-

First start with 2-by-2 Hermitian (self-conjugate) matrix
[ A B-iC ) _yp

k B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

(@, ) [ x+ip ) [ a )

A Nl I ol I

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1st-order equation i0W=HWV
into pairs of real 1st-order differential equations.

X, = Ap, + Bp, - Cx, p, =-4x, - Bx, - (Cp,

X, = Bp, + Dp, + Cx; p, =—Bx; - Dx, +Cp,
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Newton-Hooke equation

Then start with classical Hamiltonian. (Designed to give same result.)
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to convert the complex 1st-order equation i0W=HWV
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥
»Hamilton—Pauli spinor symmetry and o-expansion of H=w,0,=w404+Wp0ETWCO cTWoTo

ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

( A_ BoiC_pg 1 O g 0 1)+C O - )+D(O 0)=Ae11+BoB+C0C+De22
B+iC D 0 O 1 0 i 0 0 1
_A=DET 0 |, 5[ 0 1|, o 0 < | A+D[ 1 0
2 0 -1 1 0 i 0 2 0 1
H-1-2 o, +B 0, +C o, fAxD o,

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, ...
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Yes, and a LOT more!

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(r))=e M |W(0)) is solution to: ihd,|W(t))=H|®(0)) (et : h=1)

Hamilton generalized Euler’s expansion e = coswt —isinwt so matrix exponential becomes powerful.

S A B ADET 0 gl 00 e 0 = AP T 0 ),
—-iHt _ B+iC D B 210 -1 1 0 i 0 2101
€ =€ B O4=07 Op=Oyx Oc=0y
W A-D o
. +
where: wit=l wp [t= 2 't and: w)=
B
\Key pieces of mathematical bookkeeping we C )
4 Beic ),
Need shorthand notations for: ,~Ht_ , \ B+C D i 4O =0 RO p =0 o t=iwyt

—ilw ;O +w L0 L +wW O~ 't =it
= o w40 ytwpo proco o]t ~iw

—i[gew]t —iwyt
—e i[o w]te 0

ABCD Time
evolution
operator

U(t) =e—iH'f
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
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\Key pieces of mathematical bookkeeping Pc We C )
Symmetry relations make spinors Oy =03, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Each o squares to one (unit matrix 1= -0 =0 *=0,” = ¢, ). Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i?=-1 fori = /-1 .
GY GZ
1
oy 1
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U(2) generator product table
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a «
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



Each o, squares to one (unit matrix 1 =

This holds for a spinor 0, based on any unit vedtqr a = (a,.4,,a,) if a*a=1=a ’+a,’+a,’.

4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
it _ \ BHC D[ 2 (0 - 10 i 0 2001 ...
) IR 04=02z....5 s 0x . .0¢=0y : operator
aEmaaw aemmamna? _Ht
: L U(t)=e™"
=10 ,P: —jwpy't —jgewyt —ilwnp't
—e Llhe 0T 2 TN O Wy A-D | e
. ~ (.t where: o= ¢, |Fwt= w t= 2 t and: w _A+D
0, TP =0°W - B B » 0
\Key pieces ofyathematical bookkeeping Pc We C )

=0 ?=0,” =0,?)- Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i?=-1 forj = v-1 .

To see this just try it out on any a-component:
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1 io, -—io,

o, | —io, 1 i

o,| o, -i 1

U(2) generator product table




OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
o4 B=ic ), A=D1 0 |01 o[ 0 =i |, A4+D[ 10 |, evolution
s _, \ e D) 2 (0 - 1 0 i 2.0 1
)  ...04502.....0550x | OcsOy: T operator
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Each o squares to one (unit matrix 1 = >=0,” =0, )- Each quaternion squares to -1 (-1=i-i=j-j=kk) like i?=-1 forj = v/-1 .

This holds for a spinor 0, based on any unit vedtqr a = (a,.4,,a,) if a*a=1=a ’+a,’+a,’.

To see this just try it out on any a-component:

Gaz =(c*a)o*a)=(a +a,0,+a,0,)a +a,0,+a,0,)

a,o.a +a,0.a,0, +a,0,a,0,
- +a,0,a ra,0,a,0, +a,0,a,0, Sort ayx, ay, az,coefficients to right...
+a,0,a +a,0,a,0, +a,0,4,0,
OY GZ
1 o, -lio,
Is o.® just a big MESS?! oy | -io, 1 i
o,| o, -i 1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
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Each o squares to one (unit matrix 1 = =0 ?=0,” =0,?)- Each quaternion squares to -1 (-1=i-i=j-j=k-k) like i?=-1 forj = v-1 .

This holds for a spinor 0, based on any unit vedtqr a = (a,.4,,a,) if a*a=1=a ’+a,’+a,’.
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W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
o4 B=ic ), A=D1 0 |01 o[ 0 =i |, A4+D[ 10 |, evolution
s _, \ e D) 2 (0 - 1 0 i 2.0 1
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Each o squares to one (unit matrix 1 = >=0,” =0, )- Each quaternion squares to -1 (-1=i-i=j-j=kk) like i?=-1 forj = v/-1 .

R cn AL A 2 2 2
a=(a,,a,,a,) if a*a=1l=a +a, +a, .

This holds for a spinor 0°; based on any unit ve
=0*a=a,0,+a,0,+a,0, . Defining spinor-vector opeml‘or)

To see this just try it out on any a-component:

Gaz =(c*a)o*a)=(a +a,0,+a,0,)a +a,0,+a,0,)

a,o.a +a,0.a,0, +a,0.,a,0, a.a +a,a,0,0, +a,a,0,0, So there are an
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o’=(0*a)c*a)=(a +a,0,+a,0,)a +a,0,+a,0,) o, o
a.’1 +a,a,070, +a,a,0<0, 1 o, -io,
Is o, just a big MESS?! = —a.4,0¢6,  +a’1  +a,a;070, =(a’+a, +a)l=1 o, |-ic, 1 i
NOT! ~a,a,0940, -a,d;9¢0,  +a,’l o, | io, -i 1
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥
Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ARCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)

Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®

U(2) transformation matrices and related R(3) rotations in ABC-space

Mysterious factors of 2 or > on 2D spinors or 3D vectors

2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors

Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
LA BHC ) pADE T 0 g 001y e O AP0,
ot \ BHC D _, 210 -1 1 0 i 0 2.0 1
........ 047.92...0670x .. 0¢cOr: T
=0 P! —jwyt  —jgedrt —iw,t
= e &Oe 0° = zcwt 0 ©A WA A-D |
. ~el) =e { where: o= ¢, |Fwit=| w, |t 2 t and: w A+D
—_ ° — (T 9(,9 .= =Wt= = . : =
O p= 0°Q =G°W B B P 0
\Key pieces of mathematical bookkeeping Pc We C )

ABCD Time
evolution
operator

U(t) =e—iH't

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

o,0,=(c*a)o*b)=(a.0, +a,0,+a,0,)b,0, +b,0,+b,0,)

GY OZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
ot \ BHC D B 210 -1 1 0 i 0 2.0 1
)  ...04502.....0550x | OcsOy: T operator
aEmaaw aemmamna? * _Ht
: U U(t)=e"'
—I0 P —1wpt —igett —lwp't
=e &Oe 0" = ’G_,“.‘.’.t.e 0 DA W A-D |
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_ Red ey = Oy pe= o : o=
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Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a.b,0,0, +a,b,0,0,
= +a,b,0, +a,b,0,0, +a,b,0,0,
+a,b,0, +a,b,0, +a,b,0,0,

OY OZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
ot \ BHC D B 210 -1 1 0 i 0 2.0 1
)  ...04502.....0550x | OcsOy: T operator
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: U U(t)=e"'
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Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a,b,0,0, +a,b,0,0, a.b. 1 +a.,b,0,0, -a,b,0,
= +a,b,0, +a,b,0,0, +a,b,0,0, = -a,b,0,0, +a,b,1 +a,b,0,0,
+a,b,0, +a,b,o0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1

OY OZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
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Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a,b,0,0, +a,b,0,0, a.b. 1 +a.,b,0,0, -a,b,0,
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+a,b,0, +a,b,o0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1

a.b,1 +a.b, io, =-a.b,io,

= -a,b, ioc, +a,b,1 +a,b, i

+a,b, io, -a,b, i +a,b,1
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1 io, -—io,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
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ABCD Time
evolution
operator

U(t) =e—iH't

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...
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= —-a,b, io +a,b,1  +a,b, i

+a,b, io, -a,b, i +a,b,1

GY OZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1

U(2) generator product table



~N
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W)= |w(0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
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ABCD Time
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operator

U(t) =e—iH't

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a,b,0,0, +a,b,0,0, a.b. 1 +a.,b,0,0, -a,b,0,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
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aEmaaw aemmamna? * _Ht
: U U(t)=e"'
=10 P —1wnt —igeC>t —lwp't
=e &Oe 0" = ’G_,“.‘.’.t.e 0 DA W A-D |
. ~eih e { where: o= ¢, |Fwt= w t 2 t and: w A+D
_ Red ey = Oy pe= o : o=
O p= G°) =G°W B B » 0
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a,b,0,0, +a,b,0,0, a.b. 1 +a.,b,0,0, -a,b,0,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
it _ \ BHC D[ 2 (0 - 10 i 0 2.0 1 ...
) IR 04=0z...0850x . OcsOy: i operator
R : . _..._:....;0 | ’.‘ U(t)=e_lHt
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Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b.0, +b,0,+b,0))

a.b, +a,b,0,0, +a,b,0,0, a.b. 1 +a.,b,0,0, -a,b,0,
= +a,b,0, +a,b,0,0, +a,b,0,0, = -a,b,0,0, +ab,1  +a,b,0,0, =(a b, +a,b, +a,b,)1 +i(a,b, - a,b,)
+a,b.o, +a,b,0, +a,b,0,0, +a,b.0, ~a,b,0,0, +a,b,1 +i(asb, —a,b,)o y,

—— +i(a,b,-a,b )0,

GY OZ
1 io, -—io,
o, | —io, 1 i
o,| o, -i 1

U(2) generator product table



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
ot \ BHC D B 210 -1 1 0 i 0 2.0 1
)  ...04502.....0550x | OcsOy: T operator
aEmaaw aemmamna? * _Ht
: U U(t)=e™"
—I0 P —1wpt —igett —lwp't
=e &Oe 0" = lo-__k_*_’.t.e 0 DA W A-D |
: S0 =G oG A where: ©=| p, |Fwit=| w, [t 2 t and: w A+D
_ Red ey = Oy pe= o : o=
O p= G°) =G°W B B » 0
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...
o,0,=(0c*a)o*b)=(a,0,+a,0,+a,0,)b,0, +b,0,+b,0,)

a.b +a.b,0 0, +ab,0.0, a.b 1 +a,b,0,0, =-a,b,0, +i(ayb, —a,by)

= +a,b,0, +a,b,0,0, +a,b,0,0, = -a,b,0,0, +a,b, 1 +a,b,0,0, =(a.b, +a,b, +a,b,)1 +i(a,b, —a,b,)o,
+i(a,b, —a,b,)o,

+a,b,0, +a,b,0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1

Write the product in Gibbs dot (@) and cross (X) notation. (Guess where Gibbs got his {i,j,k, i X j°k, etc.} notation!)

o0,=(G*a)G*b)= (a*h) + i(axb)*G

GY OZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1

U(2) generator product table



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
oiHt _ B+iC D _ 2 {0 -1 1 0 i 0 2.0 1 e
)  1...04507.... 0550y | Oc=Oy i T operator
saaaaa _........: * _Ht
: U(t)=e™"
=10 ,P: —jwpy't —jgewyt —ilwnp't B
=@ 9.0 e 0 = il t 0 QOA (.UA A-D | e
. T { where: o= ¢, |Fwit=| w, |t 2 t and: w A+D
_ Feqh —rFey - = oy g : o=
0,p= G*¢ =G @ B B » 0
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
0, Op-products form a dot (®) and cross (X) U(2)-algebra that generalizes products oy oy=ioz, ©0z0y=1i0y, OyOz=1i0Ox,etc. ...

0,0,=(0*a)o*b)=(a +a,0,+a,0,)b +b,0,+b,0,)

a.b +a.b,0 0, +ab,0.0, a.b 1 +a,b,0,0, -a,b,0, +i(ayb, —a,by)
_ +i(a,b, —a.b,)o
= +a,b,0, +a,b,0,0, +a,b,0,0, = -a,b,0,0, +a,b,1 +a,b,0,0, =(a.b, +a,b, +a,b,)1 (a, 2)0y
+i(a,b, —a,b,)o
+a,b,0, +a,b,o0, +a,b,0,0, +a,b,0, -a,b,0,0, +a,b,1 (a,by, -a,b,)o,

Write the product in Gibbs dot (@) and cross (X) notation. (Guess where Gibbs got his {i,j,k, i X j°k, etc.} notation!)
0,0,=(0*a)o*b)= (a*bh)l + i(axb)eo

(Recall complex variable result.)

>|<
A T zAY . TiB,) —iA,)(B, +iB,) o, o,
T AyB +i(AB, AYBX 1 o, -io,
= (A e B) + i(AxB), o, | —io, 1 ;
o,| o, -i 1

U(2) generator product table


https://www.uark.edu/ua/modphys/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2016.pdf#page=148

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a

I Spinor-vector operator products (o* a)(o- a)

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors

2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion

. -io .
Crazv-Thing Theorem: e ¢ =cos® - 10, sin®



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
it _ \ BHC D[ 2 (0 - 10 i 0 2.0 1
)  1...04507.... 0550y | Oc=Oy i T operator
saaaaa [ * _Ht
: : U(t)=e™"
T, —lwpt ot Wyt _
=@ &0 e 0 =€  _..... 0 QOA (.UA A-D | e
. ce —Fer where: o= =Wrt= 't = 2 't and: w _A+D
I,p= 0°Q =0 *wWt +PT| ¥B R L - W=
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.
Hamilton 1s able to generalize Euler’s complex rotation operators e “and e . (Recall Euler - DeMoivre Theorem.)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

Note even powers of (-i) are £/ —i(p +—
and odd powers of (-i) are +i.:

=) —i(sing)

GY GZ
1 io, -—io,
o, | —-io, 1 I
o,| o, -i 1

U(2) generator product table



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e ™ =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
ot \ BHC D _ 2 {0 -1 1 0 i 0 2.0 1 e
)  1...04507.... 0550y | Oc=Oy i T operator
saaaaa [ * _Ht
: : U(t)=e™"
—l0 P —lw,t —igett —iwp't _
=@ 9.0 e 0 =€  _..... 0 QOA (.UA A-D | e
. ~el) =e { where: o= ¢, |Fwit=| w, |t 2 t and: w A+D
_ Feqh —rFey - = oy g : o=
O,p= G*¢ =G°W B B » 0
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

e N B O B 1, 1,
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l —51¢ e = leosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
and odd powers of (-i) are =i.: (=) = 41, (=i) = =i, (=iY =1, (=i) = +i, (=i} =+1, (=i}’ =i, etc.

GY GZ
1 io, -—io,
o, | —io, 1 I
o,| o, -i 1

U(2) generator product table



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
W)= |w(0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
LA BHC ) pADE T 0 g 001y e O AP0,
ot \ BHC D _, 210 -1 1 0 i 0 2.0 1 ..
) IR 04=0z.... 9550y  OcsOyi s ’
—l0,0: —iwgt  —jGeGrt —iwp't _
—_ e :9-0 .t e 0 =CcC  ...... 0 gpA CUA A D .............
: T =G :_’t where: © w-t t 2 t and: w A+D
— [ ) —_ [ ) . : —= SO — of— w of — . : —_
O p= 0°Q =G°W B B P 0
\Key pieces of mathematical bookkeeping Pc We C )

ABCD Time
evolution
operator

U(t) =e—iH'f

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

e oL, 1 1, 1, TN )
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l —51¢ e = leosy] Unit {pll:lO?‘ vector
(ol LA
Note even powers of (-i) are £/ (" - %@3 ) —i(sing) o, = (6°%) =(0*Q)p
and odd powers of (-i) are +i.: (=) = 41, (=i) = =i, (=iY =1, (=i) = +i, (=i} =+1, (=i}’ =i, etc. 1
. , . . i . , L P04+ PO + OO0
Hamilton replaces (-i) with -io inthe e " power series above to get a sequence of terms just like it. = 5 5 5
\/SOA TPp TP
. 0 . 1 . . 2 . 3 . . 4 . 5 .
(=io)) =+1, (-io_ ) =-io_, (-io )" =-1, (<io_ ) =+io_, (=ic ) =+1, (-io ) =—io_, etc. \_ Y,
OY GZ
1 io, -—io,
o, | —-io, 1 i
o,| o, - 1

U(2) generator product table




OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

W)= |w(0))

LA BHC ) pADE T 0 g 001y e O AP0,
ot \ BHC D _, 210 -1 1 0 i 0 2.0 1 ”
) IR 04=0z....0550x  OczOy: " ’
—l0,0: —iwgt  —jGeGrt —iwp't _
=e fve 0 =" 70 0 N WA A-D :
. B - q § 2
— e — T Oy where: ©=| © =wt=| w 't = t and: w
O p= 0°Q =G Wt B B B 0
\Key pieces of mathematical bookkeeping Pc We C

Hamilton generalized Euler’s expansion e = coswt —isinwt so matrix exponential becomes powerful.

N
ABCD Time
evolution
operator
U(t)=e—iH't
;Q¥5'
2
Y,

Symmetry relations make spinors{O =03, O0y=0¢, Oz=0, } or quaternions {i=-i0Oy, j=-iOy, k=-i07 }into

a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

1 1 1 1 1

4

e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy] pun

. | 1, . (G°9) . .

Note even powers of (-i) are £/ —i(p o ) —i(sing) o, = =(@°*Q)p
and odd powers of (-i) are =i.: (=) = 41, (=i) = =i, (=iY =1, (=i) = +i, (=i} =+1, (=i}’ =i, etc. 1

: , . w , , L PaO 4+ P05+ PO

Hamilton replaces (-i)) with -io, in the e power series above to get a sequence of terms just like it. = 5 5 5

\/SOA TPp TP
(—i%)0 = +1, (—iaw)1 =-io_, (—iap)2 = -1, (—iaw)3 = +io_, (—i0¢)4 = +1, (—i%)5 =—io_, efc. \_ Y,

(77 - . )
Unit spinor vector

This allows Hamilton to generalize Euler’s rotation e toe '’ for any (0%0@ =(cep)=p,0,+p,

0y +p0c =B 00))

e¥=1cosp - isinyp

)

: —10_ : .
generalizes to: | € =1cosy - io,sing

GY GZ
1 io, -—io,
o, | —io, 1 I
o,| o, -i 1

U(2) generator product table



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

“P(t)> = M1 ‘ 1I’(O)> =(1cosp - iagp sin gp)‘ ‘P(O)> e

—sz-t

LA BHC ) pADE T 0 g 001y e O AP0,
ot \ BHC D _, 210 -1 1 0 i 0 2.0 1 :
) IR 04=0z...0550x  OczOri "y ’
—I0,0; —jwyt  —jGeGyt ~iwp't _
=e fve 0 =" 70 e 0 N WA A-D :
. . :_) ~ ~ 2
= ) =F°0) where: o= ¢, |Fwt= w, |t= t and: w
O p= 0°@ =G°W [ B B B 0
\Key pieces of mathematical bookkeeping Pc We C

Hamilton generalized Euler’s expansion e ' = coswt —isinw? so matrix exponential becomes powerful.
g p

N
ABCD Time
evolution
operator
U(t)=e—iH't
;Q¥5'
2
Y,

Symmetry relations make spinors{O =03, O0y=0¢, Oz=0, } or quaternions {i=-i0Oy, j=-iOy, k=-i07 }into

a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall Euler - DeMoivre Theorem.)

~
i .1, ., 1, 1, . . 1, 1, The
e =1+(-ip)+  (—ip) +5(—w)3+ﬁ(—w) =1 —51¢ e = leosy] Crazy Thing
Note even powers of (-i) are £/ — iy 4L ) —i(sing) Theorem:
and odd powers of (-i) are +i.: 3! If (v )=-1
p ¢ o (=)’ =+1, (=)' =—i, (=i’ =-1, (=i)’ =+i, (=i)" =+1, (=i)’ =i, efc. - \
| en:
Hamilton replaces (-i)) with -io, in the e power series above to get a sequence of terms just like it. ( )¢ ,
cit =lcos¢ +(\")Slngp
. 0 . 1 . . 2 . 3 . . 4 . 5 .
(=ic)) =+1, (-io ) =-io_, (-io )" =-1, (<io ) =+io_, (-ic ) =+1, (-io_ )" =-io_, etc. - J
. . . R . —ip —i0 - - A
This allows Hamilton to generalize Euler’s rotation € ™ to ¢ ~*~ for any <0¢g0 =(0°P)=p,0,+p,0,+p,0,=(c* Lp)@
eP=1 cosp - ising generalizes to: ( e ""=1cosp - io sing )
o o,
1 io, -—io,
o, | —io, 1 I
o,| o, -i 1

U(2) generator product table



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
_H : : —lwp't
“P(t)> =e ’Ht“IJ(O)> =(1cosp - i, Slngp)‘ ‘P(O)>e 0
Hamilton generalized Euler’s expansion e ™ = coswt —isinwt so matrix exponential becomes powerful. ABCD Time
_ A B-iC 4 —iA_D I O iR 0 1 4iC 0 -i 't—iA+D 1 0O .t evolution
o _, \Beic D)2 (0 -l 10 i 0 2.0 1 .
)  ...04502.....0550x | OcsOy: T ’ operator
sasaas e & _Ht
. . ', U(f)=€ :
=10, P —jwn't —jo°Lyt —lwn't —
= e :S.D..~'e 0 — lo-.wte 0 gpA CUA A D .............
: ~eih e where: ©= =Wt=| w t 2 t and: w A+D
= ® =% P Wl L= . =
O,p= 0@ =0°W { P7| ¥B B B 0=,
\Key pieces of mathematical bookkeeping Pc We C )

Symmetry relations make spinors{Ov=03, O0y=0¢, Oz=04 } or quaternions {i=-iOy, j=-iOy, k=-iOz }into a powerful U(2)-algebra.

Hamilton 1s able to generalize Euler’s complex rotation operators e ¥and €. (Recall Euler - DeMoivre Theorem.)

e T L [ T T : The o
' ' ' o ' Crazy Thing
Note even powers of (-i) are £/ —i(p + 5&’ ) —i(siny) Theorem:
Hamilton replaces (-i) with -io in the e~ power series above to get a sequence of terms just like it. Then:

. 0 . 1 . . 2 . 3 . . 4 . 5 . e(\)SO :1COS¢ +(" ')Singp
(=io,)) =+1, (-io_ ) =-io_, (-ic )" =-1, (<io ) =+io_, (-ic ) =+1, (<io ) =-io_, etc.\_ )
This allows Hamilton to generalize Euler’s rotation € ¥ to ¢ ' #* for any @wgo =(0ep)=p,0,+9Y,0,+p.0.=(Ce Cp)@

e Y= CoOsy — I siny generalizes to: ( e " =1cosp - i 0, siny )
GY OZ
' A . g° . I
Here: (y'o) =-i Here: (A0 = —io_ =-i(0*p)= —l( %) 1 10 1Oy
SO s .
Crazy thing is Oy | Tl9z I :
just -1 o, | 0, - 1

U(2) generator product table



Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
» U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion




~N

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H L —iwpt evolution
"I’(t)> =e ’Ht“IJ(O)> =(1cosp - i, singp)e ¢
operator
. . . —iQr . ) . U(t)_e—iH't
Hamilton generalized Euler’s expansion e~ = c0sf —isin€2f so matrix exponential becomes powerful. -
i BAC B;C 1 —iA;D( (1) 01 1~iB (1) (1) 1-ic| © I)i )-t—iA;D( (1) (1) )-t ’ ) .
—iHt _ +i - i _ ~iwpog + weo)t _ —za)o-t( . L )
e e Gu=G 7 Ga= Gx Go=Gy e e 1coswt io,,sinwt
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-t=| w, |'t= “tand: wy = o o : N\
B (e ““=1cospy - [0, sinp
v W e
C C C

4 )
The @

Crazy Thing
Theoem:
If ( =1

Then: .

e(v/0 =1cosO+(y)sinO
. J

(0,p=@*®)= 0,0, +9,0, +p.0 = (@ *)y)

¥ . A ) g°®
Here: : —lO'Lp = —l(o' ° “P) = —] ( Lp)
N ©



, )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H. . : —iw,t '
"I’(t)> =e ’Ht“P(O)> =(1cosp - i, singp)e ¢ evolution
operator
. . . —iQr . ) . U(t)_e—iH't
Hamilton generalized Euler’s expansion e~ = c0sf —isin€2f so matrix exponential becomes powerful. -
~i BAC B;C 1 —iA;D( (1) 01 t—iB (1) (1) 1-ic| © I)i )-t—iA;D( (1) (1) )'t ( o)
—iHt _ +1 - I _ -1 WOy + w*a)t _ —ia)o-t . . _
e e Gu=G 7 Ga= Gx Go=Gy e e (lcoswt i, smwz‘)
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |FW-t=| w, |'t= “tand: wy = o o : N\
B (e T=lcosy - io, sing )
w
fc C C J
10
e Z[O_l]%l— 10 feosp —i 0" lsin
o1 P 1 P Example 1:
N . | AorZ (" @- )
cosy, — —i ]
- Pa T EERE, | e 0 rotation The !
0 cosp, +ising, 0 e Crazy Thing
Theorem:
If ( =1
Ny
Then:
8(()6 =lcose+((-)sin@)

(0,p=@*®)= 0,0, +9,0, +p.0 = (@ *)y)

(G°p)

Here: : —io, =
N QP

~i(5 () = -i



4 , )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H L —iwpt evolution
"I’(t)> =e ’Ht“IJ(O)> =(1cosp - i, singp)e ¢
operator
. . . —iQr . ) . U(t)_e—iH't
Hamilton generalized Euler’s expansion e~ = c0sf —isin€2f so matrix exponential becomes powerful. -
S A B —iA_D( b0 bigl O ] O )-t—iA+D( Lo )'t
e =e Gu=G 7 Ga= Gx Go=Gy =e =e 1coswt io,,sinwt
e'"=1cosp - isiny
PA “A A-D generalizes to:
AT e I 2 o _A+D
where: = @y |FWHIE|l wy |TI= "rand: wy = Tio - : N\
B e “=lcosp - io sing )
Yc We C )
41 0
e [O _1]%1— 10 feosp —i 0" lsin
o1 P 1 P Example 1:
N | AorZ (" ¥ )
_ | cosp, —ising, 0 _| e 0 rotation The
0 cosp, +ising, 0 e Crazy Thing
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H- : : —iwp't ]
“I’(t)> =e ’Ht‘lI’(O)> =(1cosp— io, SIn p)e U evolution
operator
. —iHt
Hamilton generalized Euler’s expansion e " = cosQt —isin Q¢ so matrix exponential becomes powerful. U(t)=e
. —i A, By —i—A;D ( b0 )-t—iB( O Ul O )-t—iA;D ( b0 )-t , - ,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
—H : : —iwpt ]
“I’(t)> =e ’Ht‘lI’(O)> =(1cosp - io, SIn p)e 0 evolution
operator
. —iHt
Hamilton generalized Euler’s expansion e " = cosQt —isin Q¢ so matrix exponential becomes powerful. U(t)=e
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O4=0z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
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- - 2 A+ D
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

_H- : : —iwp't ]

"I’(t)> —e ’Hf‘lp(o)> =(1cosy - o, sin p)e 0 evolution
operator

| il

Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e

| L A. B-iC |, _Z.A;D( 1 0 )-t—iB( 0 1 | O —1 ),t_l.A-lz-D( 1 0 )-t . o .
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We test these operators by making them rotate each other....

0 ) o R . 6'. -
Here: : i =—l(0'kp)=—z( )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

_H : : —iwp't ]
‘lp(t)> —e ’Hf‘\p(())> =(1cosy - o, sin p)e 0 evolution
operator

| il

Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| A BC —i—A;D ( b0 )-t—iB( O i) O )-t—iA;D ( Lo ) . o .
e—zH-t e B+iC D 0 -1 1 O_ i B 0 1 _ e—z(wOGO + weo)t _ e—za)o-t (ICOS Wt — i sinw-t)
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3D axis vector (p=0>-rcorresponds to generator o= 0,04 +0 30y + 0o 0f rotation e 7" =R(p)= 1cosy — io ,siny about axis P.
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
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operator
| _ _iHt
Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| L A. B-iC |, _Z.A;D( 1 0 )-t—iB( 0 1 | O —1 ),t_l.A-lz-D( 1 0 )-t . o .
e—zH-t e B+iC D _e 0 -1 1 O_ i O_ 0 1 _ e—z(wOGO + WG )t _ e—za)o-t (lcoswt—ia sinw-t)
O4=0z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: o= Yp |FW = wy |tt= -t and: Wy = “io > - N\
B (e T=lcosy - io, siny )
w
L Yc C C J
_i[ 10 ]@A (0 i
01 |11 0 . 0 | =i e
’ - [ 0 1| ! [ N e Example 1: e [Z i ] = é (1) cosp, —1i [ 3 7 |sing, Example 2.
N | Aor7Z CorY
_ CoOs@w, —1811 @, 0 _ e_wA 0 rotation B cosp,, —singpc rotation
0 cosp, +ising, 0 e | sing,  cosg,

. — — A A A . _io-,,‘ — . . . —
3D axis vector p=w- corresponds to generatoro = 0,94 + O ppp + O of rotation e P =R(@)=1cosy — i0,,siny about axis § .

Any 2-by-2 0,-matrix may be rotated by any R(p) matrix acting twice (fore-and-aft-!) to give: Jf"mtated) =R(®)o MR_l(L_{:D)=R(L_{D)J MRT(Q:)

Here:
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H- : : —iwp't '
‘lp(t)> —e ’Hf‘\p(())> =(1cosy - io, sinp)e 0 evolution
operator
| il
Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| L A. B-iC |, _Z.A;D( 1 0 )-t—iB( 0 1 | O —1 ),t_l.A-lz-D( 1 0 )-t . o .
e—zH-t e B+iC D _e 0 -1 1 O_ i O_ 0 1 _ e—z(wOGO + WG )t _ e—za)o-t (lcoswt—ia sinw-t)
O4= 07z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: o= Yp |FW = wy |tt= -t and: Wy = “io > - N\
B (e T=lcosy - io, siny )
w
L Yc C C J
_i[ 1 0 ]SDA (0 i
0-1/4 11 0 . 0 | =i ) e
e = [ 0 1 COSY, —1 [ o sme Example I: e [ 0 ] 0: é (1) cosg, — i [ E) — SinS% Example 2:
N | Aor7Z CorY
_ CoOs@w, —1811 @, 0 _ e_wA 0 rotation B cosp,, —SiDQOC rotation
0 cosp, +ising, 0 e | sing,  cosg,

. — — A A A . _io-,,‘ — . . . —
3D axis vector p=w- corresponds to generatoro = 0,94 + O ppp + O of rotation e P =R(@)=1cosy — i0,,siny about axis § .

Any 2-by-2 0,-matrix may be rotated by any R(p) matrix acting twice (fore-and-aft-!) to give: af"mtated) =R(®)o MR_l(L_{:D)=R(L_{D)J MRT(Q:)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H : : —iwp't ]
‘lp(t)> —e ’Hf‘lp(o)> =(1cosy - io, sinp)e 0 evolution
operator
| _ _iHt
Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| L A. B-iC |, _Z.A;D( 1 0 )-t—iB( 0 1 | O —1 ),t_l.A-lz-D( 1 0 )-t . o .
e—zH-t e B+iC D _e 0 :1 1 O_ i O_ 0 1 _ e—z(wOGO + weo)t _ e—za)o-t (ICOS ot —io sinw-t)
O4=0z OB= Ox Oc=0y ¥
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B (e T=lcosy - io, siny )
w
L Yc C C J
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3D axis vector p=w-t corresponds to generator o,= 0404 +0 0, +0cpc of rotation e =R(¢)=1cosp — o, sin about axis @ .
Any 2-by-2 0,-matrix may be rotated by any R(p) matrix acting twice (fore-and-aft-!) to give: Jf"mtated) =R(®)o MR_l(L_{:D)=R(L_{D)J MRT(Q:)
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

_H : : —iwp't ]

‘lp(t)> —e ’Hf‘\p(())> =(1cosy - o, sin p)e 0 evolution
operator

| il

Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e

| A BC —i—A;D ( b0 )-t—iB( O i) O )-t—iA;D ( Lo ) . o .
e—zH-t e B+iC D _e 0 -1 1 O_ i O_ 0 1 _ e—z(wOGO + weo)t _ e—za)o-t (ICOS ot —io sinw-t)
O4=0z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: o= Yp |FW = wy |tt= -t and: Wy = “io > - N\
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w
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e = [ 0 1 COSY, —1 [ o sme Example I: e [ 0 ] 0: é (1) cosg, — i [ E) — SinS% Example 2:
N | Aor7Z CorY
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3D axis vector p=w-t corresponds to generator o,= 0404 +0 0, +0cpc of rotation e 17 =R(p)=1cosp —io  siny about axis P .
Any 2-by-2 0,-matrix may be rotated by any R(p) matrix acting twice (fore-and-aft-!) to give: af"mtated) =R(®)o MR_l(L_{:D)=R(L_{D)J MRT(Q:)

R(e.) - o, R'(e) / ZorA  axisp
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2singp, cosy,  sin’¢, —cos’ g, or
X
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Here: (/= —io_ =-i(0*p)=—i
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_H : : —iw,'t ]
‘lp(t)> —e ’Hf‘lp(o)> =(1cosy - io, sinp)e 0 evolution
operator
| il
Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| A BC —i—A;D ( b0 )-t—iB( O i) O )-t—iA;D ( Lo ) . o .
e—zH-t e B+iC D _e 0 -1 1 O_ i B 0 1 _ e—z(wOGO + WG )t _ e—za)o-t (lcoswt—ia sinw-t)
O4=0z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
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B (e T=lcosy - io, siny )
w
L Yc C C J
_i[ 10 ]@A (0 i
01 |11 0 . 0 | =i e
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0 1
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O =
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
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"I’(t)> —e ’Hf‘lp(o)> =(1cosy - o, sin p)e 0 evolution
operator

| il

Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
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3D axis vector p=w- corresponds to generatoro = 0,94 + O ppp + O of rotation e P =R(@)=1cosy — i0,,siny about axis § .
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 > or: 3=2¢pc =60°

]COS 20, +

0 ) o R . 6‘0 -
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
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operator
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Hamilton generalized Euler’s expansion e ™ = cosQr —isinQr so matrix exponential becomes powerful. U(?)=e
| A BC —i—A;D ( b0 )-t—iB( O i) O )-t—iA;D ( Lo ) . o .
e—zH-t e B+iC D 0 -1 1 O_ i B 0 1 _ e—z(wOGO + WG )t _ e—za)o-t (lcoswt—ia sinw-t)
O4=0z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
PA “A A-D generalizes to:
- - 2 A+ D
where: o= Yp |FW = wy |tt= -t and: Wy = “io > - N\
B (e T=lcosy - io, siny )
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_ CoOs@w, —1811 @, 0 _ e_wA 0 rotation B cosp,, —singpc rotation
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3D axis vector p=w- corresponds to generatoro = 0,94 + O ppp + O of rotation e P =R(@)=1cosy — i0,,siny about axis § .
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
-iH o —iwpt :
"P(t)> =e lHt“P(O)> = (1cosyp - o, sinp)e 0 evolution
operator
' —iHt
Hamilton generalized Euler’s expansion e " = cosQt —isin Q¢ so matrix exponential becomes powerful. U(t)=e¢

| o4 B-ic), _ADl1o0 |0 1| 0 -] _4D[1 0)
Mt _ \ B+C D 2 {0 -1 10 i 200 1) _ -ilwyoq + @)t _e—ia)o-t(lcosw i sinw t)
O4= 07z OB= Ox Oc=0y ¥
e'"=1cosp - isiny
A-D :
PA “A generalizes to:
- - 2 A+ D
where: = pp |Fot=| wy |r= -t and: Wy = “io - ) .\
B (e “"=1cosp - [0, sinp
Yc We 1 J
\_ C Y
410 _
e Z[ 0t ]soA_ L0 feosp —i 0 lsin _i[o o ]% 1 0 0
B 0 1 " 1 a Example I: e = cosp ., —1 7 |sing Example 2:
R 01 ¢ i ¢
. | AorZ CorY
_ CoOs@w, —1811 @, 0 [ e_wA 0 rotation cosp,, —sin o rotation
0 cosp, +ising, 0 e | sin $, COSp,

. — — A A A . _io-,,‘ — . . . —
3D axis vector p=w- corresponds to generatoro = 0,94 + O ppp + O of rotation e P =R(@)=1cosy — i0,,siny about axis § .

Any 2-by-2 0,-matrix may be rotated by any R(p) matrix acting twice (fore-and-aft-!) to give: af"mtated) =R(®)o MR_l(@)=R(L_{D)O MRT(LTD)

R(¢.) 0, R'(s) ZOorA  axis@ Rle.) - o, Rg)
_| cose. —sing,, 1 0 ] cosp, sing, ﬂ _ | cose. —sing, 0 1 ] cosp.,  singp,
sing,  cosgp, 0 —1 )| —sinp, cosg, = otation by e sing,,  cosp, 1 0 —sing,,  cosp,
— cos® Yo sin” po  2singp, cosg, Y or C —2siny, cosy,, cos’ 0, — sin’® ©.
2singp, cosg, sin’ L cos’ Yo N cos’ 0, — sin’® .  2singp, cosy,

1 0
= cos2yp  +
L0

= 0, cos2¢p,+ O, sin2p;

0 1

sin 2y, 0 1

CoS2¢p,,

= —0, sin2p, + G, cos2yp,

(' The 3D-rotation is by 2, rwice the 2D angle ».)




Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic )\ A+D( 1 o) 4-D( 1 o 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 Lo 1 2 Lo -1 1 0 i 0 2D Spinor space
A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= 0O 7 }



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

A B-iC | A+D[ 1 0| A-D[ 1 0 0 1 0 i Notation for
H= = +— + B +C :
B+iC D 2 Lo 1 2 Lo -1 1 0 i 0 2D Spinor space
1 1 ] .
5 0 0 5 0 - Notation for
_AXDI T 0 (4| 2 w28 7 |+2c] 2 /
2 {01 0o -1 L 9 i 3D Vector space
O component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= 0O 7 }




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

A B-iC |_A+D[ 1 0 4-D[ 1 o0 0 1 0 i Notation for
H-= = +— + B +C :
B+iC D 2 Lo 1 2 Lo -1 1 0 i 0 2D Spinor space
1 1 i .
5 0 0 5 0 — Notation for
_AXDET 0 gyl 2 +2B 2 ly2c| 2 J
2 {01 o 1! I ) i 3D Vector space
0th component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= 0O 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators { 1= 0o, Ss= Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, Jv,])z})




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

A B-iC |_A+D[ 1 0 4-D[ 1 o0 0 1 0 i Notation for
H-= = +— + B +C :
B+iC D 2 Lo 1 2 Lo -1 1 0 i 0 2D Spinor space
1 1 i .
5 0 0 5 0 — Notation for
_AXDET 0 gyl 2 +2B 2 ly2c| 2 J
2 {01 o 1! I ) i 3D Vector space
0th component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= 0O 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators { 1= 0o, Ss= Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, Jv,])z})

A-D
. w
Notation for A 7 A+ D
_ where: 9=0-1=| w, |i= 't and: o =
2D Spinor space B
. C()C C
i A B-iC 4

gt _p \ PHiC D _ ¢ (@00 + OWONT _ iy =i @G _ =iy =IO, 0T =iyt (1 cos 't —io , sin a)‘f)




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

(4 B-ic) 4+D(1 0\ 4-D[ 1 0 0 1 0 —i Notation for
H = = +— + B +C :
B+iC D 2 Lo 1 2 o -1 10 i 0 2D Spinor space
1 1 ] .
A+ D 5 0 0 5 0 — Notation for
A2 L0 4Dy 2 +2B 2 1420 : J
2 {01 o 1! I ) i 3D Vector space
0t component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetrictdiagonal)| B (Bilatemlfbalancedﬂ C (Chirachircular—complex... )
The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { 6= Op, Op= Ox, Oc=0y, O4= Oz}
The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators { 1= 0o, Ss= Sx, Sc=Sy, S4=S 7}
(Often labeled { Jv, Jv, )z })
. A-D
Notation for “A 5 A+ D
_ where: 9=0-1=| w, |i= -t and: @y =
2D Spinor space B
A4 B=iC e C
o _ B+iC D _ e—z(wooo + 0°0) _ o0t i @Gt _ P P s L Y (lcos wi-ic, sin a)'t)

—i(Q2,1 + QeS)t —iQnt —j O-fe
=€l(0+ ) =eloethS

-t -t

=e_iQ0't lcos— —io, sin—
2 2

(

)

Notation for £a ( 4-D )
=~ = A+ D
where: @=Q-1=| Q, |-f= 2B ‘tand: Q)=
3D Vector space
QC 2C




The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

A B-iC | A+D[ 1 0 4-D[ 1 0 0 1 0 —i Notation for
H-= = +— + B +C :
B+iC D 2 Lo 1 2 Lo -1 1 0 i 0 2D Spinor space
1 1 ] .
A+D 5 0 0 5 0 — Notation for
_ L0 1, 4-p)| 2 +2B 2 ly2c| 2 J
2 {01 o 1! I ) i 3D Vector space
0t component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetrictdiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular—complex... )
“Crank’’ The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { 6= Op, Op= Ox, Oc=0y, O4= Oz}
2D-Spinor
V€Cf07'( pinor) The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators { 1= 0o, Ss= Sx, Sc=Sy, S4=S 7}
(" on Wy A-D N (Often labeled {Jv, Jy, )z })
. - 2
= =G 1= t = -t . ( \ [ 4-D )
M R B B B Notation for YA . 4aD
P w ) where: p=w 1= © 't = -t and: w, =
e ¢ ¢ J 2D Spinor space b B 07 2
o4 B-ic ], e C
o _ B+iC D _ e—z(wooo + 0°0) _ o0t i @Gt _ P P s L Y (lcos wi-ic, sin a)'t)

o %) _i DeQ)- —iO -t _i O-te —iQ. - Qt . £t
Crank 3D ecton _ Q1+ QeSyt _ it i Ghees e} t(lcos——iow Sm_)
vector

4 ) ,
O N A-D Notation for fo, ) [ 4p) )
- ~ - _ +D
=l 0, |FQ-t=| 2, |'t=| 25 |t 3D Vector space where: @=Q-1=| Q, |-f= 2B ‘tand: Q)=
Oc 2 2C Q. 2C




Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {1)|1)}-space (complex) R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
State vector |U)=|T){(T|¥)+|]){||P) Spin vector S=|X)(X|S)+|Y)(Y[S) +|Z){Z]S)
|J,> spin “dn” A Z=A
¥, 1 > x 0
— S —
/\M v "o . (1)
\j 1) spin “up” s,
Sx cosp 0 sinf
w, cosg —sing ( | ) [ Sy |= O 1 0 { 8 J
|V} spin “dn” Yo sl sl |\ O S )\ O eosB U]
B V3 v || sinf ) [ 32
\I/>/3 _ lp? cosz 7 S, |= 0 = 0
276 m o e |7 s 17| 1 S, cos 8 1/2
\/ spin “up | sin?. 1
2
|J,> spin “dn”
o), g [ 1 S| [ sinB )
™ COS— —= _ _
/ >\5=z Yl | T2 || V2 S oI5| 0 4= 0
1) spin up” | ¥, inl 1 >z cosf ’
\/ S1n — ﬁ
|\L> spin “dn”
S
¥) COSE ) np !
/ ‘E= W, 2 (O) S |=| 0 |=| O
2 2 = = _
\J 1) spin |, sing : >z wosh 1

Life in 2D Spinor space is “Half-Fast”



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {1)|1)}-space (complex)

| J,> spin “dn”

‘ T> spin

|J,> spin “dn”

1)

° € b3/
up

‘ T> spin “

K(up )

up )

State vector [W)=|1)(T1%)+] ) (| W)

¥,
Y

!

¥,
¥,

|

B

COS —
2

B

Sin —
2

COS—

Sin —

COS—

sin —

p

COS —
2

B

sin —

(

(Only “half-way” home after 2r =360° rotation)

with w-phase

R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

Spin vector S=|X) (X|S)+|Y)(Y|S) +|2)({Z|S)

7=A

" ~Y=C
S by ©=B=180°
[ Z

Y-rotation

by ©=3=270°

Ydrotation
y ©=3=360°

sin 3 0
0 =1 0
cos B -1
sin |
0 =1 0
cos B 0
sin 3 -1/2
0 = 0
cos J37/2
1
0
0

Life in 2D Spinor space is “Half-Fast” and needs ©=4m1=720° to return to original state



Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion

Circular-Coriolis... C-Type motion




Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

gBb v +igBy -gB, 0 -1 1 0 i 0
=gB, 0O, + gBy oy +gBy Oy =(T)°6=a)0w
Notation for
. A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= O 7 }



Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

gBb v +igBy -gB, 0 -1 1 0 i 0
=gB, 0O, + gBy oy +gBy Oy =(T)°6=a)0w
Notation for
. A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= O 7 }

The driving ©=Q: crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Two views of Hamilton crank vector Q(g,9) O 9
whirling Stokes state vector S in ABC-space. . A . A A-D
Oc O 2C




Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

gBb v +igBy -gB, 0 -1 1 0 i 0
=gB, 0O, + gBy oy +gBy Oy =(T)°6=a)0w
Notation for
. A A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= O 7 }

The driving ©=Q: crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Two views of Hamilton crank vector Q(g,9) @) () B
whirling Stokes state vector S in ABC-space. ~ A ~ A A-D z
@B =) -t= “QB = 2B =g BX t
Oc e 2¢ By




Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

HomeBo 0B 8B, gBy-ighy _en| 10 )+gBX 0 1 ) +gBY(9 —i)
gBb v +igBy -gB, 0 -1 1 0 i 0
=gB, o, + gBy 0, +gBy Oy =0*G=00,
Notation for
. . A 2D Spinor space

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= O 7 }

The driving ©=Q: crank vector defined by ABCD of Hamiltonian H . Notation for
- N 3D Vector space
Two views of Hamilton crank vector Q(g,9) @) () B
whirling Stokes state vector S in ABC-space. ~ A ~ A A-D z
@B =) -t= “QB = 2B =g BX t
Oc e 2¢ By

Q: But, how is a spin state-|\) or spin vector-S defined?




Hamiltonian for NMR: 3D Spin Moment Vector m=(myx, m,, mz,) in field B=(Bx, By, B:)

g8, gBy-ighy 1 0 0 1 0 —i
H-m*B=g o°B= . =gB; +gBy +gBy|
gBb v +igBy -gB, 0 -1 1 0 i 0
Notation for
R A A 2D Spinor space
Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)
The { 01, 04, Oz, Oc } are the well known Pauli-spin operators { o= 09, Op= Ox, Oc=0y, O4= O 7 }
The driving ©=Q: crank vector defined by ABCD of Hamiltonian H . Notation for
3D Vector space
Two views of Hamilton crank vector Q(g,9) 4 O 9 B ) p
whirling Stokes state vector S in ABC-space. . A . A A-D Z
o-6° | A SPin vector OF) Op [T r= 2B r=g) By
- 2C
Oc e By

J

Q: But, how is a spin state-|\) or spin vector-S defined?

A: By U(2) group operator |(¢t)) =R[©]|1(0)),
...or better, by Euler angles =R(0,B,y)|(0))




Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

» State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)
- Spin-1 (3D-real vector) case Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion




Euler s state definition using rotations R(c,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case

,,,,, . g -y Euler Angle Dial An
4 e B astronomer s
(Polar coordinate) diagram

3T7X3

| —>1

Euler Angle Dial

o
Azimuthal coordinate)




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(@00)

COS
= | siho

. 0

-sina 0
cosa 0

Sets the (3 dial

0 1 )

(R(0p0))

/cos/B 0 sinf \(
0 1 0

\-sin/J’ 0 cosp )

Second rotation R(030)

\

COSY
siny
0

First rotation R(OOy)

(R(007))

-siny 0

)

cosy 0
0 1




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the ,B dial

(R(0p0)) (R(007))

( coso  -sina 0 \( cosp 0 sinf \( cosy -siny O
— | sinaa cosa O 0 1 O siny cosy O
. 0 0 1 )\ -smfF 0 cosp N0 0 1

e )=R(epre,)  le)R(epr)le,) |[e)R(cp)le,)
(e, o

COS(COS FCOSy —sInasSiny -COSQ COS [3siny —SIin oSy (cosasin/g’\
(<CA‘R(OCﬁV)‘eB>)= <eY sincrcos fcosy +cosasiny  -sinacos Bsiny +cosacosy | sinasin f3

<ez —cosysin 3 sinysin f3 . cosf )
Note lab-frame polar coordinates of Z(body)




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
Spin-1 (3D-real vector) case

Third rotation R(a00) Second rotation R(030) First rotation R(OOy)

Sets the (3 dial

Sets the )'d_igl

L -

(R(0p0)) (R(007))

/ cosa -sina 0 ) / COSﬁ 0 Sinﬁ \( COSYy -sin)/ 0
— | sma cosa O 0 1 O siny cosy O
. 0 0 1 \ -smnf 0 cosp oo 0 1

e )=R(epre,)  le)R(epr)le,) |[e)R(cp)le,)
(e, o

—

COS(COS FCOSy —sInasSiny -COSQ COS [3siny —SIin oSy (cosasin[j\
(<CA‘R(OC/3’)/)‘6B>)= <eY SINC.COS S COSY +CcosaSIny -sINC.COS [SSiny +cosacosy | sinasin 5
<e ( —cosysinf3 siny sin 3 . cosf B

Note lab-frame polar coordinates of Z(body)
...and body-frame polar coordinates Ole(lab)




Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,)
Spin-1 (3D-real vector) case

BOD frame view LAB frame view
Z|-p Polar angles of B2 Polar angles of
lz LAB zenith z=x3 are 7 BOD zenith z=x3 are
e : V| (azimuth angle=-y, ;! y (azimuth angle=aq,
— polar angle=—f ) = polar angle=f} )

p
p
Dial —
ia BQD y=X,
x'-Frame
x"'-Frame Y
x-Frame Dial

| . S
X' ;=X,C0S OTX,S1n oc/,

) 3
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (c,[3,y)



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

. : Euler Angle Dial A
Spln'] (3D-I/’€al VeCtOF) case Euler Angle Dial j _ - gge E astron:mer’s
» (Polar coordinate) diagram

(Twist coordinate)

(a)
BOD frame view LAB frame view Fuler N
angle
Polar angles of Polar angles of goniomdit

LAB zenith z=x3 are BOD zenith 7=x 3 are

(azimuth angle=q, Euler Angle Dial
(03

(azimuth angle=-,

polar angle=—f ) polar angle=f} )

Azimuthal coordinate)

—X 3
zenith

p
Dial BOD ?:fZ
x'-Frame
x"'-Frame Y

iy

1 . e
X' ;=X,C0S OTX,S1n oc/,

) 5
X' -xlsm oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (c,[3,y)



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

s Euler Angle Dial An
Euler Angle Dial ,

Spin-1 (3D-real vector) case

(Polar coordinate) diagram

BOD frame view LAB frame view

Polar angles of Polar angles of
LAB zenith z=x3 are BOD zenith z=x3 are

(azimuth angle=-, (azimuth angle=q,

polar angle=- ) polar angle=f} )

Azimuthal coordinate)

$—X 3
zenith

Axis-Angle Dial
i
(Crank Polar Angle)

axis
x'-Frame
x"-Frame Y
x-Frame Dial

~ | Dial
(1\ l ~ o

Axis-Angle Dial

x' ,=X,C0S O+X,SIn 00 o~ : )l o 3 e
e %~ =~ - —

y
X' ,=-X,S1N OTX,COS O N

Rotational Analog Gomputer](Crank Azimuth Angle)
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization

ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®
U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

» State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)
Spin-1 (3D-real vector) case 3 Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion



Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
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Euler s rotation state def nition using rotations R( a,0,0), R(0,3,0),and R(0,0,7)
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
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Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy a z, +1ip,

Each point {E;,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array: a z, +1ip,
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

i@ /8
Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array: | ¢, | | z, +p, | y © oo 6—%
This defines real 3D spin vector (S4, Sz, Sc) “pointing” to a polarization ellipse or state. a, x, +ip, 6% .
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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B-Type elliptical polarized motion
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, irreps A
=>4mopP wave functions ¥, eigensolutions

&’=U(2) = Unitary group of dimension 2
Memoriam: Charles H. Townes 1916-2015 and his famous 2-state system: NH3 maser in 1955
Earlier 2-state systems: 1863 John Stokes optical polarization , 1954 Rabi, Ramsey, and Schwinger NMR (MRI)

ANALOGY: (1) Classical 2-state motion (0/0t)>x=-K:x vs (2) Quantum 2-state motion ih(0/0t)¥= H-¥

Hamilton-Pauli spinor symmetry and o-expansion of H=w,0,=w404Fwr0 3+wco ctwo0o
ABCD Time evolution operator U(t)= e-Mt ; its evaluation and visualization
ABCD symmetry operator {04,05,0c} product algebra for spinor-vector operators c,=c* a
Spinor-vector operator products (o* a)(o- a)
Crazv-Thing Theorem: ¢ °°° =cos® - iga sin®

U(2) transformation matrices and related R(3) rotations in ABC-space
Mysterious factors of 2 or % on 2D spinors or 3D vectors
2D {1,|} spinor space % as fast as 3D {ABC} spin-vectors
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(B,, B,, B:)

State coordinates using Euler-angle rotations R(«,0,0), R(0,(3,0),and R(0,0,7)

Spin-1 (3D-real vector) case < (related) @p-Spin-1/2 (2D-complex spinor) case
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion

Bilateral-Balanced B-Type motion
» Circular-Coriolis... C-Type motion



The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics
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C-Type elliptical polarized motion (BoxIt Web Simulation)
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The ABCs of U(2) dynamics-Mixed modes
AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion



The ABC's of U(2) dynamics-Mixed modes [ p= ~NI+§c
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AB-Type elliptical polarized motion
x1 = 0.920 33 s time = 54.370 E = 1.602

pl/®w = 0.550
x2 =-0.360
p2/w =-0.218

x1(0) =0.990
p1(0)/w = -0.263 \ \
x2(0) =-0.004 o1 L N AR AR ANE AN NN N
p2(0)/ = 0.526 g :

/

\iuWuWu\

— L W2 (Rotated 90°) [ Stokes Vector ABC-Space

A =2.1000

o 1.5
B =-0.2100 f \}‘ U
C =0.0000 1 U \/

D = 3.4000 R

= s o
= 2 \ R
7 T . NN\ - -~
T 5 s {4 SR
/ [ 2 OX " AR RR! :
/ / Y .., A\ N\
7/ / el \ 7 E \ i
e R \ / o /
e RN ” B ‘h AN ‘ X P 2.5 i
VRN N\ .ﬂlh.‘u_. AL bvaes S\ Ll L
» f J/
O LA e 3 ,/// !/ \ f = S
| N ’0'-"’,// s, CRLH [ \ / 3
ANLRR A ® b”” .’.o N
VAL NN 20 - o " '
AN % - ¢
A

it i

BoxIt Web Simulation:
AB-Type with A=2.1; B=-0.21; D=3.4

wl =2.067
w2 =3.433
© =81.048



http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=3.4&xInitial=0.99&yInitial=-0.004&pxInitial=-0.263&pyInitial=0.526&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=3.4&xInitial=0.99&yInitial=-0.004&pxInitial=-0.263&pyInitial=0.526&wantBoxLines=0

A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ac4+Bop=H-=
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VS.

» 3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states
Asymmetry S4 =Sz, Balance Sgp =Sx, and Chirality Sc =Sy
- Polarization ellipse and spinor state dynamics




Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,Xx2).



Polarization ellipse and spinor state dynamics A T H crank-Q vector
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Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.
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Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,Xx2).



Polarization ellipse and spinor state dynamics
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Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.
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Fig. 10.B.3 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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