AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — A dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A

=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

» Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip> .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, Test of formulae.
Darboux R[@00O] spin-72 rotation ©=0to 47 for fixed [ ] “Real-world” 41 spin-'2 behavior.
Review of U(2) dynamics: H=A067 (A-Type), H= (B-Type), H=Coy (C-Tipe).
U(2) dynamics of mixed-Types: H=Acz+ (AB-Type), Avoided crossing around Dirac-point.
H=Ac7+Box+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42,,wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,fc,yc) vs A-Type (a4,p4,94),



AMORP r ef erence links (Updated list given on 2nd page of each class presentation)

2014 AMOP
Web Resources - front page

2017 Group Theory for QM
UAF Physics UTube channel

2018 AMOP

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

[) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
Il) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Molecular Eigensolution Symmetry Analysis and Fine Structure - IUMS-harter-mitchell-2013

Rotation-vibration spectra of icosahedral molecules.

[) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989
Il) lcosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989

[ll) Half-integral angular momentum - harter-reimer-jcp-1991
QTCA Unit 10 Ch 30 - 2013
AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019

) QUANTUM ROTOR AND INFINITE-W DYNAM - ISMSLi20 alk) https://kb.osu.edu/dspace/handle/18 /

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)
Gas Phase Level Structure of C60 Buckyball and Derlvatlves Exhlbltlng Broken Icosahedral Symmetry - relmer—dlss 1996



https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
} &= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Axis-Angle Dial

©

(Angle of Crank Rotation)

Preceding Class-4 showed that
dynamics of i0W/ot =H¥ may be
reduced to mechanics: Axis-Angle Scale
Crank © = Q¢ of Hamiltonian H v

(—Axis Polar Angle)

rotates
Spin vector S=/26 of state ‘P.

Darboux [¢,0,0] crank-axis angles

Polar coordinates
for unit axis vector®

~N

9~ cosg sinY Axis-Angle Scale
@ =sin@ sind -
Q,= cosy | ;._ (P

(w—-Axis Azimuth)




Here spin-rotor S-polar Axis-Angle Dial

coordinates e
are Euler (a,B,y) angles (Angle of Crank Rotation)
BOD frame view LAB frame view
Polar angles of Polar angles of
2 IZ LAB Zeni%h 7=x3 are ZB “ BOD zen%th TN e = | | L
X | V| (azimuth angle=—y, | (azimuth angle=0, . Anole Qrale leagl T = 0
> -y polar angle=—3 ) * il 4 polar angle=p ) AXIS Angle SC&]C

(0,

(w—Axis Polar Angle)

, :
X' ,=-X,SIn oc+x2cos o

Versus

Darboux [@,0,0] crank-axis angles

Polar coordinates
for unit axis vector®

0. = cos® sint
@ = sin@ sind
O,= cosd




AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — 4 dyanced Atomic-Molecular-Optical-Physics

on f oll OWIRE page William G. Harter - University of Arkansas

Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

»Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Euler R(oyy) versus Darboux R[@YO]

e Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y i - ' ¢ (Polar coordinate) diagram

(Twist coordinate)

$7X3

B

_——

Euler Angle Dial

(0
Azimuthal coordinate)

. L - A =? 1
Third rotation R(@00) Second rotation R(030) First rotation R(OOy)
I

a  a

Sets the ,8 dial

«

Sets the Qdial

 — —

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (opymake better coordinates)

/ _oy B ) _ 8y . E \( 1\ ( x1+ip1 \

x2+lp2

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

)

(—Axis Polar Angle)

GThLect.8
pl7-24

Axis-Angle Scale

¢

(w—Axis Azimuth)

cosg—i(:)Z sin9 —ising(@) —i(:)Y)
R [(:)]= 2@ 2 @2 _ R[(pﬁ@] _ H
—isinz(@) + i(:)Y) COSE+Z'(:‘)Z sin;

:COS%( (1) (1) )—i( ¢) sing—i O - @Ysing—i( (1) 01 (:)Zsin%
l I
cos® siny sin® sind cost

( )

cos——icosﬁsin9 —sing(sin(psinﬁ+ic0s¢sinﬁ)
2 2 2

sing(sin(psim?— icoscpsim?) cos9+ icosﬁsing
2 2 2


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=58
https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_8_2.9.17.pdf#page=24
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=86

Euler R(oyy) versus Darboux R[@YO]

L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s

diagram

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) /

$7X3

B

_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

i

a  a

Sets the ,8 dial

«

Sets the Qdial

 — —

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
Euler state definition lets us relate R(oy) to R[@00O] ...
| aBy)= R(aBy)|000) (apymake better coom’mates) 5

/ aty [j’ o=y

-1 -1

/3\(1\ (x1+ip1\

e 2 cos— -e 2 sin—
o=y a+y
e 2 sinﬁ e 2 cosﬁ 0 -
5 5 X,+ip,

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

)

(—Axis Polar Angle)

Axis-Angle Scale

¢

(w—Axis Azimuth)

R[6]= o =R[gv0]=M
—zsm—(@) +i@Y) cos +i@251n—
2
ZECOS%((I) (1))—1'( 0 sing—i O —i @Ysin%—i((l) 01 (:)Zsin%
1 l -
: cos® sind sin@ sin® cos¥

)

cos——icosﬁsin9 —sing(sin(psinﬁ+ic0s¢sinﬁ)
2 2 2

sing(sin(psim?— icoscpsim?) cos9+ icosﬁsing
2 2 2


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=97

Euler R(oyy) versus Darboux R[@YO]

L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s

diagram

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) /

X3

B

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

)

(—Axis Polar Angle)

(
goniome’tér B e_iE cos
y2
’TaﬁY> -
Euler Angle Dial

o i~ . P

Azimuthal coordinate) e 2 SII’IE
. . - 4 —Y 7

Third rotation R(a00) Second rotation R(O30) First rotation R(OOy) \" R(aﬁ)/)“ooo>

i

a  a

Sets the ,8 dial

«

Sets the Qdial

 — —

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
Euler state definition lets us relate R(cy) to R[@¥O] ..
| aBy)= R(aBy)|000) (apymake better coordinates)

_ . x; =icos[(y+o)/2] cosP/2 =
( _ia;rV B _iazy B \( 1) ( X +ip, \ M 708 [(Y) ........ B
e COS— —-e S1In—
=y B oty B -
2 winl 2 P .
e sin 5 e cos 5 0 Xy+ip,

Axis-Angle Scale

¢

(w—Axis Azimuth)

cos——i(:)zsm— —zsin—(@) —i(:)Y)
R[6]= =R[gv0]=M
—zsin—(@) +i@Y) COS—+1i0, sin—
=-cos9 L0 )_; ¢) sing—i 0 — @Ysing—i L0 (:)Zsin9
210 i 2 0 -1 ) 2
: cos® sind sin@ sin® cos¥
: \
' cosg—icosﬁsin9 —sing(sin(psinﬁ+ic0s¢sinﬁ)
: 2 2 2
E sing(sin(p sint - icoscpsim?) cos9 + icosﬁsing
; 2 2 2
: cCosO/2;

—p, = sin[(}=0)/2] sinf/2 = O sin®/2 =cos® sind sin®/2


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=97

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

. Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram
(Twist coordinate) Axis-Angle Scale
{T7X3 1_9
(a) B | 7] (—Axis Polar Angle)
Euler ~ -
angle _.. QNSRS AL Bt aiN A S _i%
goniometer e 2 cosﬁ
V) 2
: ’TaﬁY> -
Euler Angle Dial
o I~ . P
Azimuthal coordinate) e 2 Sln?
. i : A =? 7
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) \" R(a[o’)/)‘ T000>

i

a  a

Sets the ,8 dial

«

Sets the Qdial

 I—

— 1

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O].
Euler state definition lets us relate R(oy) to R[@00O] ...
| aBy)= R(aPy)|000) (opymake better coordinates) :

[ _ax Lot e Vo xeip X1 Ticos[(F0)/2] cospr2

¢ 2 cost &2 sinb : . -p> = sin[(y—t)/2] sinB/Zi
Pl Ll ) X, =:cos[(v—0)/2] sin /2;=

e 2 sing e 2 COSE 0 x2+ip2 ’ -----[(-Y--")---]--"--B--“

Axis-Angle Scale

¢

(w—Axis Azimuth)

A

Q] sing—i

cos® siny

E cos9 —icosUsin—
; 2 2

sin%(sin(p sint - icoscpsim?)

—sing(sin(psinﬁ+ icosgvsinﬁ)

e . . 0O
cos— + icossin—
2 2

i


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=97

Axis-Angle Dial

Euler R(oyy) versus Darboux R[@YO]

e Euler Angle Dial An
Euler Angle Dial B astronomer’s

Y - ' ¢ (Polar coordinate) diagram

(Angle of Crank Rotation)

(Twist coordinate) ' Axis-Angle Scale
7 * $TX3 U
(a ) - _ B|/> (w-Axis Polar Angle)
Euler ~ = r
angle B d =, Nl a
goniometer ’ _ e_l2 cosﬁ
y2
s ) =
Euler Angle Dial o
o i~ . P
Azimuthal coordinate) e 2 SII’IE
' L . =X,
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) \" R(aﬁ)/)“ooo>

i

a  a

Sets the ,8 dial

«

Sets the @ dial Axis-Angle Scale

¢

(w—Axis Azimuth)

— —

0.+ i@Y) COS%+Z'@Z sin;

= cos 2 cos (10 8] sing—i 0 - @Ysm——i 10 (':)Zsin9
: Lo 1 i 0 -1 )¢ 2
S T P T . ¥ : cos@ sind sin@ sin¥ cost
Euler R(03y) is simpler to form than ©-axis Darboux R[@OO]. L ® ... ® _ 1n9(1n1n19+ """ i nﬁ)\
Euler state definition lets us relate R(cy) to R[@¥0O] ... _ R TR A e E
| aBy)= R(aBy)|000) (apymake better coordinateq)_______________i sin%(sincpsinﬁ— icoscpsinﬁ“) COS%+ iCOSﬁSm%
[ e e g Ny e ) Y T COSIEO)2] cosp2 1 cosO/2 - i
e cos— —e sin - -p> = sin[(y—0)/2] sinf}/2:= O sin®/2 =cosp sinY sinO/2 5
o g g ) X, =:cos[(y=0)/2] sinB/2i= O, sin@/2 =sing sind sin®/2 i
e 2 sin— e 2 cos— 0 X, +ip T CoA T e
2 2 202 -p;=sin[(y+0)/2] cosP/2 = O, sin®/2 = .cos¥ sme®/2


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=97

AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — 4 dyanced Atomic-Molecular-Optical-Physics

on f oll OWIRE page William G. Harter - University of Arkansas

Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

»Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Euler R(aPy) related to Darboux R[@OO] Step-by-Step

Development
GThLect.8
Euler state definition lets us relate R(a/37) to R[@¥0O] ... p89-99
| afy)= R(ay)|000) oy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eVO]|1)
A R = 2 VAT N - S R (S s \____zcl_—__c;_o_s_[(Y_tq_)_@_]_fz@_s_ﬁ_/_?__—_ ______________________________ cos©/2
2 Po_ 2 anl 2 P =
R T R = py=sin[(y-)/2]sin3/2 = ©  sin®/2 = cosgsing sin®/2
L g &L g 2L g i x,=cos[(y—)/2]sin5/2 = © Y O, sin®/2 = sing sint) sin®/2;
e 2 sin— e % cos— 0 e % sin— X +ip, |
2 P Moz smlra)aleosfz =0, smOk = 9.8}2__8_19@_/2
t'a}i'['('y'l&j'/z']'"E&s'é'té}ié'/z" tan[(y—a)/2]= cotg = tan[= - ]
MM MMM emmmmememememememememessees  stmmememsmsssssssemmmmmmmmmmmmmm.--—-- j:[ L
(y+0)/2 = tan " [cosTHan@ /2] v (Y= 00)/2 = 79
sin[(y-a)/2] = sin[ﬂ— ]=cos
This gives Euler angles (oafy) in terms of Darboux angles [¢00] ! 2 7 v
(x (P—’Tc/z —|—tan (COSﬁ tan@/Z) .................................................. : SlIl/B/Z — Sll’lﬁ Sln@/z

I R R
----------
TR

B 2Sln (Sln@/z Slnﬁ) ......................................................... ....................
v =m/2—@+tan' (cos tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (0t.—y+Tm)/2 cos[(y—a)/2] = COS[%—QO] = Sing
-l - .
U = tan [t?n 3/2/ sin(0+7)/2] cgs[(y-a)/z]sm/s/z _ sing and = anfl2
© =2 cos ' [cos [3/2 cos(o+Yy)/2] sin[(y +c)/2]cos3/2 sin[(y +a)/2]
Example: Euler angles (0=50° =60° y=70°) . heck: (o3 (000
_ o__ A0 o _ QN0o everse check: (oY) in terms of [
= (50_1 707 +130 ?/2 30 00=80°-90°+tan " (tan (128.7°/2) c0s33.7° )=50.007°
U= tan[tan 60°/2/sm(50°+Y)/2] ~ =33.7° g =o2in"(sin 128.7°/2 5in33.7°)=60.022°
® =2 cos '1[cos 60°/2 cos(50°+Y)/2] = 128.7° y=m2-128.7°+tan " (tan (128.7°/2)=70.007°


https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_8_2.9.17.pdf#page=89
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
»Darboux R[@00O] spin-'2 rotation ©=0to 47 for fixed [ U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Euler R(aPy) rotation ®@=0-4rm-sequence

O=0°

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lofy) = R($ 6 0]|1) =
[-10° 0° 10° ) =|1)
( Initial Position State)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
leBy) = R(¢ 6 o]|1) =
| 170° 0° 190°)

(2nd Initial State)

O=360°

O=00" ©=128.7°

| 15.7° 32.20° 35.7°)

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

Position State:
lofy) = R(¢ 6 w]|1) =

Position State:

lBy) = R[¢ 6 @]|1) =

| 50° 60° 70°)

Position State:

lofy) = R[¢ 6 ]|1) =

| 195.7° -32.2° 215.7°)

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

O=180°

(d) o= 180°
Operator: R[¢ 6 @] =
R[80° 33.69° 180°]

Position State:
leBy) = RI$ 6 w]|1) =

| 80° 67.4° 100°)

(i) ® = 540°
Operator: R[$ 6 0] =
R[80° 33.69° 540°]

Position State:

lofy) = R[¢ 8 wlll) =

| 260° —-67.4° 280°)

©=420° ©=488.7° @=540°

O] fixed

(f) ® = 300°
Operator: R[$ 6 @] =
R[80° 33.69° 300°]

Operator: R[$ 6 ©]
R[80° 33.69° 240°]

Position State:
leBy) = Rl¢ 8 @]|1) =

i) = R[6 6 i) =

[114.8° 57.4° 134.8°) [ 144.3° 32.2° 164.3%)

(k) @ = 600°
Operator: R[¢ 6 @] =
R[80° 33.69° 600°]

(1) o = 660°
Operator: R[0 6 @] =
R([80° 33.69° 660°]

Position State:

jaPy) = R(9 6 w)i1) = jaPy) = R(6 0 @]i1) =

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O©=0600" O©=660°
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.

Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.

»Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



The ABC's of U(2) dynamics [ p= NS
Q
[ (1H1) (1[H[2) \=/ 4 p-ic\_A+D( 1 o) (o 1Y Lo -}, 4-D(1 o) 8 H=Qgl+—0 )
L<2|H|1><2|H|2>Jk3+ic D} 2L01) Llo) k 0 2k0—1) =
- AxD + 5 o, + C o +A_D0A q/QA\/A—D\
2 Q= QB = 25
A+D Q Q Q
Asymmetric Diagonal A-Type motion
R R (s 0\ aen( 1 o N
ey @y | To o) e >} tor 1. >0
fo, ) [ o) [ S,
Crank : Q = Q, =L 0 Eigen— Spin : S = Sp _B
Lc 0 Sc
\\_—- -5
LR, T "
;W.i___._.(_)._._.xz :...: % x2

Beat dynamics.:

T 2y Total beat

S — é frequency
l 2°A O T BoxIt (A-Type)
Q) 2 Web Simulation
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A-Type elliptical polarized motion

x1=0.121 e 35 time = 30.610 E =1475
pl/w =-0.993 : :
x2 = -0.195 Y1 ;
p2/w = -0.460 P ¥3(\

x1(0) = 1.000
p1(0)/w =0.000 /
x2(0) =0.000 |

p2(0)/ = 0.500 | ]

A =2.1000

' _ o -1.5
B =0.0000 : \}
C =0.0000 ~_ - : U

D = 3.4000 ___p |

= . ¥2(Rotated 90°) : Stokes Vector ABC-Space

SIS ON : A ] .

I

T R
| [ 11 \
,1,l|||
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A = 90.000 —-3 BoxIt Web Simulation: A-
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The ABC's of U(2) dynamics

((UH]) - (1H[2) \=/ 4 p-ic\_A4+D( 1 o), (0 1Y, 0 i) 4-D( 1
L<2|H|1><2|H|2>Jk3+ic p )2 lo) Lio) Lo 2 (o
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A+D Q Q Q
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C () (R]2)
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B-Type elliptical polarized motion

x1 = -0.527
pl/® = -0.686
x2 = 0.562

p2/w = -0.432

x1(0) =1.000
p1(0)/w = 0.000
x2(0) = 0.000
p2(0)/w = 0.500

A =2.1000
B =-0.2100
C =0.0000
D =2.1000

wl =1.890
w2 =2.310
© =45.000

NS

"

‘Ifj3

3.5

2.5

"

125

Ko P — 2
A\ P2 (Rotated 90°)
AT

:2.5
WI:J\;_/\“] |

l L lllsl 1

time = 30.980

P9\

E=1312

n
W

! 3 40
U S ST TR S N S S S

A

Stokes Vector ABC-Space

s 40

U

U

V \

BoxIt Web Simulation:

B-Type with A, D=2.1; B=-0.21
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.

H=Ac;+Bov+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



° 4 - N
The ABC's of U(2) dynamics - ~N1+ S0
( (1) (fH2) ) . _ Q
HL - (H2) 8y B_lc\:Am( I o)+B( 0 1)+C( 0 _,\+A-D( 10 ) _H=Q+7e0
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 0 2 Lo -1
= A;D 1 + 2 o, + C o, -+ A;D o, 5 / ZA | [ 4-D )
= = 2»
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C-Type elliptical polarized motion (BoxIt Web Simulation)

x1 = -0.827 2 Py time = 28.260 E=1417
pl/w = -0.478 [ :
x2 = 0.480 Wi !
p2/w = -0.327 o '3\\ 53 m {\
x1(0) = 1.000 2.5 N\ 2. (\
p1(0)/w =0.000 / :
x2(0)=0000 | . I YL [\/\1 (AN OA As. 130 s 40
p2(0)/w = 0.500 ( T‘ ] - ’; ’..\ - \/ v
A = 2.1000 " 15 \/ \/
B =0.0000 \ \} U U ‘
C=0.2100 '_g
D=2.1000 < -1 c
1177k ; S Stokes Vector ABC-Spac
s /o -
A‘.’QQ&" AR AN .
1 ‘W‘VG‘ 1171 ;

1.
! quﬂj\ | /\5/\ 1:) 25 f 310 35 410

ol = 1.890 | . U
©2 =2.310 : : U

© = 45.000 -3 -3

—un
-
[

BoxIt Web Simulation:
C-Type with A, D=2.1; C=-0.21
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.

Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.

Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
» U(2) dynamics of mixed-Types: H=Aocs+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),
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2nd order perturbation terms

Shows how hi-order polynomial
perturbation algebra 1s hard to match
to hyperbolic energy levels.
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The ABC's of U(2) dynamics-Mixed modes [ p= ~NI+§c

2 .
Q
((UH]) - (1H[2) \=/ A =i ) _A«Df 1 o) L0 ) ofo i) a-Df1 o) [ H=Qlero
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AB-Type elliptical polarized motion
x1 = 0.920 33 s time = 54.370 E = 1.602

pl/®w = 0.550
x2 =-0.360
p2/w =-0.218
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x2(0) =-0.004 o1 L N AR AR ANE AN NN N
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/

\iuWuWu\

— L W2 (Rotated 90°) [ Stokes Vector ABC-Space

A =2.1000

o 1.5
B =-0.2100 f \}‘ U
C =0.0000 1 U \/

D = 3.4000 R

= s o
= 2 \ R
7 T . NN\ - -~
T 5 s {4 SR
/ [ 2 OX " AR RR! :
/ / Y .., A\ N\
7/ / el \ 7 E \ i
e R \ / o /
e RN ” B ‘h AN ‘ X P 2.5 i
VRN N\ .ﬂlh.‘u_. AL bvaes S\ Ll L
» f J/
O LA e 3 ,/// !/ \ f = S
| N ’0'-"’,// s, CRLH [ \ / 3
ANLRR A ® b”” .’.o N
VAL NN 20 - o " '
AN % - ¢
A

it i

BoxIt Web Simulation:
AB-Type with A=2.1; B=-0.21; D=3.4
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).

Avoided crossing around Dirac-point.

U(2) dynamics of mixed-Types: H=Aocs+ (AB-Type),
Invariant Tori in (x1,p1,Xx2,p2)-space.

H=Aoc;+Bo+Coy (ABC-Type),

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing @ouneg-Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),
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A view of a conical intersection: Any vertical cross-section is hyperbolic avoided-crossing
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
4H=Aaz+ +Caoy (ABC-Type)) Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



ABC-Type elliptical polarized motion

(from Principles of Symmetry, Dynamics, and Spectroscopy)
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rotation is difficult to achieve on an analog computer.
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pl/®w=0.732
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x1(0) = 1.000
p1(0)/w = 0.000
x2(0) = 0.000
p2(0)/® = 0.500

A =2.1000
B =-0.2100
C=0.2100
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wl =2.035
w2 =3.465
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ABC-Type elliptical polarized motion
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
4H=Aaz+ +Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarization

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



ABC-Type elliptical polarized motion

(a)
Stokes Vector
ABC-Space

®)
Polarization
Xy-Space

Fig. 10.B.3

Euler-like
coordinates for
(a) R(3) spin vector
(b) U(2) polarization ellipse



ABC-Type elliptical polarization

(a)
Stokes Vector
ABC-Space

Elevation angle 2w=Pc is complement n/2-p
of the standard Euler polar angle Bp.

Azimuth angle 2@=a. is Euler azimuth angle.

(b)
Polarization
Xy-Space

Fig. 10.B.3

Euler-like

coordinates for

(a) R(3) spin vector

(b) U(2) polarization ellipse
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Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
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Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Polarization ellipsometry and U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates and related to Euler Angles (o.3)
2D elliptic frequency ® orbit has amplitudes
Ajand A2, and phase shifts p; and p>==p;.
x;= Aicos(wt+p;)
-p1=A; sin(wt+p)
x2= A>cos(wt—p1)
-p2=A>sin(wt—p;)

Amp-phase parameters (A1,A2, ©t,p1)
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AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — 4 dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-% irreps: Euler R(afYy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.
Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.
Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).
U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

» Conventional amplitude-phase-(A1,42, wt,p1) labeling of optical polarizati» Relation to Euler angl

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),
Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
A;and 4>, and phase shifts p; and p>==p;. ar=xr+ipr depend on Euler angles (o) and A4.
[ xaip ) xi1=Aicos(wt+p)
( AP \ o -p1=A1sin(®t+p;)
L AP i | x2= Axcos(wt=pj)
Yo+iP)

-p2=A>sin(wt—p;)



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Ajand A2, and phase shifts p;and p>==p;. ar=xr+ipr depend on Euler angles («/3) and A4.
[ ewip ) XIT Aicos(wt+p) x;= Acosfi/2eos[(y+a)/2] [ auy 5 Vo xip )
( A, P \ ) -p1=A1sin(wt+p;) - p,= Acos3/2sin[(y +a)/2] de 2 oS
L Ay D x2= Azcos(wt=pi) X, = Asinf}/2cos[(y—a)/2] g
X,+Ip, . Ae 2 sin— X,+1p
-p2=A2sin(wt=py) - p,= Asinf3/2sin[(y-o)/2] 2 2 2
[ _aw ) [ xaip.
~1 p . X +ip,
Ae 2 COSE ) { A]e—l(wf+91) )
Pl | —i(wt-py)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ waip VX7 Azécos(wt+p1)§ . x;=Acosf/2cos[(y+a)/2] wr \ i, \
: 17 : . : : —!
/ A, P \ ) -p1=Aisin(@t+py) . —p;= Acosf/2sm[(y+a)/2] Ae 2 cosy )
L Ay D x2= Azcos(®t=p1): . x,=Asinf/2cos[(y-a)/2] L
X,+Ip, =45 Ae 2 sin— X, +ip
-p2=A2sin(wt=py) . —p,= Asinf3/2sin[(y-a)/2] 2 272
Let-id; <Acos/2 .
( aty ) [ x+ip. )
-1 [5 . )Cl+lp1
Ae 2 COSE ) ( A]e—l(wt+pl) )
o=y —i(wt-p7)
i . B L Ae 1
Ae ? sin 2 Xy +ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((ot+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
: 17 . : : —!
( A, P \ ) -pi=Ajsin(wt+p;) | . —p,= Acos[3/2sin[(y+a)/2] de 2 cos )
| et o= dicos(@i=p)} | = AsinfBeosl(-c)2] |
EICIEN 2:A2§Sin((0t—p1) de 2 Y Xy +ip,
p2—=a2 5 . Py= Asm/a’/Zsm[(y a)/2]
Let:id1 Acos 2 '
o Anmdsing2
( _4ty \ ( X,+ip \
Ae 2 cosﬁ ) ( A]e—i(wt+pl) ) b
o=y —i(wt-p7)
i . B L A,e 1
Ae 2 sin 2 Xy +ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((0t+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
. 17 . : : !
( AP \_ -p]—_zfl__]'Sln((!)l‘+p])i . —p,= Acos[3/2sin[(y+a)/2] de 2 oSy
| et xo=Aicos(@t=p)i | x)= AsinfiZeos[(/ a)/z]‘ =
Xy +ip, - 2=A2§Sin((0t—p1) Ae 2 slnE X, +ip,
p2=42 5 . Py= Asm/3/281n[(y a)l2] -
Let:ids <Acos/2  Let: ot4pi, :(7_#994_)/2
o AdmdAsin2
([ _aw ) ([ x+ip, )
Ade 2 cosﬁ ) { A]e—l(wf+pz) ) b
Pl | —i(wt-pp)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ i ) x1=A1:cos((0t+p1)§ . xy= Acosf/2cos[(y+a)/2] [ iy s ) xeip, )
. 17 . : : !
/ AP \_ -pJ—AJSln((Dt+p1) . —p;= Acosf/2sin[(y+a)/2] de 2 cos )
L Ay - x2= Aicos(wt=p1)i . A-S-I-I-l-]?;-/i'COS[(V a)/Z]‘ =L B
X, +ip, _ 2:A2§Sin((x)t—p])i Ade 2 smE Xy+ipy
p2=12 5 —p2 Asm/B/Zsm[(y a)l2] -
Let: 'A 1 —_4_9'_@@{2____ . Let: (0t+p1 :{f_Y_‘_le_{)/Z
o Anmdsing2 Wi=pr =(y—)/2
( P ) [ x +ip )
Ade 2 cosﬁ ) { A]e—l(wf+pz) ) b
;oY ) —i(wt-p;)
Ae 2 sing 2 Xy+ip,



Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes Real x; and 1imaginary pi parts of phasor amplitudes
Arand Az, and phase shifts p;and p2==p;. ar=x,+ipx depend on Euler angles («/7) and 4.
[ xrip ) NI Ajcos((x)t+p1)§ X, = Acos/a’/Zécos[(y+a)/2] [ _aw ; V(e )
[ geiren ) ) -p1=Azsin(wt+pi) | . —p;= Acosf/2sin[(y+a)/2] de 2 cos )
L Ay D | X2= Aicos(@t=py): ™. A-S-I-I-l-]?;-/i'COS[(V —a )/2]‘ it B
Xy +ip, — A ‘e Ae 2 sin— Xy +ip,
p2 ___glsm((x) p1) 5 —p2 Asm/B/Zsm[(y a)/2] ¢ 2
Let: A;—Acosﬁ/z . Let: (0t+p1 :{f_Y_‘_le_{)/Z
o Az=dAsing2 wi=p; =(y—a)/2
tanP/2=A/A1  A*=Ar*+A? oa=2p; Y=2mt

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ®©t,p1)

( —i% i ) / . ( X+ip; )
Ae COS— ) A]e—l(wt+pl) )
Pl I L | e—i(wt-pj)
- 2
Ae 2 sin X,+ip,
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A=2.1; B=-0.21; C=0.21;: D=3.4
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AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — 4 dyanced Atomic-Molecular-Optical-Physics

on f oll OWIRE page William G. Harter - University of Arkansas

Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o
=>4mopP wave functions ¥'”, eigensolutions

&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.

Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.

Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).

U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42,wt,p) labeling of optical polarization Relation to Euler angl

» 1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),

Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (04,4,74),



To find U(2) eigenstates: Match H axis-angles [¢,4,0] to S Euler angles (a.,[3,7)
Given Hamiltonian: Find its Q-vector components and axis-angles [¢.9.0)]:

] Sy & — i 7 cos it
H-| 40 oo o-| o AzB 42ﬁ p - ’
B+lC '\/g_l‘; - B - - 8 =l 1 |= Sl.n AC.OS(;OA
3 '3 Q.. 2C 2(3) 7 sint?, sing,

H cigenstates have their S-vector along (or opposite) to -vector. This derives their Euler angles
(

( \
cosf3, \ 3 ...beat frequency Q :
S=| sinf,cosar, |=| & |, §°§=52+§2+(§)2=%+%+%=1=92
\ sinf3, sina / \ 2 ) )
and Euler angles: 8, =1, =cos™ $=60° and: @, =@, =tan” —-=tan" -3 =-60°
4
Then spin-2 up U(2) A-basis fast eigenstate is:
% (
X0 e % cos—= ﬁA COS—COS&+ZSIH—COS&
_ +ipy _ _ 2 Fast-mode eigenfrequency:
|/|\A> (TA) o /)) /3 _ Q__ A+ Q _141_1
+ips ¢ o sin 4 /J)A cos 4 gin 24 jsin 24 sin 24 W= WoF3="57 =27~
\ )\ 2 2 2 2
o o, :.: o o N33 ;13 3473 . (TA)
_[ c0s30°c0os30°+isin30°cos30° |_| 22 Fizm || 3Tt | 0.75+i0433 | _ +1p,
cos-30°sin 30° + i sin-30° sin 30° 314l 3l 0.433-i0.25 x4 ip,

Slow-mode eigenfrequency is: @,= @W,-5=4>~% =3-3=0



Example of High frequency mode

1=0.708 A 35 time = 38.836 E =0.500
pl/w = -0.498 : :
= -0.045 ; ! Low frequency mode
p2{ = -0.498 13 ~3
x1(0) =0.750 2\5
p1(0)/w = 0.433
x2(0) =0.433
p2(0)/w = -0.250 g 3
=0.7500 | pl 15
=02165 \
C=-0.3750 i
D20 TT ' : C
2 (Rotate ; Stokes Vector ABC
0.5
2 \.us\ -1 4 0.5 1 2 ><
A B
0 -0.5
1 = &
2
2.5
3 .3 Hi frequency mode
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AMOP 1.29.18 class 5.0: Symmetry Principles for
reference links — 4 dyanced Atomic-Molecular-Optical-Physics

on f oll OWIRE page William G. Harter - University of Arkansas

Symmetry group & representations=>4yvop Hamiltonian H gor K) matrices, 1rreps o

=>4mopP wave functions ¥'”, eigensolutions
&= U(2) spin-¥ irreps: Euler R(afy) vs Darboux R[¢90] rotations and applications

Relating Euler and Darboux angles to U(2) phasor coordinates x;+ip; and x>+ip: .

Derivation of Euler-to-Darboux and Darboux-to-Euler conversion formulae, lest of formulae.

Darboux R[@O0O] spin-'2 rotation ©=0to 47 for fixed | U] “Real-world” 47 spin-/2 behavior.

Review of U(2) dynamics: H=A407 (A-Type), H= (B-Type), H=Caoy (C-Type).

U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.

Conventional amplitude-phase-(A1,42,wt,p) labeling of optical polarization Relation to Euler angl

1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),

»F ast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit
Euler angle labeling of optical polarization C-Type (ac,pc,yc) vs A-Type (a4,p4,74),



H cigenstates have their S-vector along (or opposite) to -vector. This derives their Euler angles:

( )
[ cos B \ 3 ...beat frequency Q :
. _ — 2 2
S=| sinf,cosar, |=| 4 |, SeS=L+"+(2) =t+i+2=1=0Q°
sin 3, sin« 5
\ /D)A A / \ 4 / N
and Euler angles: 8, =19, =cos™' 1 =60° and: o, =@, =tan™ % = tan™' -v/3 =-60°
4
spin-Y2 up U(2) A-basis fast eigenstate 1S:
(
i /3 p p
1) xMiip e ? cos—= COSTACOSTA“S”lTCOS?A Fast-mode eigenfrequency:
Ta)= = = W, = W, +3=2242 =14+7=1
X L% . =Wy Ty =y Ty T
+ip, e 2 sint4 /J)A cos 24 sin b +zs1n—s1n& T
\ \ 2 2 2 2
_[ c0830°cos30°+isin30°cos30° | _ LL it _ L4t 0.75+i0.433 | _ X"+ ip,
c0s-30°sin 30° +isin-30°sin 30° WIgjsll @ il 0.433-10.25 (TA)+ ip,
spin-Y2 down U(2) A-basis slow eigenstate is: (very Slow)
[ : . g,
) e ?sin— cos 24 gin 24 4 jsin ~£4 gjn L4
X, +1p, 2 2 2 2 :
1) = X = . = . P N 5 Slow-mode eigenfrequency:
+ip, _e 2 cos& -COSTACOS—A —1 sm?‘cos?/‘ ) W, = W)-5=3>3 =3-3=0
2 )\
GetJ’downJ’Spin: replace p4 by pa-180° G .,
_( c0s30°sin30°+isin30°sin30° | _| FT2tizy || Wty |_[ 0433+i0.25
-c08-30°cos30° —isin-30°cos 30° —@@—i%g —3 4] @ -0.75+10.433

\ 4
To make slow-mode move replace (A,D)=(3,7) by (A,D)=(1,3) so w,=4L=2 60¢=A;—3= 3-1= %




Example of Low frequency mode
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2(0)/w =0.433 pl i ] 2
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C 3750 : 0
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1'511 -l Sll 115
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w2=12 !
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s
¥,

)

Vi

Low frequency mode

y-
=
-3
-

-3.5 time = 27.840

E =0.125

(1.5 \/

[-0.5
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E;sk.llo....1.5....210/“’.5..'..319...3.5...610

Stokes Vector ABC

..215....310....315....4'10,

Hi frequency mode



https://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=0.75&BU2=0.2165&CU2=-0.375&DU2=0.25&xInitial=0.75&pxInitial=0.433&yInitial=0.433&pyInitial=-0.25&wantBoxLines=1
https://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=1.0&BU2=0.2165&CU2=-0.375&DU2=0.5&xInitial=0.433&pxInitial=0.250&yInitial=-0.75&pyInitial=0.433&wantBoxLines=1
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The A-view in {x1,x2}-basis S icsl2 o B o +ip
4 2 —i 1P
Angles o=p=p2=2p1, Ba=2tan'A:/41, y4=2w-t =A P e o .
define ellipses with intensity /=A42=A4,>+A42°. ) e 7 siny” Xp +1P3
Azimuth
angle
A 20=0L,=60°

A or Z-axis Euler angles

20 = 0=04=p-p2=2p;=60°

2v=B=Ps=2tan"'4:/4,=60°

Ya=20t

phase lag
20=0.,=6
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U(2) dynamics of mixed-Types: H=Aocz+ (AB-Type), Avoided crossing around Dirac-point.
H=Aoc;+Bo+Coy (ABC-Type), Invariant Tori in (x1,p1,x2,p2)-space.
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1o find U(2) eigenstates: Match H axis-angles [p,9.,0] to S Euler angles (a,B,7)  A-Type (a4,p4,74),

Fast mode of elliptic polarization vs Slow mode (or no-mode) of orthogonal elliptic orbit

»Euler angle labeling of optical polarizatior»C-Yj/pe (ac,fc,yc) vs A-Type (a4,L4,74),



The A-view in {x1,x2}-basis . S icsl2 o B 4 +ip
1 2 —i 1 1
Angles o=p=p2=2p1, Ba=2tan'A:/41, y4=2w-t =A a2 . B e o .
define ellipses with intensity /=A42=A4,>+A42°. ) e 7 sing” Xp +1P3
Azimuth
angle
YA 20=01,~60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=PB.=2tan"'A:/4:1=60°

Ya=20t

phase lag
20=0.,=6
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: ,/ a/
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| ~ — . l‘h =A ' e ? = .
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

\ elevation
Al \|I< 2y=

// a
- C-axis
NS /’

C-axis

: — polar
angle
‘ Bo=41.4°




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

Angles (0.c, Bc): C-axial polar angle B¢ from above.

sinc 4 sin 34 = cos B or: [, = cos_l(sinocA sinff,) = cos_l(g-g) =414°
(a) (x},Xp) Space |2 Coavis () (AB,C)Space (e
polar i C— polar
A; \\lf ele;\‘;ZO” >< aiagle O
| L \< /i B.=41.4

// a
- C-axis
NS /’




Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of 4, B, and C polar formulas

I I . : I .
Asymmetry S, = Ecosfa’A = EsmaB sinffp = Ecosac sin -

I , 1 I . :
Balance  Sp =§cosaAsm[3A =ECOS[3)B =§smac sin 3~

1 1 1
Chirality Sy =—=sina,sInf3, = —Ccostpsinff, = —cos 3
C=5 A AT5 B B=5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

V3 V3

sinc 4 sin 34 = cos B or: [, = cos_l(sinocA sinff,) = cos_l(T-T) =414°
C-axis azimuth angle o relates to A-axis angles o4 and B4 . See oic =2¢ below.

) 1 « 1
cosa, sinfi =tanca, or: o, =ATN2(coso,sinf3, /cosf3,)=ATN2(— '—3 /—)=409°
c c ASINP 4 A
cos 34 2 2 2

(a) (x{,X,) Space | *2

Caxis  (b) (A,B,C) Space (s
polar

: — polar
A AN elevation angle
' 1 \If< 2y= ‘ B=41.4°
m/2—.=48.6° “
Azé//g § E N (
| x,

// a
- C-axis
NS /’

SR/ —
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A Xy
Y \ |
VoA :
\ /: X1 P2 \
| // |
| |
| I A N N r—————-
| |
| |
| —r ~ | —r
phase lag phase lag | phase lag
29=0,,=60)° 20=0,=60° i 20=0,=6)°
|
|

| P1

—

=

| P1

| D1

A

phase lag
20=0,=60°




N\
oy /

phase lag

T

~

:(XA
=

' phase lag




The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xr,xz}-bases using angles (o.c, Bc, Yc).
[ iacrz . Be )
[ ag ) ¢ ¢

€ COSQ J _%’C { XR+ipR \
e —

Lo )7
aL e+lOCC/2 Singc

Xp+Ipp
X
(a) (x1,X,) Space 2 C-axis — (b) (A,B,C) Space ;s
polar B C— polar
A AN elevation angle
1 L W\< 2y= B=41.4°
| /2B ~48.6° “\'
A b A R N
x | / (pﬁ ,/ Q‘ —xl
4 a/77
| A
| ' |
AN C-axis |\
| — ] azimuth
| angle l‘
[ 2(p: |
I
|
| J1 0,-=40.9° \/I/

90° 5 —rotation R(7 / 4)‘ $1> — ‘ ZUR> of axis 4 into C gets (oic, Be, Vo) from (0w, B4, 74) all at once.

. i [ -iacr \
( cosg ising \/ X +ip ) N \/ Ae laA/zCOS/ESA \ i Ae™te cosgc —iC [ xg+ipg )
= _ e = e =
: : 2 | : , :
L isiny cosy JL X + 1Py L i1 J Ae”O‘A/zsingA J Ae”ac/zsingc Xp +ipp




Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Iy>[

S(0

-A

< H crank-Q vector

¢

for negativeﬁy2

-B

)

IR)

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

|X(15°))

X(30°))

e

7

Ix<45°>>=|{+)>

|X(60°))

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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U(2) World : Complex 2D Spinors
2-State ket |V)=
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