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on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[O]R[®']=R[®""] algebra (It’s all done with o, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically

Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]
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Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

) Rotation and half integral spin states (Alt scan)
ll) Optical polarization (Alt scan)

l Double group theory on the half-shell and the two level system -Harter-Santos-1978-AJP.

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
Il) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez
Molecular Eigensolution Symmetry Analysis and Fine Structure - IJMS-harter-mitchell-2013

Rotation—vibration spectra of icosahedral molecules.

l) Icosahedral symmetry analysis and fine structure - harter-weeks-ijcp-1989
ll) lcosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989
[1) Half-integral angular momentum - harter-reimer-jcp-1991

QTCA Unit 10 Ch 30 - 2013

AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019

BESONANCE AND REVIVALS
) QUAN M BOTOR AND INFIN -W\ DYNAM - ISMSLi20 lalk) https://Kb.osu.edu/aspace/nandlie/18 4

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Gas Phase Level Structure of C60 Buckyball and Derivatives Exhibiting Broken Icosahedral Symmetry - reimer-diss-1996
Resonance and Revivals in Quantum Rotors - Comparing Half-integer Spin and Integer Spin - Alva-ISMS-0Ohio2013-R777 (Talk)
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-cpl-2013



https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Doublegroup%20theory%20on%20the%20halfshell%20and%20the%20twolevel%20system.%20I.%20Rotation%20and%20half%20integral%20spin%20states%20-%20Santos%20-%20AJP%20-%20harter1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/AJP%20DoubleGrpTh%20I%201978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Doublegroup%20theory%20on%20the%20halfshell%20and%20the%20twolevel%20system.%20II.%20Optical%20polarization%20-%20Santos%20-%20AJP%20-%20harter1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/AJP%20DoubleGrpTh%20II%201978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf

Axis-Angle Dial

©

(Angle of Crank Rotation)
Review of Class-5 showing that

dynamics of i0W/ot =H¥ may be
reduced to mechanics: Axis-Angle Scale
Crank ® = Qr of Hamiltonian H v

(—Axis Polar Angle)
rotates

Spin vector S=/26 of state ‘P.

Darboux [¢,0,0] crank-axis angles

Polar coordinates
for unit axis vector®

= cos( sind

Axis-Angle Scale

)

@ = sin@ sind E— b (P

O,= cos E T
(m—-Axis Azimuth)




Here spin-rotor S-polar . , Axis-Angle Dial
Jinates S = cos sinf3 @
coon Sy =sino sinf3

are Euler (a,p,y) angles § _ cosP (Angle of Crank Rotation)

BOD frame view LAB frame view
ZI-B Polar angles of Bz Polar angles of
IZ LAB zenith z=x3 are 7 BOD zenith z=x3 are
— I — . _ - 2750
¥ | Y| (azimuth angle=—y, | (azimuth angle=0, 3
ST s angle—p ) A e ) Axis-Angle Scale

(0,

(w—Axis Polar Angle)

, :
X' ,=-X,SIn oc+x2cos o

Versus

Darboux [@,0,0] crank-axis angles

Polar coordinates
for unit axis vector®

0. = cos® sint
@ = sin@ sind
Q,= cosd




AMOP 1.31.18 class 6.0: Symmetry Principles for
reference links — A dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[O]R[®']=R[®""] algebra (It’s all done with o, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically

Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]



Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "ou-quaternions” and Hamilton's qu = -iGy.

1 qy g9y 4q e |1 o, O,
1 1 q, 49y q, 1 1 Oy o,
dy |4y -1 4q, -qy ], 1 io, -ioy
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TClass 4 p. 28 link


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28

Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "ou-quaternions” and Hamilton's qu = -iGy.
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TClass 4 p. 28 link


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28

Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "ou-quaternions” and Hamilton's qu = -iGy.
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9y | 9y -9z -1 aqy Oy | Oy =—ioyg 1 i OuOv - OvOu = [GW GV] =97 Euv OA
q, | 4; 9y -qy -1 o,|o0, o, ~-i 1

TClass 4 p. 28 link


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28

Operator-on-Operator transformations
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9y | 9y -9z -1 aqy Oy | Oy =—ioyg 1 i OuOv - OvOu = [GW GV] =27 Euv O
q, | 4; 9y -qy -1 o,|o0, o, ~-i 1

Jordan's spin-ops: Ju = Sy = op2.
SuSv - SvSu = [Su, Sv] =1 EUVA S

TClass 4 p. 28 link


https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28
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Operator-on-Operator transformations
Product algebra Multiplication rulest for Pauli's "Gyu-quaternions" and Hamilton's qu = -ioy.
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https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28
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Group products: R, ((:)ab) = Ra((:)a)'Rb((:)b) _ e—i(é'@a)/ze—i(a-@)b)/z This NOT just it pib = pi(ath) |



Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.
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TClass 4 p. 52 link
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g J



https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=52

Operator-on-Operator transformations
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https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=28
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-4-1.24.18.pdf#page=45
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L4 a4 di o 9 quqv = -Ouv 1+ €uva qa
1|1 q, q, q 1|1 o, O, Ou Ov = 8“ 1+1 Euva OA
G|y -1 4z ar ] Y92 9 Commutation rules for Pauli ops: oy
v [9y -4z -1 4qy Oy | Oy =ioy 1 i OuOyv - OvOu = [(5“, ov|=2i Euv O\
(a9, 49, -q, -1 o,|0, ioy, -i 1

Group products: R, ((:)ab) = Ra((:)a)'Rb((:)b) _ e—i(é'@a)/ze—i(a-@)b)/z This NOT just it pib = pi(ath) |

Ra(@a)-Rb((:)b)=(lcos%—i(é'@a)sin%) (lcos@)zb z(c°@)b)sm®2b) R,(©,,)

=cos%cos®bl—z @ sm®—cos®b +(:)bcos%sin®b
2 2 2 2

]°G—sm®7sin b (o"@ )(O“@b)

TClass 4 p. 45 link .
Jordan-Pauli' identity (G*a)(G*b)=(asb)l+i(axb)*G reduces (0°@ )(G°@b)to ( .@b)1+(@ xO, ).5
(COS(—)—COS% — sin % < sin L. (@a-G)b )) 1
2 2 2 2

1O s1n®—cos®b+®bcos®—sin%—sin@)—sin%(@ax(:)b) °c
2 2 2 2 2 2

o | . e, ) ; . :
=( z )1_1{ 1 5in 2 }-o=Rab<@ab>=Ra<@a>-Rb<@b>

Match with “Crazy-Thing” form of product R O ab) +Class 4 p. 52 link
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

L4 a4 di o 9 quqv = -Ouv 1+ €uva qa
1|1 q, q, q 1|1 o, O, Ou Ov = 8“ 1+1 Euva OA
G|y -1 4z ar ] Y92 9 Commutation rules for Pauli ops: oy
v [9y -4z -1 4qy Oy | Oy =ioy 1 i OuOyv - OvOu = [(5“, ov|=2i Euv O\
(a9, 49, -q, -1 o,|0, ioy, -i 1

Group products: R, ((:)ab) = Ra((:)a)'Rb((:)b) _ e—i(é'@a)/ze—i(a-@)b)/z This NOT just it pib = pi(ath) |

Ra(@a)-Rb((:)b)=(lcos%—i(é'@a)sin%) (lcos@)zb z(c°@)b)sm®2b) R,(©,,)

=cos%cos®bl—z @ sm®—cos®b +(:)bcos%sin®b
2 2 2 2

]‘G—sm%sin b(cr'@ )(O“@b)
TClass 4 p. 45 link .
Jordan-Pauli' identity (G*a)(G*b)=(asb)l+i(axb)*G reduces (0°@ )(c°@)b) to: ( .@b)1+(@ xO, ).5

(COS(—)—COS% — sin % < sin L. (@a-G)b )) 1
1 2 2 .

2 2

1O s1n®—cos®b+®bcos®—sin%—sin@)—sin%(@ax(:)b) °c
2 2 2 2 2 2

: ® L . 0O B} . . ~
=( z )1_1{ 5 }-o=Rab<@ab>=Ra<@a>-Rb<@b>

Matchiwith “Crazy—Thmg” form of product R, (@ b) +Class 4 p. 52 link

- -
-
-
-
-
_____
-
-
-
- -
-

derives angle of rotation:@©
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

1 q, 49, 4, . 1 oy o, qu qv = -Suv 1+ . Euva qA
1|1 q, q, q 1|1 o, O, Ou Ov = Su 1+1 Euva OA
Uoldx -1 9z dy Y92 9 Commutation rules for Pauli ops: oy
qY qY _qZ -1 qX GY GY _ZGZ 1 ! GHGV Gvﬁu [GH’ Gv] 2l 8“\/}\‘ G}\«
q, | 4; 9y -qy -1 o,|o0, o, ~-i 1

Group products: R, ((:)ab) = Ra((:)a)'Rb((:)b) _ e—i(é'@a)/ze—i(a-@)b)/z This NOT just it pib = pi(ath) |

Ra(@a)-Rb((:)b)=(lcos%—i(é'@a)sin%) (lcos@zb z(c°@)b)sm®2b) R,(©,,)

©® ®b1—z[ ®, ©

=C0S—+COS ©® ,sin—*cos b+(:)bcos%sin®b %
2 2 2 2

* & ~sin—%sin— b(&oéa)(éoé)b)
TClass 4 p. 45 link .
Jordan-Pauli' identity (G*a)(G*b)=(asb)l+i(axb)*G reduces (0°@ )(G°@b)to ( .@b)1+(@ xO, ).5

(COS(—)—COS% — sin % < sin L. (@a-G)b )) 1
1 2 2 .

2 2

G) sm®—cos®b +®bcos®—sin%—sin®—sin%(@ x@b) °c
2 2 2 2 2 2

=( ®2“b )l—i{ O , si ®2“b }'6'=Rab(@ab)=Ra(éa)°Rb(éb)
Me-t-t.(.:-ﬁ_w_l_t_h_‘_‘Crazy Thlng”"f-c-)-r-ﬁlﬂof pro&ﬁéf R, (@ b) +Class 4 p. 52 link
15t Step: Coefﬁméﬁf'( ) ‘of unit 1 2d Step: C-(;-e;.f.ﬁé-l-éﬁ't"{ } of -i*q

derives angle of rotation: © , derives unit-vector ® ,, of rotation:
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

1 q, 49, 4, . 1 oy o, qu qv = -Suv 1+ . Euva qA
1|1 q, q, q 1|1 o, O, Ou Ov = Su 1+1 Euva OA
Uoldx -1 9z dy Y92 9 Commutation rules for Pauli ops: oy
qY qY _qZ -1 qX GY GY _ZGZ 1 ! GHGV Gvﬁu [GH’ Gv] 2l 8“\/}\‘ G}\«
q, | 4; 9y -qy -1 o,|o0, o, ~-i 1

Group products: R, ((:)ab) = Ra((:)a)'Rb((:)b) _ e—i(é'@a)/ze—i(a-@)b)/z This NOT just it pib = pi(ath) |

Ra(@a)-Rb((:)b)=(lcos%—i(é'@a)sin%) (lcos@zb z(c°@)b)sm®2b) R,(©,,)

©® ®b1—z[ ®, ©

=C0S—+COS ©® ,sin—*cos b+(:)bcos%sin®b %
2 2 2 2

* & ~sin—%sin— b(&oéa)(éoé)b)
TClass 4 p. 45 link .
Jordan-Pauli’ identity (G*a)(G*b)=(asb)l+i(axb)*G reduces (0°@ )(G°@b)to ( .@b)1+(@ xO, ).5

(COS(—)—COS% — sin % < sin L. (@a-G)b )) 1
1 2 2 .

2 2

G) sm®—cos®b +®bcos®—sin%—sin®—sin%(@ x@b) °c
2 2 2 2 2 2

=( ®2“b )l—i{ O , si ®2“b }'6'=Rab(@ab)=Ra(éa)°Rb(éb)
Me-t-t.(.:-ﬁ_w_l_t_h_‘_‘Crazy Thlng”"f-c-)-r-ﬁlﬂof pro&ﬁéf R, (@ b) +Class 4 p. 52 link
15t Step: Coefﬁméﬁf'( ) ‘of unit 1 2d Step: C-(;-e;.f.ﬁé-l-éﬁ't"{ } of -i*q

derives angle of rotation: © , derives unit-vector ® ,, of rotation:
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Operator-on- Opemtor transformations
Product algebra R,,(©,)=R,(© )R, (©,)=¢"7"0)> o602 This NOT just e“e=¢@) |

A A

(...except when O

I
®

S

N

( e, ©6, .06,. @b(
cos—+cos—= —sin—4sin—=
2 2 2 2

6 -é)b))l

"—z © s1n®—cos®b+(:)bcos “sin®b—sin®“ sin ((:) x(:)b) °G
2 2 2 2

=( ®2“b )l—i{ O , si ®2"b }'6'=Rab(@ab)=Ra(éa)'Rb(@b)

.-_
-
-~
-
-~
L. ---..---
-~ - -
- -
-~ - -
- -
-~ -

[t Step: Coefficient ( ) of unit 1 2md Step: Coefficient { } of -i*G
derives angle of rotation: © , derives unit-vector © of rotation:

Now easy to find the product angle © _,, and crank unit vector © ab

(" )

®2ab _ cos”! (cos%cos% _in2a 0, sin%(:)a'(:)b) U(2) and R(3) Group Product Formulae

. ®ab

®,, = s1n®—cos% (:) +cosgsm9 @b +sin93in®(3) x@)b
2 2 2 2 22

\_ _J
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4MopP wave functions ¥ O‘), eigensolutions

&'=U(2) product R[®O]R[®']=R[®""] algebra (It’s all done with 6, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically

&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)

» Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically
Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]



Geometry of U(2) transformations. It’s all done with mirrors!
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Geometry of U(2) transformations. It’s all done with mirrors!

I O 0 1
o = , Op=

ly)

+04 15 an
x-plane
mirror

Note that -6 4 is a y-plane mirror

-1 0
-0 , =
4 ( 0 +1 )



Geometry of U(2) transformations. It’s all done with mirrors!

I O 0 1
o = , Op=

ly)

+04 1S an

x-plane

mirror
Y O R R
Lo

Note that -6 4 is a y-plane mirror

-1 0
-0 , =
4 ( 0 +1 )



Geometry of U(2) transformations. It’s all done with mirrors!

GF((I) _Ol) UB=(? (1)) +op 1S an
45 O-p[ane
ly) e 75"pll
+04 1S an %Zél >
x-plane R
mirror G AlX)=(x) o
e _GB=( —01 _01 ) =7 —4:50_19161716
Mirror

o



Geometry of U(2) transformations. It’s all done with mirrors!
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0 -1 1 0

]—O’A CosSP+ 0, sing
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5ol singl)-cosoly)



Geometry of U(2) transformations. It’s all done with mirrors!

s a) )

cCos¢ sing

]—O’A COS@+ O, sing

sin¢y —cos¢

ly)

G , ""6;";7/’4
A 07 '%,;,;,7/,‘
5%,
,,'y//‘
?ﬁ>
TEEET | oa=k
I
S Alxd=— 7 :
Al =—y) G¢|y>251n(1)lx>—cos(bly>




Geometry of U(2) transformations. It’s all done with mirrors!

cCos¢ sing

. ]—O’ACOS¢+ sin ¢
sin¢g —Ccos¢

ly) . ¢
. ",,'4527/,‘
,,'y//‘

+|X>

FETIT | oa=l

I

= — _/ . . . .
SA)=-ly) G¢|y>:smq)|x>—cos¢|y> zmplzes:<x‘(7¢| y> = sin¢

and:<y‘(7¢|y> = —COS(



Geometry of U(2) transformations. It’s all done with mirrors!

cCos¢ sing

]—O’A CosSP+ 0, sing
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first on ket

A Cos¢ sing (1 ())
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goes 2nd
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Geometry of U(2) transformations. It’s all done with mirrors!

cCos¢ sing

]—O’A CosSP+ 0, sing

sin¢y —cos¢

MIrror 04 ‘ S AlX)=—1Iy)
first on ket

Oly)=sind|x)—cosoly)

O¢UA=( Cf)qu sin ¢ J 1 0 )

mirror o sing  —cos¢p \ 0 -1

goes 2nd _[ c?s¢ —sin¢ _R[4] .
sing  cos¢




Geometry of U(2) transformations. It’s all done with mirrors!

_/ cos¢  sing \

sing —cos¢

0

0
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-----
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singg  cos@

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o



Geometry of U(2) transformations. It’s all done with mirrors!

0

GA=((1) _1) , OB=((1) ) , Oy= . =0 ,COS¢+ O, sing

ly)

Ly Rk
TYYYE | cal=Iv mirror 6 acts
I first on kets
mirror o4 qcts G A[X)=—]y) .
AlX)==1y S
first on ket oly)=sind[xh—cosoly)
0,3 = Cf)S¢ sin ¢ 1 0 OAg(p (10 c?sgb sin ¢
: singg —cos¢ 0 -1 0 -1 singg —cos¢
mirror o

cos¢ sing

goes 2nd _[ cos¢ —sing R[]

singg  cos¢@

=R[¢] , —[

MIrror o4
goes 2nd

—sing cos¢

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o



Geometry of U(2) transformations. It’s all done with mirrors!

( ing )
GA=( Lo , GB=( oo , Oy= C(.)qu sing =0 ,COS¢+ O, sing
L 0 -1 ) L 1 0 ) siIng —cos¢g
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goes 2nd

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o
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Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]
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Hamilton-turns do U(2) products R|®]|R[O']=R[O""]| geometrically

- A
Rotation vector @ O Important point about Turn arcs.
Rotation angle =0 -~ 77~ You may slide them anywhere on

/;’ their gi?eat-circle df‘c:;.
v T -~ NI~ Hamilton Turn
plane —>> N 1—)N p)
2nd Mirror |2 = (®/2 Arc)
plane—)/

Fig. 10.4.7 Mirror reflection planes, normals, and Hamilton-turn arc vector.



Hamilton-turns do U(2) products R|@|R|®']=R|O®"'] geometrically

@ @"

OTforCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"]=R[O']R[O].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].



Hamilton-turns do U(2) products R|@|R|®']=R|O®"'] geometrically

@ @"

OTforCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"]=R[O']R[O].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].

represent the same classical rotation by ©.




Hamilton-turns do U(2) products R|@|R|®']=R|O®"'] geometrically

O

OTforCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"]=R[O']R[O].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].
Arc ©/2 between N1 and N2 and its supplement (Ox27)/2=0/2+r between N1 and -N2
represent the same classical rotation by ©.

For quantum spin-1/2 object, the arc pointing from N1 to the antipodal normal -N2
represents a ©-rotation with an extra n-phase factor ei7 = -/, that is, -R[©] .
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AMOP 1.31.18 class 6.0: Symmetry Principles for
reference links — A dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[®O]R[®']=R[®""] algebra (It’s all done with 6, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically
Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions

» Finite group products by turns or by group link diagrams D3 example. Oy example
&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]



D3 products by U(2) Hamilton-turns

P3

¥ 60° arc for 120°
rotation
N\ ! 3
Gy 90" arc for 180
| “*\ rotation
| 7/
£\
5 \
X
GThLect. 15 p30

4

Figure 3.1.7 Geometrical definition of symmetry group D;. (a) Hamilton arc vectors
are drawn for rotations r, i,, and i;. (b) Group nomogram is obtained by projecting
(a) onto the xy plane.
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Ds products by U(2) Hamilton-turns /O’ e
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U(2) result:
Figure 3.1.7 Geometrical definition of symmetry group D;. (a) Hamilton arc vectors -p 11.1 = po
are drawn for rotations r, i,, and i;. (b) Group nomogram is obtained by projecting

(a) onto the xy plane.
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Ds products by link diagram o, )
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The symmetry group of Sulfur Hexafluoride SFs

Octahedral O and spin-OCU(2) rotation nomogram from Fig. 4.1.3-4 PruciesorSummers, Donanics ani Spectoscops
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The symmetry group of “Buckyball” Cégo
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Fig. 10. Icosahedral vector addition nomogram.
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Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[®O]R[®']=R[®""] algebra (It’s all done with 6, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically

Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry

» Group equivalence classes

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t



Deriving D3 ~ C3y equivalence transformations and classes GrpThLect 15 p.36

o

D3 Transforming D3 operators using D3 operators
axfis

roop P, P axis axis
oA R
1L p P
p, 1 r'r’
0 r’ 1 r
0, r'or’ 1
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Deriving D3 ~ Cs, equivalence transformations and classes

D3 Transforming D3 operators using D3 operators
s Example 1: Rotating (3 axis crank using r! puts it down onto 1
Seems to imply: rlpg(rl)‘l =r1p3r2= P1
Ps3
2_(1.1)-1 s
r
P
2 1 pl 2
1 1 r r oL P P axis axis
1 1 2
r r 1 rr p p P
2 2 1
r rrr 1 p p; MO




Deriving D3 ~ Cs, equivalence transformations and classes

P3
axjis

o

Transforming D3 operators using D3 operators

Example 1: Rotating (3 axis crank using r puts it down onto 1

Seems to imply: rlpg(rl)'l =r1p3r2= P1

Ps3
axlis
r
3
P1 2

p3 axis axis
P Need to check that with table:
Py I‘lpgi_l_‘_?_f P2 I’
1'2
rl




Deriving D3 ~ Cs, equivalence transformations and classes

f

Transforming D3 operators using D3 operators

Example 1: Rotating (3 axis crank using r puts it down onto 1

Seems to imply: rlpg(rl)'l =r1p3r2= P1

Ps3
axlis
r
P
pl 2

p3 axis axis
b, Need to check that with table:
P r1p3r2: pz:l‘2 — p1 Checks out!
r’ :
rl




Deriving D3 ~ Cs, equivalence transformations and classes

D3 Transforming D3 operators using D3 operators
s Example 2: Rotating (3 axis crank using 01 puts it down onto Iz
Seems to imply: 1 p3(p1) — P1P3 Pr — P2
Ps3
axlis
P
P ’
1 1 r° r oL P P axis axis
1 1 2
r r 1 r p p P Need to check that with table:
r2 r2 rl 1 D, P P p1 p3 p1 — 1‘2 p1 pz Checks out!
1 2
By b Py P 1 rr AlSO'
2 1
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1 2
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Equivalence transformations and equivalence classes

(Fig. 3.2.1 PSDS)

(From GThLect.15 p.36-41)

(Fig. 10.A.9 QTCA)

Figure 3.2.1 Showing class equivalence using
Hamilton’s vectors. Operation R is equivalent

to R = TRT .. "
Product R[@"] ) Product

RT-1+T-1= R[O']R[O] RIO'T'R" 1]
Product R[O®""] Product

T1*RT' = R[O]R[O']

N T*RT'=R-[@]-R[O']
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https://www.uark.edu/ua/modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_15_3.09.17.pdf#page=14

Geometry of transformation of rotational R[®]-operators
@ " G)

Producf:t R[O"]
= R[@']OR[@} ............... .

Product R[@®""]
R[@]°R[@'] N

QTforCA
Fig. 10.4.9 Hamilton- nb?h'éz%'e’;b'air’ézl’l’e’l’o’g’%&h&'v’v’z’zh' '1'1'['@""]"1'1'['@']11[@] and R[O'""]=R[O]R[O"]




Geometry of transformation of rotational R[®]-operators

Producf:t R[O"]

' Product
— R[@ ]OR[@)} ............... R[(")']'R_l[@]
Product R[@®'""] ” ”I;;oduct

= R[O]*R[O]

QTforCA
Fig. 10.A.9 Hamilton-turn arc parallelogram with R[O"]=R[O'|R[O] and R[O"'|=R[O]R[O']



Geometry of transformation of rotational R[®]-operators

@"\\ @

Product R[®"]

.S ReTRO] T | RO 0]
“. Product R[@""] '
. R[@]-R[@'] N Product

OTfrCA  “eeewwes 2 S RI[OR[©']
Fig. 10.A.9 Hamilton-turn arc parallelogram wzth R[O"]=R[O']R[O] and R[O'""]|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].



Geometry of transformation of rotational R[®]-operators

Sy

Product R[©"] ) Product
= R[O']°R[O] R[O']*R-1[O]
Product R[®'"] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.A.9 Hamilton-turn arc parallelogram with R[O"]=R[O'|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].
A similarity transformation of rotation R[®"] by rotation R[] gives rotation R[O"'"]
R[O]R[O"] R[-0] =R[O™]
R[O']



Geometry of transformation of rotational R[®]-operators

Sy

Product R[©"] ) Product
= R[O']°R[O] R[O']*R-1[O]
Product R[®'"] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.A.9 Hamilton-turn arc parallelogram with R[O"]=R[O'|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].

A similarity transformation of rotation R[®'"'] by rotation R[] gives rotation R[®""'] and vice-versa:
R[O]R[O"] R[-0] =R[O™] R[-O] R[O"] R[O] =R[O"]
N~ N
R[O'] R[O']



Geometry of transformation of rotational R[®]-operators

Sy

Product R[®"]

' Product
= R[O']*R[O] R[O']*R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"']=R[O]R[O']

Vectors added in the reverse order give R[O'""'][=R[©]R[©O'] instead of R[O" ]=R[O']R[].

A similarity transformation of rotation R[®'"'] by rotation R[] gives rotation R[®""'] and vice-versa:

R[O] R[OT] R[-O] = R[O™] R[-O] R[O™] R[O] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis



Geometry of transformation of rotational R[®]-operators

Ny

Product R[®"]

' Product
= R[O']*R[O] R[O']°R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"']=R[O]R[O']

Vectors added in the reverse order give R[O'""'][=R[©]R[©O'] instead of R[O" ]=R[O']R[].

A similarity transformation of rotation R[®'"'] by rotation R[] gives rotation R[®""'] and vice-versa:

R[O] R[OT] R[-O] = R[O™] R[-O] R[O™] R[O] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.



Geometry of transformation of rotational R[®]-operators

Sy

Product R[®"]

' Product
= R[O']*R[O] R[O']°R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"']=R[O]R[O']

Vectors added in the reverse order give R[O'""'][=R[©]R[©O'] instead of R[O" ]=R[O']R[].

A similarity transformation of rotation R[®'"'] by rotation R[] gives rotation R[®""'] and vice-versa:

R[O] R[OT] R[-O] = R[O™] R[-O] R[O™] R[O] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.

Another similarity transformation of rotation R[®'"'] by rotation R[©®'] to R[®"]
RLO'] RO"] RE-O)= R[O"]
R[®]



Geometry of transformation of rotational R[O]- opemtars

@"\\

Many (o) rotations transform R[©®''] into R[O®'""] .
Of these, there 1s one with the least angle

Product R[®"]

= R[OT-R[O] RTORIlO)
Product R[®"'"]
= R[OTR[O"] I« Product

OT/orCA R-1[@]°R[O']
Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"']=R[O]R[O']

Vectors added in the reverse order give R[O'""'][=R[©]R[©O'] instead of R[O" ]=R[O']R[].

A similarity transformation of rotation R[®'"'] by rotation R[] gives rotation R[®""'] and vice-versa:

R[O] R[OT] R[-O] = R[O™] R[-O] R[O™] R[O] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.

Another similarity transformation of rotation R[©'""] by rotation R[O'] to R[O"']
R[O'TR[O"'] R[-O'] = R[O"] R[-O'] R[O"] R[O'] =R[O""]
R[©] R[©]



AMOP 1.31.18 class 6.0: Symmetry Principles for
reference links — A dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[®O]R[®']=R[®""] algebra (It’s all done with 6, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically

Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&’'=U(2) class equivalence transformation R[@]R[®'|R[O]''=R[®""] geometry

Group equivalence classes

’U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t
Bloch equation ihip = [H,p]



U(2) density operator approach to symmetry dynamics x=cosicroy2jcospr2
Euler phase-angle coordinates (o, 3,7) (w \ — x+ip, V — 200580 ) p,=-sin[(y+0)/2]cos/2

_ Loy _ —iv/2
|1P>_L P J \/ﬁt J WL eia/zsin/i’/2 Je x,=cos[(y—a)/2]sin3/2

and norm N of quantum state |V
fq ‘ > 2 po=-sin|(y—0)/2]sin[3/2

X2+lp2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. .\ \/ v o) scaled 1 N
e A S I iy 1 L o) -
2 Dorm=1
IR T 2 42 nozm 2\ Scaled 1w 12 2\ N( 2B 2By N
<‘I’|CZ|1P>=2SA=( v, )L 0 -1 JL w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=E\‘IIJI‘ —|1112| }=7kcos 5—5111 5J=7COS/3



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2

Euler phase-angle coordinates (0,B,7) . { w, V' — x+ip, \ [ @ 2c0spn \ _. 1 pi=-sin|(yror)/2]cosp2
LY JN J=\/ﬁ o e’

o2 B2 x,=cos[(y—a)/2]sin3/2

0N I B
and norm N of quantum state |V) L v, J X, +ip, po=-sin[(y=0)/2]sinf3/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components.

. .\ 4 scaled 1
0 1 v, J by 5: 2
( \/ v AD%norm=1 scaled 1 N{( g\ N
1 0 2 2 .
<lp|°z|lp> 25, =( v, v, )k 0 -1 )L III; J =N(P12 +x12‘P22‘x22) by %: Sz=5, =§(|‘Pl| _|‘P2| ) 5 kcos _‘szz) =ECOSI3
<1P| |‘I’> =25 =( vw, )L J L ‘P; = 2N(x1x2 +p1p2) S;;Z%e S, =5,=Re¥ ¥, = Ncosa cosgsmg = Ecosa sin [3



U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (o, 3,7) |1p>=[ v ]= \/ﬁ[ X +ip;
W, Xy +ip,

Spin S-vector components:

and norm N of quantum state |V)

1/2 times o-operator expectation values (\V|o,|V)  gives:

[ w ) led

<1P|1\1P>= N =( v )( ; (i)t 11;1 ) =N p12+x12+p22+)@ Szaf.

2 V-

/ \( _ 4DYnorm=1 od

. scale

<W|OZ|W>=2SA=( v, ¥, )k (1) _01 ) q,l J =N(p12+x12‘1722‘x22) by L.

2 2

Y Vo) led

(o, |w)=25 =( NON 8 )L | lpl = 2N(xpx, + pp, ) SZ:;
2

[ 0 _\( ) scaled

<\p|oy|lp>=2sc=( O O )k | ol} W;J =2N(x1p2—x21?1) py 1.

e~ i2 oo P2 1 _in
. e .
A2 o B2 J x,=cos[(y—a)/2]sin3/2

1
5(“Pl|z +|‘P2|2) =
1

S, =5, = 5(|\p

S, =S,=ReWW,

ImW,W,

x;=cos[(y+a)/2]cos[3/2
\ p;=-sin[(+0)/2]cosP/2

po=-sin|(y—0)/2]sin[3/2

N
2

2\ N[ 2P 2 B

| = cos” ——sin —\=
27217 2

B. B

= N coso cos—sin— =ﬁcosa sin
2 2 2

= Nsinxcos—sin— =-—sina sinf
2 2 2



U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-§l /2 2
Euler phase-angle coordinates (Q., 3,7) (w ) \/ﬁ/ xrip, ) \/ﬁ[ il o) p=-sin[(y+01)/2]cos3/

and norm N of quantum state |V | L W J ' J o2 J x,=cos[(y—0t)/2]sinf3/2
f q ‘ > 2 ¥t iPy e 7sin f3/2 22— 51n[(¥—oc)/2]sm%/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

Y \/ v ) scaled 1 N
(w1jw)= N =( VORI O )k ; (UL q;; ) =N p12+x12+p22+)@ 1. E(‘lp1|2+|lp2|z)=?
/ \( w ) 4DYnorm=1 od | N B\ N
_ _ 0w 1 0 1y 2, 2 2 2| Scae _o _ 1 s 12 P_2P) _ NV
<1P|OZ|‘P>—2SA—( ¥vow, )k 0 _1) w, J —N(p1 +x," - p, x2) by%: S,=8, 2\|‘I’| |‘P2|} 2kcos sin 2) 2cos[5
( )
<‘I‘| |‘I’>=2S =( vw, )( ) ::1 =2N(x1x2+p1p2) s;alfd S, =S =Re‘I’>1k‘I’2 =Ncosacos§sin§ %cosasmﬁ
2 V2
(o _\[ w ) led . . N .
<‘P|0Y|‘P>= SC=( vow, )k (1 Ol J lpl =2N(x1p2—x2p1) ng; =Im‘I”II —Nsmacosgsmg =?s1na sin 3

_/

[ g o)
The density operator p = |¥XW|= [, \®( v g )= W WY p” plz _| B R
L * J b L WY WL J P21 P2 L vy gy J



U(2) density operator approach to symmetry dynamics

x;=cos[(y+a)/2]cos[3/2

i _ p;=-sin[(y+o)/2]cos[3/2
Euler phase-angle coordinates (0., [3,7) [ w, ) [ x+ip, ) [ emi@2005p ) _ ! ! P
|1p>= 1 =\/ﬁ 17 =\/ﬁ | o /2 .
and norm N of quantum state |V) v, X, +ip, ¢i%/2 sin /2 x,=cos[(y-01)/2]sinf/2
po=-sin|(y—0)/2]sin[3/2
1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:
AT & scaled L1y 12 2\ N
U )k o e | et el ) w2
/ \( v ) 4DYnorm=1 od / ; 8
* * 1 0 1 2 2 2 p| Scaie 1 2 2\ N ) .9 N
<1P|OZ|‘P>=2SA=( ¥vow, )k 0 _i ) w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=5(“P1| —|‘P2| )=?kcos 5—s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( vw, )L J ‘P2J =2N(x1x2+p1p2) by%: §,=8,=ReW W, =Ncosacoszsm5 =?cosasm/3
* * ( 0 - \( III1 \ scaled * . . /5 N . .
<‘P|0Y|‘P>=2SC=( v v, )L l OZJ w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1nas1n/3
. . o w ) [ ww wo') (o o\ [ wwe wy )
The density operator p = |¥YXW|= ! ®( v )= e P et R Ot e B
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, |
I | ~N+S, S.-iS,
=oN+S,| =S -isy, || 2
* " , 1
Py =Wy [Py =¥, Sy +idy EN_SZ
1
=S S =—N-5
+iSy, 5 p T

Norm: N =¥Y1*¥1 + WY2*¥?

(_...2—by-2 density operator p



U(2) density operator approach to symmetry dynamics  x—cosioay2leosp

=-S1 /2 2
Euler phase-angle coordinates (Q., 3,7) (w ) \/ﬁ/ xrip, ) \/ﬁ[ il o) p=-sin[(y+01)/2]cos3/

q,>= _ _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0)/2]sinf/2
f q ¥) 2 2P e " sinf5/2 ij—sin[(X(—oc)Q]sin%/Z

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. .\ \/ p scaled 1 N
<IP|1‘IP>= N =( v, )k 3 (i)L q,l ) =N p12+x12+1’22+@ by L 5(“P1‘2+|1P2|2)=3
5 ;
/ W ow ) 4DYnorm=1 od | N/ N
. \ scale 2 2 :
<1P|OZ|‘P>=2SA=( ¥vow, )L (1) _01 ) lpl J =N(p12+x12—p22—x22) by%' SZ=SA=E(“P1| —|‘P2| )=?kcos2§—sm2§J=Ecos/B
5 :
( )
<‘P| |‘I’>=2S =( Lp’l" q;; )( ) ;1:1 =2N(x1x2+p1p2) Szjlf S =8 =Re‘I’>1k‘I’2 =Ncosacos§sin§ =%cosasin/3
5 ;
N w )
<‘P|0Y|‘P>=ZSC=( IIIT IP; )( (1 _()l ) $1 =2N(x1p2_x2p1) SZjl?’ SY=SC=Im‘IJ>1k‘P2 =Nsinacos§sin§ =%sina sin [3
5 ;

(W ) (W' ww ROU RN 041 8

. Vo )
The density operator p = Y )XW|= ! ®( Wy )= : G B :
¥, NUR R O O Pa1 P v, W,
o =% o =Y, [ 1
—N+S, S,-iS
“Ines,| =5 sy, oz Pyl oo, Voolo =iy, (1 0)
2 z Y = = =N +S +8y +5,
* ; 1 2o 1) A Lo -1 )
Py =Wy [Py =¥, Sy 15y EN -3y
| 1
=S +iSy|  =oN-S, 4 P

e . :
Norm: N =¥1*¥1 +¥2*¥2  ...so state density operator p has o-expansion



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ W ) \/ﬁ/ x+ip, ) \/ﬁ[ 2 oi ) p=-sin[(+0)/2]cosp/2

q,>= 1o _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0t)/2]sinf3/2
f q ¥) 2 2P e " sinf5/2 ij—sin[(X(—oc)Q]sin%/Z

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. .\ \/ 4 scaled 1 2 2\ N
<IP|1‘IP>= N =( v, ) Lo Ll =N p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od / \
. s 1 0 1 2. .2 2 _ 2\ Scale 1 2 2\ N( 2 .20} N
<1P|OZ|‘P>=2SA=( ¥vow, )L 0 _i ) w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=E(“P1| —|‘P2| )=?kcos 5—s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( v, )L J w, =2N(x1x2+p1p2) 5 % §,=8,=ReW W, =Ncosacoszsm5 =?cosasm/3
. L\ 0 - \( v, ) scaled . . B . B N . _
<‘P|0Y|‘P>=2SC=( v v, )L l 01 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?sma sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+§5, S, -iS
Ayes, | —s.-is, 2 2 S S O T I Voo lo =iV, (1 0)
il Ml EACEV A R S T
NN IR\ S.+iS, LN-5 2 A0 ! 0 -l
Py =¥ 1%y [P =%%; Py z —— ——
. 1 1 1 .
=S, +iSy =§N‘Sz T p = EN 1 + S o + Sy o, +§, 0, = ENHS.O

e . :
Norm: N =¥1*¥1 +¥2*¥2  ...so state density operator p has o-expansion



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ w ) \ (i osp ) pr=-sin[(y+0)/2]cos[3/2

/ X, +1
] 1P ] € —iv/2
Y= =N =\ N ) €

and norm N of quantum state |V) pz__sm[(y_a)/z smB/z

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. Y \/ v o) scaled 1 2 2
<IP|1‘IP>= N =( v, v, ) Lo L= p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od \
. 1 0 1 2\ sScale 1 2 2B\ N
<1P|OZ|‘P>=2SA=( vow, )k 0 _i ) w, J =N(p12 +x12—p22—x2 ) by%: SZ=SA=5(“P1| —|‘P2| )= kcos ——s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( vw, )L J w, =2N(x1x2+p1p2) by%: §,=8,=ReW W, =Ncosacoszsm5 =Ecosa sin [3
. L\ o0 - \( v, ) scaled . . B . B N . _
<‘P|0Y|‘P>= SC=( v v, )L l 01 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1na sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+S, S, -iS
Ayes, | —s.-is, 2 2 S S O T I Voo lo =iy o1 0)
il Ml EACEV A R S T
N NV S.+iS, LN-5 2 A0 ! 0 -l
Py =¥ 1%y [P =%%; Py z —— ——
1 1 _
=S, +iSy =%N_SZ T P = EN 1 + S o + 8y o, t5, o, = ENHS.O

Norm: N =W1*¥1 +¥2*¥2  ...s0 state density operator p has o-expansion like Hamiltonian operator H

(4  B-iC ) A+D( 1 0\ 4-D( 1 o)\ (o 1) o0 =i)

| B+ic D)=H=2(01)+2ko-1)+8k10)+cki0)
H= o, o, + TA o4 +TB Op +7C O =a)000+5°0



U(2) density operator approach to symmetry dynamics x=cosicpay2icoss2
Euler phase-angle coordinates (o, 3,7) [ W ) \/ﬁ/ x+ip, ) \/ﬁ[ 2 oi ) p=-sin[(+0)/2]cosp/2

q,>= 1o _ i /2 |
and norm N of quantum state |V | L p J ' J io/2 J x,=cos[(y—0t)/2]sinf3/2
f q ¥) 2 2P e " sinf5/2 ij—sin[(\\((—oc)Q]sin%Q

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. Y \/ L4 scaled 1 2 N N
<IP|1‘IP>= N =( v, ) LY Ll =N p12+x12+1’22+@ 1. _(‘lpl‘ +|1P2| )=~
Lo 1) w, by 3 2\ )2
/ \( v ) 4DYnorm=1 od / \
. s 1 0 1 2. .2 2 _ 2\ Scale 1 2 2\ N( 2 .20} N
<1P|OZ|‘P>=2SA=( ¥vow, )k 0 _i ) w, J =N(p1 +x"-p," - x, ) by%: SZ=SA=5\“P1| —|‘P2| )=?kcos 5—s1n 5J=?COS[5
* * ( \( lpl \ scaled * ﬁ . ﬁ N .
<‘P| |‘I’>=2S =( vw, )L J w, =2N(x1x2+p1p2) 5 % §,=8,=ReW W, =Ncosacoszsm5 =?cosasm/3
. «\ 0o - \( v, ) scaled . . B . P N . _
<‘P|0Y|‘P>=2SC=( v v, )L i 0 J w, =2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =Nsmacoszsm5 =?s1na sin 3
. _ _ [ w ) (ww wwl ) (p p. ) [ we wy
The density operator p = |¥YXW|= ®( v )= _ _
- - L ¥ J W, WY, L Par P J v, WY,
P =Y, (o=, [ 1
—N+S, S,-iS
yes, | o-s.—is, 2 Z S I B A T R Voo lo =iV, (1 0)
e 0 oSl e T )
P =W, |0y =WV, Sx +idy %N_SZ i 0 \l OJ \O _1J
- ! v 1 45 +8 +5 Lvi+ s
=S, +iSy =5N—SZ - T p =5 o v o ;, 0, = > ¥
Norm: N =Y1*¥1+W¥2*¥2  ...so state density operator p has a-expansion like Hamiltonian operator H

(4 B-ic\_y_A+D( 1 0\ A4-D( 1 o\ o0 1) [0 —i)

H + + B +C
| s+ic D ) 2 lo1)7 2 Lo =)7L o)7 i 0
b= N1+ S 2y ! $2p Qo Q
Q ~




AMOP 1.31.18 class 6.0: Symmetry Principles for
reference links — A dyanced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group & representations=>4mop Hamiltonian H gor K) matrices, 1rreps A
=>4pm0P wave functions ¥'V, eigensolutions

&'=U(2) product R[®O]R[®']=R[®""] algebra (It’s all done with 6, spinors)
Jordan-Pauli identity: U(2) product algebra of spinor o ,-operators
U(2) “Crazy-Thing” forms do products R|@]R[®']=R[O"] algebraically
&= U(2) product R[®IR[®']=R[©""] by geometry (It’s all done with 6, mirrors)
Mirror reflections by o,-operators make rotations The famous Clothing Store Mirror

Hamilton-turns do products RI|O]R[®']=R[O""'] geometrically

Hamilton-turn slide rule and sundial U(2) products and (o,B,y)-[@,$,0] conversions
Finite group products by turns or by group link diagrams D3 example. Oy example

&'=U(2) class transformation R[®]R[®'|R[B]'=R[O""'] geometry
Group classes and subgroup cosets

U(2) density operator p and [p,H] mechanics

Density mechanics compared to spin vector S rotated by crank vector @ =t

Bloch equation ihp = [H,p]



U(2) density operator approach to symmetry dynamics (

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed). \.

iH[ ) = H|w),

= Dagga/r = - zh<111‘ = <‘P|H

] ~
p= §N1+ Seo

2

J

Note: H" = H.



U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh|‘l’> = H|‘P>, = DaggarT = - zh<\I" = <‘P|H
Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H




U(2) density operator approach to symmetry dynamics( p- 1yi+s-o

Bloch equation for density operator 1.2
. . . . = Q1+
Ket equation (time forward) and "daggered" bra-equation (time reversed). \o O 2

lh|‘l’> = H|‘P>, = DaggarT = - zh<\I" = <‘P|H
Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H
N

The result 1s called Bloch equation.

. 0 oy
zhEp =ihp=Hp-pH= [H,p]

J




U(2) density operator approach to symmetry dynamics( p- 1yi+s-o
Bloch equation for density operator ) Q

Ket equation (time forward) and "daggered" bra-equation (time reversed). \o

lh|‘l’> = H|‘P>, = DaggarT = - zh<11" = <‘P|H
Combining these gives a time derivative of the density operator p = [PV p'=p |

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H

The result is called &*  Bloch equation. A

. 0 oy
zhEp =ihp=Hp-pH= [H,p]

J
Given p and H in terms spin S-vector and crank 2-vector:

Hp = | hQ 1+ [Seo)(N115eo - 1Q, NN igeorno s-o+h(§2-o)(
2 Y2 057" 2

N

.0)
— pH= %1+§°0)(h£2 gs} = hQ %1+%h9 O+ hQ S°0+2(S°0)(§2°0)




U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh|‘l’> = H|‘P>, = DaggarT = - zh<11" = <‘P|H

Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H

The result is called &*  Bloch equation. A

. 0 oy
zhEp =ihp=Hp-pH= [H,p]

J
Given p and H in terms spin S-vector and crank 2-vector:

Hp = h901+§§°0)(%1+§°0 h%+ﬁ%kﬁ§°\o+h/§29§°/o+g(fl'o)(§°o)
hQON1+%-\o+@;-/o+§(§-o)(§2-o)

Last terms don't cancel if the spin S and crank €2 point in different directions.

—pH = El+§°o\/h901+ﬁﬁ°o
2 " 2




U(2) density operator approach to symmetry dynamics( o= Iyi+§.6
Bloch equation for density operator H é . Q
=Q1+—°*C
Ket equation (time forward) and "daggered" bra-equation (time reversed). \o O 2 J
i\ ¥ e
zh|‘l’> = H|‘P>, < Daggar' = - zh<lP‘ = <‘P|H Note: H = H.
Combining these gives a time derivative of the density operator p = [PV p'=p

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H

The result is called &*  Bloch equation. A
A°c|)(B°o)=4,B,0,0;=A4,B;\0,5 +i€,5 0
ihip=ihp=Hp—pH=[H,p] (A*c)(B*0) B . B /3( B Capy Y)
Jt y =4, B, +i€,5,4,B50,
Given p and H in terms spin S-vector and crank €2-vector: ~“A*B+i(AxB)-o

Hp = h901+ﬁfz°0\/ﬁl+§°o
2 Y2

) ) I Thi Thi
h%%“m-\mh/%s/mg(g-o)(s- o) cuncels  remains
hQON1+%°\G+@9§/G+§(§°O)(Q°G)

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp-pH= g(ﬁ'o)(é'o)—§(§°o)(§°o)

—pH= El+§°c\/h901+ﬁﬁ°o
2 " 2




U(2) density operator approach to symmetry dynamics( o= Iyi+§.6
Bloch equation for density operator H é . Q
= + — [ ] G
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 J

lh‘ll’> = H“P>, = Daggaz/r = -ih<‘I“ = <‘I"H
Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
1h5p=lhp=lh“I’><‘I"+zh“P><‘P‘=H‘\P><‘P|—|‘P><‘P|H

The result is called &*  Bloch equation. A
A*c|\B*o)=4 B,0,0,=A4 B0 ,+iE , O
lhip=lhp=Hp—pH=[H,p] ( )( ) a” B .Of 5 a /3( aff apy "y
dt y =4, B, +it,5 A,B40,
Given p and H in terms spin S-vector and crank (2-vector: “A*B+i(AxB)-o

h- (N, - N N - . hi= . This " This
Hp - | 12,1420 || S1+5%0 =h9071+ZhQ°0+hQOS°0+E(Q'0)(S°0) cancels s vemains

N, - h N, N - N PR
pH = 31+S°0)(h£201+5900 =h9031+1h9°0+hQOS°0+§(S°0)(Q°0)

Last terms don't cancel if the spin S and crank €2 point in different directions.




U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
lh‘ll’> = H“P>, = Daggaz/r = -ih<‘I“ = <‘I"H
Combining these gives a time derivative of the density operator p = [\ )V

L0 . -
1h5p=lhp=lh“I’><‘I"+zh“P><‘P‘=H‘\P><‘P|—|‘P><‘P|H

e T - N
= §N1+ S0
H—QOI+9'G
\_ 2 Y,
Note: H' = H.
P =P

The result is called &~ Bloch equation. A (ava)(Beo) (
J . A*0o|)(B*o)=4,B;,0,0,=A4,B5\0,5+i€,5, 0
ih—p=ihp=Hp—pH=[H,p] ) p . p p\~ap Py
dt y =4, B, +it,5 A,B40,
Given p and H in terms spin S-vector and crank €2-vector: “AB+ i(f‘XB)"’
h- (N, - N N - . b= . This " This
Hp - | 12,1420 || S1+5%0 =h9071+ZhQ°0+hQOS°0+E(Q'0)(S°0) comeels  romains

N, - h N, N - N PR
pH = 31+S°0)(h£201+5900 =h9031+1h9°0+hQOS°0+§(S°0)(Q°0)

Last terms don't cancel if the spin S and crank €2 point in different directions.

ih%(%l+§°o) —ihSeo = ih(éxs)-o




U(2) density operator approach to symmetry dynamics( o= Iyi+§.6
Bloch equation for density operator H é . Q
= + — [ ] G
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 J
i\ ¥ = iyl
lh‘W>—H“P>, < Daggar' = -zh<‘P‘—<‘P‘H Note: H = H.
Combining these gives a time derivative of the density operator p = [PV p'=p

L0 . -
zh5p=lhp=zh|‘P><‘P‘+zh“P><‘P‘=H“P><‘P|—|‘P><‘P|H
N

The result 1s called Bloch equation.
(A*o)(Beo)=4,B,0,0,= AaBﬁ(cS o +i8aﬁyay)

. 0 s
lhgp = ihp = Hp - pH B [H’p]) =A4,B,, + zeaﬁyAaBﬁay
Given p and H in terms spin S-vector and crank €2-vector: =A*B+i(AxB)-o

N, N - L \(a
Hp = | 7Q 1+2Q-o)(71+s-a —h9071+?h9'0+hQOS'0+§(Q°G)(S°0)

N - 7o N N, - N TR
pH = E1+s-c)(7fzg201+59-c =h90?1+1h9°0+hQOS°0+§(S°G)(Q°0)

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp-pH= —(Q:_o_ _(_S_' o)—g(g' 0)((2:_0 o

2 pinp-2(@x5)r0-2(3x@)ro
Jd (N, = —

Zhat(EHS'O)_ZhS.O_ zh(@ S)'O

Factoring out *G gives a classical/quantum|gyro-precession equation.
-




