AMOP 2.05.18 class 7.0: Symmetry Principles for
reference links — A dyagnced Atomic-Molecular-Optical-Physics

on f ollowi ng page William G. Harter - University of Arkansas

Symmetry group &' =U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent ci-states

*actoring ID-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operatorss

Eigenstate creationism (and destructionism)

Vacuum state |0>, It excited state |1>, |2>,

Normal ordering for matrix calculation (creation aton left, destruction @aon right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



AMORP r ef erence links (Updated list given on 2nd page of each class presentation)

2014 AMOP
Web Resources - front page

2017 Group Theory for QM
UAF Physics UTube channel

2018 AMOP

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978 (Alt Scanned version)

Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter

Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-JMP-1979

Nuclear spin weights and gas phase spectral structure of 12C60 and 13C60 buckminsterfullerene -Harter-Reimer-Cpl-1992 - (Alt1, Alt2 Erratum)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.

l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
Il) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration scalar coupling zeta coefficients and spectroscopic band shapes of buckminsterfullerene - Weeks-Harter-CPL-1991 (Alt scan

Fullerene symmetry reduction and rotational level fine structure/ the Buckyball isotopomer 12C 13C59 - jcp-Reimer-Harter-1997 (HiRez)
Molecular Eigensolution Symmetry Analysis and Fine Structure - IUMS-harter-mitchell-2013

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989

[1) Half-integral angular momentum - harter-reimer-jcp-1991
QTCA Unit 10 Ch 30 - 2013
AMOP Ch 32 Molecular Symmetry and Dynamics - 2019

AMOP Ch 0 Space-Time Symmetry - 2019
RESONANCE AND REVIVALS

) QUANTUM ROTOR AND INFINITE-W DYNAM - ISMSLi20 alk) https://kb.osu.edu/dspace/handle/18 /

Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)
Gas Phase Level Structure of C60 Buckyball and Derlvatlves Exhlbltlng Broken Icosahedral Symmetry - relmer—dlss 1996



https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Frame%20transformation%20relations%20and%20multipole%20transitions%20in%20symmetric%20polyatomic%20molecules%20-%20Scan%20-%20Frame_Transform_Relat._RMP1978.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotational%20energy%20surfaces%20and%20high-%20J%20eigenvalue%20structure%20of%20polyatomic%20molecules%20-%20Harter%20-%20Patterson%20-%201984.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Galloping%20waves%20and%20their%20relativistic%20properties%20-%20ajp-1985-harter.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Asymptotic%20eigensolutions%20of%20fourth%20and%20sixth%20rank%20octahedral%20tensor%20operators%20-Harter-Patterson-jmp-1979.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLC60SpinWts%20HiRes%2bErrata.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Reimer%20-%20harter1992.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Nuclear%20spin%20weights%20and%20gas%20phase%20spectral%20structure%20of%2012C6oand%2013C60%20buckminsterfullerene%20-%20Erratum%20-%201-s2.0-000926149285077N-main.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20Trigonal%20and%20tetrahedral%20molecules%3a%20Elementary%20spin-1%3a2%20cases%20in%20vibronic%20ground%20states%20-%20pra%20-1979-Harter-Patterson.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.I%20CF4.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Theory%20of%20hyperfine%20and%20superfine%20levels%20in%20symmetric%20polyatomic%20molecules.%20II.%20Elementary%20cases%20in%20octahedral%20hexafluoride%20molecules%20-%20Harter-PRA-1981.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/PRA%20Superhyp.II%20SF6.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation-vibration%20scalar%20coupling%20zeta%20coefficients%20and%20spectroscopic%20band%20shapes%20of%20buckminsterfullerene%20-%20weeks-harter-cpl-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/CPLBzetaCoeff%20C60.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Fullerene%20symmetry%20reduction%20and%20rotational%20level%20fine%20structure%3a%20the%20Buckyball%20isotopomer%2012C%2013C59%20-%20jcp%20-%20reimer%20-%20harter%20-%201997.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/C60symmReduct%26fine%20structure12C13C59%20ReimerHarter1997hiRes.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20I.%20Icosahedral%20symmetry%20analysis%20and%20fine%20structure%20-%20harter-weeks-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20II.%20Icosahedral%20symmetry%2c%20vibrational%20eigenfrequencies%2c%20and%20normal%20modes%20of%20buckminsterfullerene%20-%20weeks-harter-jcp-1989.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rotation%e2%80%93vibration%20spectra%20of%20icosahedral%20molecules.%20III%20-%20Half-integral%20angular%20momentum%20-%20harter-reimer-jcp-1991.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/QTCA_Unit_10_Ch.30_2013.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%2032%20MolSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP%20Ch%200%20SpaceTimeSymm.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20And%20Revivals%20%20I.%20Quantum%20Rotor%20And%20Infinite-Well%20Dynamics%20-%20Harter-Li-ISMS-Columbus-2012.pdf
https://kb.osu.edu/dspace/handle/1811/52324
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Resonant%20Beats%20and%20Revivals%20in%20the%20Morse%20Oscillators%20and%20Rotors%20-%202013-Li-Diss.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20harter%20-%20weeks%20-%20cpl%20-%201986.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Rovibrational%20Spectral%20Fine%20Structure%20Of%20Icosaiiedral%20Molecules%20-%20scan%20-%20RovibeIcosCPL132p387-392%281986%29.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Gas%20Phase%20Level%20Structure%20of%20C60%20Buckyball%20and%20Derivatives%20Exhibiting%20Broken%20Icosahedral%20Symmetry%20-%20reimer-diss-1996.pdf
https://www.uark.edu/ua/modphys/pdfs/Talk_Pdfs/Resonance%20and%20Revivals%20in%20Quantum%20Rotors%20-%20Comparing%20Half-integer%20Spin%20and%20Integer%20Spin%20-%20Alva-ISMS-Ohio2013-R777.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Quantum%20Revivals%20of%20Morse%20Oscillators%20and%20Farey-Ford%20Geometry%20-%20Li-Harter-cpl-2013.pdf
https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Wave%20Node%20Dynamics%20and%20Revival%20Symmetry%20in%20Quantum%20Rotors%20-%20harter%20-%20jms%20-%202001.pdf
https://www.uark.edu/ua/modphys/markup/Harter-SoftWebApps.html
https://www.uark.edu/ua/modphys/markup/QTCA_Info_2014.html
https://www.uark.edu/ua/modphys/markup/AMOP_Info_2018.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://www.uark.edu/ua/modphys/markup/GTQM_Info_2017.html
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Q: How to solve a quantum HO Hamiltonian H(X,p)?
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Q: OK! nanar But, really how do you solve a quantum HO Hamiltonian H(Xx,p)?

A:Factor P’+X? | But, recall that X and P don’twi.commute...  (Use X=p symmetry)

Hx,p) = P?+X°= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2 ...s0 make symmetric factors.

Recall commutator [X , p] relation: [X.p]=Xp-px=hi1



1-D oscillator ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E=H(x,p)=ﬁp2+5Mw2x2

A:Rewrite classical H(x,p) with a thick pen!

. h o
Hx,p) = p>2M +V(X) = p>/2M +Moy’X%/2 with: p = hk=—,a—
10X

Relawavity eq(57) p.63
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Proof:


http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/SRQM_Relawavity_by_RNC_via_TeX.pdf
http://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/SRQM_Relawavity_by_RNC_via_TeX.pdf#page=63
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Q: How to solve a quantum HO Hamiltonian H(X,p)?
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1 1
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A:Rewrite classical H(x,p) with a thick pen!

h 0
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Q: How to solve a quantum HO Hamiltonian H(X,p)?

A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)
H = P2+ X2 where: X = \Mwx/N2 and P = pA(2M)

Q: OK! nanar But, really how do you solve a quantum HO Hamiltonian H(Xx,p)?

A:Factor P’+X? | But, recall that X and P don’twi.commute...  (Use X=p symmetry)

Hx,p) = P?+X?= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , P] relation: [X, p] = Xp-pXx=#ii1 (They only miss commuting by 0.00000000000.. )
Proof: QED:

()= )=o) o) =)= 5l ] () =)= e
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\ .
(X+,-p) (\/Ma) x+ip/\/Ma)) ; (X—iP) (\/Mw X—lp/\/Ma))
a = = a == =
Vo V2h Vi V2h
Define Destruction operator y and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMwxA2 and P=pA2M
'a,aT] - aaT-aTa=$(\/Mw X +ip/N Mo )(\/Ma) X—ip/N Mo )—%(\/Ma) X—ip/N Mo )(\/Ma) X + ip/\/Ma))

'a,-J]:%(px-xp)= %[x,p] -1 Ga,a*] =3 or (aa@aTa +1 )

1D-HO Hamiltonian in terms of a'a operator
Recall:  H(x,p)=hw (a'a + aa’)/2

Recall commutator [X , p] relation: [X.p]=Xp-px=hi1



Creation-Destruction ata algebra

4 D
\ .
(X+,-p) (\/Ma) x+ip/\/Ma)) ; (X—iP) (\/Mw X—lp/\/Ma))
a = = a == =
Vo V2h Vi V2h
Define Destruction operator y and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMwxA2 and P=pA2M
'a,aT] - aaT-aTa=$(\/Mw X +ip/N Mo )(\/Ma) X—ip/N Mo )—%(\/Ma) X—ip/N Mo )(\/Ma) X + ip/\/Ma))

-a,ang(px—xp)=%[x,p]=1 Ga,a*]=3 or (aa*=aia+1)

1D-HO Hamiltonian in terms of a'a operator
Hx,p)= 7w (a’a + aa’)2 =hw (a'a+a'a+ 1)/2

Recall commutator [X , p] relation: [X.p]=Xp-px=hi1



Creation-Destruction ata algebra

4 D
\ .
(X+,-p) (\/Ma) x+ip/\/Ma)) ; (X—iP) (\/Mw X—lp/\/Ma))
a = = a == =
Vo V2h Vi V2h
Define Destruction operator y and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMwxA2 and P=pA2M
'a,aT] - aaT-aTa=$(\/Mw X +ip/N Mo )(\/Ma) X—ip/N Mo )—%(\/Ma) X—ip/N Mo )(\/Ma) X + ip/\/Ma))

-a,ang(px—xp)=%[x,p]=1 Ga,a*]=3 or (aa*=aia+1)

1D-HO Hamiltonian in terms of a'a operator
(Hx,p)=ho (a'a+aa’)2 =ho (afa+afat1)2 =hoa’a+1w/2)

Recall commutator [X , p] relation: [X.p]=Xp-px=hi1



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

»Factoring 1D-HO Hamiltonian H=p?+x2

Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Eigenstate creationism (and destructionism)
GivenlD-HO Hamiltonian: (H(x,p) = hiw a'a + 17200/2) and commutation: Ga, aT] =3 or ElaLaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.



Eigenstate creationism (and destructionism)
GivenlD-HO Hamiltonian: (H(x,p) = hiw a'a + 17200/2) and commutation: Ga, aT] =3 or ElauaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.

H(x,p) [0) = 100/2 |0) (0 H(x,p) = Tiw/2 (0]



Eigenstate creationism (and destructionism)
GivenlD-HO Hamiltonian: (H(x,p) = hiw a'a + 17200/2) and commutation: Ga, aT] =3 or GlaLaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|
Action by a on ground ket |0) (or @t on ground bra (0| ) gives nothing (zero vectors 0).

al0y=0 (0| a"=0



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|
. Action by @ on ground ket 0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

. al0y=0 (0| a"=0
. But, a' acts on ground ket to give 1) = a%|0) with H eigenvalue E; =ho+E,. ( |1)=a’|0), (0Oja=(1|.)

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|
. Action by @ on ground ket 0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

. al0y=0 (0| a"=0 .
. But, a' acts on ground ket to give 1) = a%|0) with H eigenvalue E; =ho+E,. ( |1)=a’|0), (Oja =<1|.)§

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|

. Action by @ on ground ket |0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

------------



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|

. Action by @ on ground ket |0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

a|0) =0 (0| a"=0

. But, a' acts on ground keét to give [1) = a'|0) with H eigenvalue E; =ho+E,. ( |1)=a'|0), (0Oja :<1|-)§

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)

------------

_________________________________________________ . QED:
Hx,p) [1) = (o +hw/2) [1)= E,; [1) where: E; =hw+E|



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|

. Action by @ on ground ket |0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

a|0) =0 (0| a"=0

. But, a' acts on ground keét to give [1) = a'|0) with H eigenvalue E; =ho+E,. ( |1)=a'|0), (0Oja :<1|-)§

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)

------------

_________________________________________________ . OED:

Hx,p) [1) = (o +hw/2) [1)= E,; [1) where: E; =hw+E|
One-quantum or Ist excited eigenket |1) = af|0)



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|

. Action by @ on ground ket |0) (or @' on ground bra (0| ) gives nothing (zero vectors 0).

a|0) =0 (0| a"=0

. But, a' acts on ground keét to give [1) = a'|0) with H eigenvalue E; =ho+E,. ( |1)=a'|0), (0Oja :<1|-)§

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)

------------

_________________________________________________ . OED:

Hx,p) [1) = (o +hw/2) [1)= E,; [1) where: E; =hw+E|
One-quantum or Ist excited eigenket |1) = af|0)

For kets, @' is creation operator while a is destruction operator.
al1) = aa'|0) = (a'a + 1)[0) = |0)



Eigenstate creationism (and destructionism)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue Ey=hw/2.
H(x,p) [0) = 7/2 |0) (0] H(x,p) = 7/2 (0|

. Action by a on ground ket |0) (or @t on ground bra (0| ) gives nothing (zero vectors 0).

a|0) =0 (0| a"=0

. But, a' acts on ground keét to give [1) = a'|0) with H eigenvalue E; =ho+E,. ( |1)=a'|0), (0Oja :<1|-)§

Proof:

Hxp a'l0) - ipalaa’o) -+ hwpall)

------------

+hib'/'z"é’f](')}'""""'"Q;})'_f""""""""'

Hx,p) [1) = (o +hw/2) [1)= E,; [1) where: E; =hw+E|
One-quantum or Ist excited eigenket |1) = af|0)

For kets, @' is creation operator while a is destruction operator.
al1) = aa'|0) = (a'a + 1)[0) = |0)

For bras, @' is destruction operator while a is creation operator.
(1]a” = (0|aa’ = (0|@'a + 1) =(0|
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Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Wavefunction creationism (Vacuum state)

. . . . . h o
Coordinate representation of the “nothing” equation (x| a|0) =0 with: p=hk=——

[ 0x
(x|al0) - ﬁ(m (xx|0) + i(x[p|0) /M

0



Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x| a|0) =0 with: p = hk :Eai
i Ox
1 .
(x|a]0) = E(Mw (xx|0) + i{x[p|0) ' Mw | = 0

it s (a)+ 22000 e

I Ox



Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x| a|0) =0 with: p = hk :Eai
i Ox
1 .
(x|a]0) = E(Mw (xx|0) + i{x[p|0) ' Mw | = 0

it s (a)+ 22000 e

[ oOx v
wb(x)=‘—wx‘/’o(x)



Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x| a|0) =0 with: p = hk =?%
(x|al0) - ﬁ(m<x‘x‘0>+i<x‘p‘0>/\/%)= 0
it s+ ) iz g
wolx)= ‘%Wo(x)
[ . = “Mo i . Iny +Inconst.= - Mo x° Y = Moo

Y h noo2 const.



Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x| al0) =0 with: p = hk —Eai
i Ox
1 .
(x|a]0) = E(Fuw (xx|0) + i{x[p|0) /M | -

wao( )+lﬁé)w0( )/\/7

l

, Maw
wO(x)=_ 7 WO(X)
2
dw Mo Mo x2 e—Ma)x /2h
[ = xdx , Iny +Inconst.= , Y=
" i h 2 const.

Zero-point

energy E

o

/2 ; 4/' X




Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x| a0) =0 with: p = hk = _h9
[ 0x
(x|a]0) = ﬁ(\ﬁm (x|x]0)+ i(x]p|0) /Mo ) _
VMo xUJo( )+l?0')w0( )/\/
: M
wo(x) = —wawo(x)
W _p MO e n oy +Inconst. = 1@ x’ _ o~ Mo”2 - o~ Mo 12
f v N h | v - 2’ = const. - (nh)m
Mw

L . . o 2
The normalization const. 1s evaluated using a standard Gaussian integral: [* dx e™** = \/;
a

~Mwx>2/2h
(Wolwo)=1=Zdx = _ |

const.> Maw

[ wh \1/4

/ const> = const. = l\—a) /l

W S

Zero-point
energy E

3.1%

o

=hw/2 ‘: j - X




Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states
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Creation-Destruction ata algebra of U(1) operators

Eigenstate creationism (and destructionism)
Vacuum state |0>, It excited state |1>,*

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Wavefunction creationism (15t Excited state)

1st excited state wavefunction P(x) = {(x |1)

(x| a'0) = (x [1) = 1)

Zero-point

energyEO |5| o
=hw/2

SiilhSONooanaE

)
T ‘L.-"




Wavefunction creationism (15t Excited state)

1st excited state wavefunction P(x) = {(x |1) 999
(x [a'0) = (x [1) = (x) — ~

Expanding the creation operator

(x1a"0) = (/M0 (xfx]0) (xlp|o} /M0 | = (<1} =y ()

Zero-point

energyEO |5| o
=hw/2

o

MlESONEEEERE
=




Wavefunction creationism (15t Excited state)

1st excited state wavefunction P(x) = {(x |1) 999
(x [a'0) = (x [1) = (x) — ~

Expanding the creation operator

(xa"[0)= {0 (x[xJo) - i{xlpl0) Vb )= (x]1) = (+

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

(1) = =\/;—h(\/z\7w£¢0( )-i"?a"’o(’“)/m)

Zero-point
energy E

o

/2 ; 4/' X




Wavefunction creationism (15t Excited state)

1st excited state wavefunction P(x) = {(x |1) 999
(x [a'0) = (x [1) = (x) — ~

Expanding the creation operator

(x1a"(0) = (/M0 (xfx]0) (xlplo} /M0 | = (<1} =y ()

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

i) 0 o) 22000 )

l

2 2
-Mwx“/2h B -Mwx“/2h

( )
IL\/MQ) xe —i— € /\/Ma)J

const. I 0x const.

Zero-point
energy Ey

o

/2 ; 4/' X




Wavefunction creationism (15t Excited state)

1st excited state wavefunction P(x) = {(x |1)

(x| a'0) = (x [1) = 1)

Expanding the creation operator

(xa"[0)= {0 (x[xJo) - i{xlpl0) Vb )= (x]1) = (+

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

J
(x]1) = =L(,/*Mw W (x)- Z-ZM/,/*MQ,)
2% I Jx
( - Mo x?/2h - Mo x*/2h )
1 e h d e
|4 _i= JM
\/E L Mo x const. l I dx  const. / a)J
—Ma)x /2h
( h Mw x \
= NM - /NM
\/ﬁ const. k Mo x+z h wJ

Zero-point
energy Ey

=hw/2




1st Transition

energy Er-Egy, | N N Jo
Expanding the creation operator =ho N e A
(0} (Ve ()= (o) ot )= (i () | otz |
V2n LT[ -[§lle 1SS SOBNE DBE

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

i =) 0 Sl 2 002

l

l[mxe_waz/zh_ih& e_wa2/2h/Mj a aT

const. I 0x const.

1 —wa2/2h(

B e ﬁMa)x | G I
_\/E — l\\/ W xX+1i " \/Ma)J !

- 2 3/4
e S (M) st
\/E const. l\ 7h J

Zero-point

energy E
=hw/2

. 3,15 1
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1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction @ on right)
Commutator derivative identities, Binomial expansion identities
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Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
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Properties of coherent states and “squeezed’ states



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|0) =[f(a), g(@"] |0) + g(a"f(a) |0)



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|0) =[f(a), g(@"] |0) + g(a"f(a) |0)
Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] ~2a' , [a,a“] = 332T, e [a,aT”] — nal"! (Power-law derivative-like relations)
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Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction @ on right)
Commutator derivative identities, ‘ Binomial expansion identities
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Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
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Properties of coherent states and “squeezed’ states



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(a”)o) =[f(a), g@")] 0) + g(@Hf(a) |0)
Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.
Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 332T, e [a,aT”] — nal"! (Power-law derivative-like relations)

Commutator derivative identities:
[A, BC]=ABC-BCA=[A, B]C + BAC - BCA [AB, C]=-[C, AB]=-[C, AIB - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 332T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:
aa’ =na’"!+af"a <




Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 382T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:
aa’ =na’"!+a'a <

aZa’” = naa™! + aa'’a
—n(n-Da""?*+na'""la + na""la+a’a’

=n(n- l)aTn_2 +2na'" a +a'"a’



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
f(a)z(@"|o) = [f(a), g(@"] |0) + g(@")f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 382T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:
aa’ =na’"!+af"a <
Tn-1

a’a'” = naa + aa'"a
—n(n-Da""?ma’1a + na""'a+al"a’
—n(n-a"? +2na™la +a"a’
a’a’” = n(n-1)aa’"? +2naa’" a +aa'"a’
= n(n-D(n-2)a"">+n(n-a""2a+2n(n-1a"" ?a+2na’ 'a’+na’" la’+a'"a’

= n(n-1)(n-2)a"3 +3n(n-a'" ?a +3na’" 1a? +a'"a’



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
f(a)z(@"|o) = [f(a), g(@"] |0) + g(@")f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 382T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]=ABC-BCA=[A, B]C + BAC - BCA [AB, C]=-[C, AB]=-[C, AIB - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]
Binomial power expansion identities: ( 0 =1
aa =na'" ! +aa < é\ W
X1/
2 tn o tnel in X o) 0
aa  =rnaa + aa a (\ \0) /3\ ‘1” ’23\ ‘\2/ /3
= I’Z(I’l — l)aTn_z‘H’laTn_la + naJm_la + aTna2 (4\ \0/ (4\ \Il /4\ (4\ \3’/ /; »
—n(n-a"? +2na™la +a"a’ \0 S/
a’a’” = n(n-1)aa’"? +2naa’" a +aa'"a’

= n(n-1)(n-2)a""+n(n-a"" 2ar2n(n-na" *a+2na'" 'a’+na’'a’+a’"a’

= n(n-1)(n-2)a"3 +3n(n-al"?a +3na’" 1a? +a'"a’
Use binomial coefficients mo_ in expansion for powgr m=..3,4..
k r J r'(m r)

3 )  nl -2, 3 gtn-1g2 +/3\ nting3

1) {n-2): L2 J(n-1) | 3 ){n-0)

N
k



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities‘

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 332T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:

o

aa'” =na™ ! +a"a <
a’a’ =n(n-1a’? +2ma’"'a +al"a’

a’a’” = n(n-1(n-2)a™> +3nn-Da""%a +3na’'a> +a'"a’

Use binomial coefﬁcients( ’:’ )U!(Zir)! in expansion for power m=..3,4..
(3) n _ (3) n! _ (3) n _
341h _ tn-3 tn-2 Th-1,2
o) ) T e®



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
fla)g(ah)|oy =[f(a), g(@a")] |0y + g(a’f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 382T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:

o

aa'” =na™ ! +a"a <
a’a’ =n(n-1a’? +2ma’"'a +al"a’
a’a’” = n(n-1(n-2)a™> +3nn-Da""%a +3na’'a> +a'"a’

. . . L. .
Use binomial coefficients L) ‘(’;”_ A in expansion for power m=..3,4..

[ 3) n! +n-3 [ 3) n! Fn-2 [ 3\ n aT7-152

ke T e I ey U ey

Normal order a™a™ to a'a® power formula

T_m/m\ n! - _m m! n! $ 71—
a"a n_rzok r )(n—m+r)!a ’ m+ra"_£o r!(m—r)!(n—m+r)!a e



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation a' to zero out on vacuum |0).
f(a)g(ah|0) = [f(a), g(@"] |0) + g@f(a) |0)

Commutator matrix (0| [f(a), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”] —2a' , [a,a“] = 382T, e [a,aT”] - pnal"! (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]= ABC - BCA = [A, BIC + BAC - BCA [AB, C] =- [C. AB] =-[C, A]B - A[C, B]
_[A. BIC + B[A, C] —[A.C]B + A[B, C]

Binomial power expansion identities:

o

aa'” =na™ ! +a"a <
a’a’ =n(n-1a’? +2ma’"'a +al"a’
a’a’” = n(n-1(n-2)a™> +3nn-Da""%a +3na’'a> +a'"a’

. . . L. .
Use binomial coefficients k ’:’ |75 ‘(’;”_ A in expansion for power m=..3,4..

[ 3) n! +n=3 [ 3\ n! Fn=2 [ 3) nl $n-1

Lo J{n-3)" e o Je® 8

Normal order a™a™ to a'a® power formula

a‘a’" =

T [ m ) n! - _m m! n! $ 71—
a"a n_rzok r )(n—m+r)!a ’ m+ra"_£o r!(m—r)!(n—m+r)!a e
a"a™ ro a'"a’ case

n(’t_'l)a“a2+ ”(”‘1)(”‘3)a73a3+m\

=n!(1+naTa+ 31-31 )



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

» (a"a™) operator calculations ‘

Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Matrix (@"a™) calculation
Derive normalization for n* state obtained by (a’)” operator:

fn Natn
|n>= 2 |0>, where: 1= <n|n>= <O|a a |20>
const. (Const.)




Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2

fn Natn
|n>= 2 |0>, where: 1= <n|n>= <O|a a |20>
const. (Const.)

)
+)




Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2

tn Natfh + :
|n>=a |O>, where: 1=<n|n>=<0|a a |20>=n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

)
+)

So: (const.)2 =n!

(const ) = \/;




Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2

tn Natfh + :
|n>=a |O>, where: 1 <n|n>= <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

)
+)

So: (const.)2 = n!

tn
a0 [
[| n> = | > Root-factorial normalizatiorJ (const.)=~/n!

Jn!




Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2

tn Natfh + :
|n>=a |O>, where: 1 <n|n>= <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

)
+}

Jn!

tn
[|n>= 9 |O> Root-factorial normalization

Apply creation a: Apply destruction a:
tn+l tn
- a" o) _aa"|0)
alln)==r ajn)=—r



Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+

fn tn F |
|n>=a |O> where: 1= (n|n)= (0|a"a |20>_n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)
aT”|O
= Root-factorial normalization
Apply creation a: Apply destruction a:
Tn+l Tn+1 tn
TNl O Ll Ly _aa"[o)
ok T ) "=

n —
——/af2a?y
212!

_‘ —



Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2 +

fn tn F |
|n>=a |O> where: 1= (n|n)= (0|]a"a |20>_n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)
tn
a'"|0) f tn-1_ ot
[ = | Root-factorial normalization Use: aa™ =na™" +a'"a
Apply creation a: Apply destruction a:
Tn+l Tn+1 tn
210 gl a0
ok T ) "=

_‘ —



Matrix (a"a™) calculation
Derive normalization for n* state obtained by (af) operator: Use: a"a™ n!k1 +na‘a+ o

|n>=a*”|0> where: 1= (nln) = <O|a aJ”1|()>_n!(0|1+naTa+..|0>= n!
const. (const .)2 (const .)2 (const .)2
aTn|0 . o Use: aal” = na™ 1 +a'"a
= Root-factorial normalization SC. =n
Apply creation a: Apply destruction a:
a*”+1|0> a*”+1 > aa'"|0) (na"""'+a'"a)|0)

a'ln)= e aln) = i T

n(n._l)a”az .

_‘ —



Matrix (@"a™) calculation (1)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+
fn tn T |
|n>=a |O> where: 1= (n|n)= <O|a a |20>_n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)

2,2

tn
a'"|0) t tn=1, o
[ = | Root-factorial normalizatiorJ Use: aa™ =na™" +a'"a

Apply creation a: Apply destruction a:
tn+l Tn+1 tn tn-1 tn tn-1
: a |0> sk 0) _aa"|o) (ma'" +a"a)0) ~a'""|0)
)= * N1 e RN o=

M)
—a'"'a +
21:21

_‘ —



Matrix (@"a™) calculation (1)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+
Tn Natn ¥ |
|n>=a |O> where: 1= (n|n)= (0O|]a"a |20>=n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)

2,2

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply creation a: Apply destruction a:
tn+l Tn+1 tn tn-1 n tn-1
: a |()> -a 0) _aa'""'|0) (ma"" +a""a)0) ~—a"|0)
a'|n) = v \/7 aln) Jn! Jn! SN ]
(aT|n>=x/7n+ n+1) aln) = n|n-1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor

M)
—a'"'a +
21:21

_‘ —



Matrix (@"a™) calculation (1)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+
Tn Natn ¥ |
|n>=a |O> where: 1= (n|n)= (0O|]a"a |20>=n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)

2,2

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply creation a: Apply destruction a:
e+l 4l aa’0)  (na’™!+aa)l0 2110
al )= 2% FZJ o) - 227100 0" 8" (_|1)>
(af|n>=JnT|n+1> aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
{i . | ! 5 \
-l G (a)- BRE

M)
—a'"'a +
21:21

_‘ —



Matrix {a"a™) calculation

. . . ( nin-1 \
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+ %ama2 +.. )
Tn nain T o
a0 .. !
) = | > where: 1= (n]n)= (0|a"a |20>=n!(0|1+na a; 0) _ n :
const. (const.) (const.) (const.)
tn
a'"|0) . . in_ atn-1_ gfng
|n = | Root-factorial normalization Use:aa'" =na'™ " +a
Apply creation a: Apply destruction a:
tn+l Tn+1 tn tn-1 tn tn-1
) = a |()> Nk > aln>=aa 0) _(ma"" +a""a)|0) -a 0)
/ Jn! Jn! (n — 1)!
(aT|n> =Jn+l1 |n+1> aln) =\/;|”—1>) Many quantum
Feynman s mnemonic rule: Larger of two quanta goes in radical factor operators® obey
[ \ 1 NfN=NNf
I ; . Here 1s a case
@)-| i (a) G where a'a
N .
Ji oo does not quite
| T
1 | equal aa
| " e > aa’-a‘a=1
2" : V3o 4
| /They differ by exactly 1!)
: 1
1 J‘ N 0 X
(@a)-| A | ‘5 i 2 4 *Known as Normal operators.
N oo




Matrix (@"a™) calculation (o)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2 +

)

Tn Natn ¥ |
|n>=a |0> Where. ~ (n|n) = (0|a"a |20>=n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)
tn
a O in_ atn-1 ging
[| n = | Root-factorial normalizatiorJ Use: aa na - +a
Apply creation a: Apply destruction a:
aT|n> a?“n+1|0> a‘(n+1 > a|n> _ aaTn|O> _ (naTn—l +a*”a)|0> _ aTn—1|O>
/ Jn! Jn! (n — 1)!
(aT|n>=x/7n+ T +1) aln) = n|n-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor .
[ \ ( \ (Here 1s a case
Lo 5 where a'a
a)-| i (a)- BRE does not quite
Ji R equalaa’)

(Welcome to wo-dimensional... quantum space!)



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

» (@"a™) operator calculations

Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Matrix (a"a™) calculation ~Number operator
Derive normalization for n* state obtained by (af) operator: Use: a"a™ n!k1 +na‘a+ BT

fn natn F |
|n>=a |O> where: 1= (n|n)= (0|a"a |20>=n!(0|1+na a;..|0>= n! :
const. (const.) (const.) (const.)
tn
a O in_ atn-1 ging
[| ny= | Root-factorial normalizatiorJ Use: aa’" =na’ " " +a
Apply creation a: Apply destruction a:
tn+l Tn+1 tn tn-1 tn tn-1
) = a |()> Nk 0) aln>=aa 0) _(ma"" +a""a)|0) -a 0)
\/7 Jn! Jn! (n — 1)!
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
/ | \ (1 \
. .
N
Ty _ . \/§
(a) N (a)- D
N

Number operator and Hamiltonian operator
Number operator N=a'a counts quanta.

”(” - 1) 242 ,

)



Matrix (@"a™) calculation ~Number operator (1)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+

tn Natfh + :
|n>=a |O>, where: — I’l| > <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

2,2

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply Creation aT Apply deStrllCtion a.
tn+l Tn+1 tn tn-1 tn tn-1
i a |0> _ @ 0) ~aa'"|0) (ma'"" +a'"a)0) ~a'""'|0)
a an)= = =\ N ——=L
)= oo =T N )
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
. ' 5
¥ V2o )
(a')= A (a)- 3 e
N oo
Number operator and Hamiltonian operator
D D TaaTn|O>

Number operator N=a'a counts quanta. a*a| ny= Il

M)
—a'"'a +
21:21

_‘ —



Matrix (@"a™) calculation ~Number operator (1)
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+

tn Natfh + :
|n>=a |O>, where: — I’l| > <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

2,2

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply Creation aT Apply deStrllCtion a.
tn+l Tn+1 tn tn-1 tn tn-1
i a |0> _ @ 0) ~aa'"|0) (ma'"" +a'"a)0) ~a'""'|0)
a an)= = =\ N ——=L
)= oo =T N )
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
. ' 5
N
i\ _ a) = . \/§
(a') 5 (a) G
Ja4 - - Use: aa’fn aTn 1 aTn
Number operator and Hamiltonian operator
D D TaaTn|O>

Number operator N=a'a counts quanta. a*a| ny= Il

M)
—a'"'a +
21:21

_‘ —



Matrix (@"a™) calculation ~Number operator (1)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2 +

tn Natfh + :
|n>=a |O>, where: — I’l| > <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply creation aT Apply destruction a.
tn+l Tn+1 tn tn-1 tn tn-1
i a |0> _ @ 0) ~aa'"|0) (ma'"" +a'"a)0) ~a'""'|0)
a ajn)= = = NN 77—
)= oo =T N )
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
-
2 -
i\ _ a) = 43
(a') 5 (a) G
Ja4 - - Use: aa’fn aTn 1 aTn

Number operator and Hamiltonian operator
i P ; a'aa’”|0) a'a"'|0)
Number operator N=a'a counts quanta. a'aln) = =n

- \/; \n!

_‘ —



Matrix (@"a™) calculation ~Number operator (1)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2 +

tn Natfh + :
|n>=a |O>, where: — I’l| > <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply creation aT Apply destruction a.
tn+l Tn+1 tn tn-1 tn tn-1
i a |0> _ @ 0) ~aa'"|0) (ma'"" +a'"a)0) ~a'""'|0)
a ajn)= = = NN 77—
)= oo =T N )
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
-
2 -
i\ _ a) = 43
(a') 5 . (a) G
4 - .
| Use:aa'” =na™!+aa

xumlljer Opemior c;lndaléamiltotnian ogzemtor aTa| , aiaq " 0) ] oftn-] 0) n - 0) "
umber operator N=a'a counts quanta. = = = =
g : V! NPT T

_‘ —



Matrix (@"a™) calculation Hamiltonian operator 1)
Derive normalization for n state obtained by (a')r operator:  Use: a"a' = n!k1 +na'a+ Wama2 +

tn Natfh + :
|n>=a |O>, where: — I’l| > <O|a a |20> =n'<0|1+na a-|2-|0>= n! :
const: (const.) (const.) (const.)

tn
a O . Tn _ atn-1 tn
[| n = | Root-factorial normalizatiorJ Useraa " =ma " "+a "a

Apply creation aT Apply destruction a.
tn+l Tn+1 tn tn-1 tn tn-1
i a |0> _ @ 0) ~aa'"|0) (ma'"" +a'"a)0) ~a'""'|0)
a ajn)= = = NN 77—
)= oo =T N )
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
-
2 -
i\ _ a) = 43
(a') 5 . (a) G
4 - .
| Use:aa'” =na™!+aa

xumlljer Opemior c;lndaléamiltotnian ogzemtor aTa| , aiaq " 0) ] oftn-] 0) n - 0) "
umber operator N=a'a counts quanta. = = = =
g : V! NPT T

Hamiltonian operator
H |n) = 7iw a'a |n) + 10/21 |n) = hw(nt1/2)|n)

_‘ —



Matrix (@"a™) calculation Hamiltonian operator / a(n-1) \
Derive normalization for n state obtained by (a')" operator: Use: a"a' = n!k1 +na'a+ Wa”az +)

Tn Natn ¥ |
) = a |O> where: 1= (n|n)= (0|a"a |20> =n!(0|1+na a;..|0> __ n! :
const. (const.) (const.) (const.)
tn
a O in_ atn-1 ging
[| ny= | Root-factorial normalizatiorJ Use: aa’" =na’ " " +a
Apply creation a: Apply destruction a:
aT|n> a?“n+1|0> a‘(n+1 > a|n> _ aaTn|O> _ (naTn—l +a*”a)|0> _ aTn—1|0>
\/7 Jn! Jn! (n — 1)!
(aT|n>=x/n_+ ) +1) aln)=nln-1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
.
N
Ty a) o . \/§
(a') 5 . (a) D
4 oo
| Use-aa"=na'"!'+a'"a

Number operator and Hamiltonian operator
v v a'aa™|0) a'a™'lo) a™|0)

Number operator N=a’a counts quanta. a'a|n) = N R n|n)
Hamiltonian operator [0 1 [ s \
H |n) = hw a'a |n) + 10/21 |n) = hao(m+1/2)[n)  H)-1o(aait)-no 2 +hoo 1/2

3 1/2

Hamiltonian operator is ho N plus zero-point energy 120/2 .



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

» (@"a™) operator calculations

Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n) ‘
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We pause for sobering considerations of the quantum world vs. the classical one.
Consider a “high”-quantum (n=20) eigenstate wavefunction:




We pause for sobering considerations of the quantum world vs. the classical one.
Consider a “high”-quantum (n=20) eigenstate wavefunction:




We pause for sobering considerations of the quantum world vs. the classical one.
Consider a “high”-quantum (n=20) eigenstate wavefunction:

Envelope magnitude
is ~ acos(x)

Y‘Wﬂ" WW“!

n=20 wave 1s still a long way from a classical energy value of / Joule.
For a I Hz oscillator, I Joule would take a quantum number of roughly

n = 100,000,000,000,000,000,000,000,000,000,000,000=10’
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Harmonic oscillator beat dynamics of mixed states
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Harmonic oscillator beat dynamics of mixed states
W) = [0X0[@) + [1)(1[&) = |0}, + [1)¥;

W) = (x}7) = (<JOXOI) + ([ IY(1B) = o) PO + vy () 01
The time dependence ¥(x,?) of the mixed wave 1s then

W(x,1) = yo(x) € Wy + 1y (x) e Wy = (3Po(x) € + 1y (x) et )N2
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(wo(x)F + %(x)z +wo(X)w1(x)(ei(wl‘w0)f N e_i(wl_wo)f .

Need some overlap
somewhere
to get some wiggle

Beat frequency is eigenfrequency difference
3 Wpeqr — Wy - Wp = W

Beat frequency w = Transition frequency w

Transition frequency 1s transition energy/h
AE = E; transition = E; - Ey = hw

w IS frequency of radiating antenna
of a transmitter or of a receiver, i.e.,

of an emitter or an absorber
(Usually of a dipole symmetry)
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Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators and generators: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)Y(x) = Y(x-a) = x[T(@)p) = (x-a )



Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators and generators: (A “shove”) Boost operators and generators: (A “kick”)

Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
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Oscillator coherent states (“Shoved™ and “kicked” states)

Translation operators and generators.: (A “shove”)
Translation operator T(a) shoves x-wavefunctions
T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions

B(b)-y(p) = y(p-b) = xBB)[y) = {p-b )



Oscillator coherent states (“Shoved™ and “kicked” states)

Translation operators and generators.: (A “shove”)
Translation operator T(a) shoves x-wavefunctions
T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions

B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®)=(p-b| ,or: BiB)lp)=|p-b)
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Oscillator coherent states (“Shoved” and
Translation operators and generators.: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)
Tiny translation a—da 1s identity 1 plus G-da
T(da) =1+ G-da where:G = or

Jda 420

1s generator of translations

“kicked” states)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions

B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®)=(p-b| ,or: BiB)lp)=|p-b)

Tiny boost b—db is 1dentity 1 plus K-db

B(db) =1+ K-db where:K = %

b=0
1S generator of boosts



Oscillator coherent states (“Shoved” and
Translation operators and generators.: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)p(x) = Y(x-a) = xT(@)hp) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)

Tiny translation a—da 1s identity 1 plus G-da

T(da) =1 + G-da where: G =2~

Jda

a=0
is generator G of translations
N N

T(a)=(T(%)) =limN%(1+%G) = ¢

“kicked” states)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions

B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®)=(p-b| ,or: Bi®)p)=|p-b)

Tiny boost b—db is 1dentity 1 plus K-db

B(db) =1+ K-db where:K = %

1S generator K of boosts
b . b
B(b)=(B(N)) =th%(1 + ﬁK) =™



Oscillator coherent states (“Shoved” and
Translation operators and generators.: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)p(x) = Y(x-a) = xT(@)hp) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)

Tiny translation a—da 1s identity 1 plus G-da

T(da) =1 + G-da where: G =2~

Jda

a=0
is generator G of translations
N N

T(a)=(T(%)) =limN%(1+%G) = ¢

0
T(a)p(x)=eCyp(x)=e %y (x)
_ p(x) a? *p(x) @ 9y (x)
“wl)—am 22 2 o3

“kicked” states)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions

B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®)=(p-b| ,or: Bi®)p)=|p-b)

Tiny boost b—db is 1dentity 1 plus K-db

B(db) =1+ K-db where:K = B

dab b0

1s generator K of boosts
N b N

B(b)=(B(%)) =1imN%(1+ﬁK) =™

0
—bh—
B(b)w(p)=e"™ y(p)=e 7P u(p)

np(p) b°Fw(p) b Py(p)
dp 20 gp% 20 5,8

=y (p)-b



Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators: (A “shove”)
Translation operator T(a) shoves x-wavefunctions
T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)
Tiny translation a—da 1s identity 1 plus G-da

T(da) =1+ G-da where:G = ZT
a

a=0
is generator G of translations
N N

T(a)=(T(%)) =limN%(1+%G) = ¢
J

—-—a—

T(a)p(x)=eCyp(x)=e %y (x)
), @ Sy @ Py

“Wx)-a Jdx 2! 952 PARNNE I
h o %
G relates to momentum p— —— = —jh—
0 I 0x ox
G———pe——
dx

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions
B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®) = (p-b| ,or: BI®)|p)=|p-b)
Tiny boost b—db 1s identity 1 plus K-db
B(db) =1+ K-db where:K = (;—B

b=0

1S generator K of boosts N

B(b)=(B(%)) =limN%(1+%K) =™

0
—bh—
B(b)w(p)=e"™ y(p)=e 7P u(p)

W) bzawp) b3aw<p>

=y (p)-

ip 2l ap? 2! 4p3
K relates to position X— hzi = zi
i Jd -1 dp  dk

=—X— —

h &p h dk




Oscillator coherent states (“Shoved™ and “kicked” states)

Translation operators and generators.: (A “shove”)
Translation operator T(a) shoves x-wavefunctions
T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)
Tiny translation a—da 1s identity 1 plus G-da

T(da) =1+ G-da where:G = Z—T
a

a=0
is generator G of translations
N N

T(a)=(T(%)) =limN%(1+%G) = ¢
J

—-—a—

T(a)p(x)=eCyp(x)=e %y (x)
() a® Py @ Py

“Wx)-a Jdx 2! 952 PARNNE I
h o . 0
G relates to momentum p— —— = —jh—
i P I 0x 0x
G=——p%——
h 0x

_ —a—P_ a(aT—a)\/Mw/Zh

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions
B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p [B®) = (p-b| ,or: BI®)|p)=|p-b)
Tiny boost b—db 1s identity 1 plus K-db
B(db) =1+ K-db where:K = (;—B

b=0

1S generator K of boosts N

B(b)=(B(%)) =limN%(1+%K) =™

0
—bh—
B(b)w(p)=e"™ y(p)=e 7P u(p)

ap(p) b Py(p) b Ppp)

=Y (p)->b PR TR R
K relates to position X— hil i 0
i g -19 Ip Jk
=—x%_ —
h dp h dk

X ib(aT+a)/\/2th
e



Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators: (A “shove”)
Translation operator T(a) shoves x-wavefunctions
T(@)yp(x) = y(x-a) = x|T(@)p) = (x-a [p)
Shoves 1 a-units to right or x-space a-units left
(x|T(a)=({x-a| or: T'(a)|x)=|x-a)
Tiny translation a—da 1s identity 1 plus G-da

T(da) =1+ G-da where:G = Z—T
a

a=0
is generator G of translations
N N

T(a)=(T(%)) =limN%(1+%G) = ¢
J

—-—a—

T(a)p(x)=eCyp(x)=e %y (x)
() a® Py @ Py

“Wx)-a Jdx 2! 952 PARNNE I
h o .
G relates to momentum p— = — = —jh—
i P I Jx 0x
G=——p%——
h 0x

-a—p T
T(a)=e ah =ea(a a)\/Ma)/Zh

Bottom Line

(Move up)

Check T(a) on plane-wave with p=hk

T(a)e ¥ = ¢ 1aP/hgikx _ j-iak ikx i k(x=a)

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions
B(b)-y(p) = y(p-b) = (x|B®)[Y) = (p-b [W)
Increases momentum of ket-state by 5 units

(p[B®) = (p-b| ,or: BiD)lp)=|p-b)
Tiny boost b—db 1s identity 1 plus K-db
B(db) =1+ K-db where:K = (;—B

b=0

1S generator K of boosts N

B(b)=(B(%)) =1imN%(1+%K) =™

0
—bh—
B(b)w(p)=e"™ y(p)=e 7P u(p)

np(p) b°Fw(p) b Py(p)
Jdp 2! ﬂpz 2! §p3
. .d .0
K relates to position X— jij— =i—

_ dp Jdk
K=ixe—a _-1d
h dp h dk

bl x ib(aT+a)/\/2hMa)
B(b)=e h =e

Check B(b) on plane-wave with p=hk

=y (p)-b

B(b)oiHT = OXhgikr _ gibalh ik _ Silk+bin)x
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T(a)p(x)=eCyp(x)=e % (x)
awm+aawu>aawu>

7

B(b)w(p)=e"™ p(p)=e 77 y(p)

w(p) b *y(p) b P y(p)

= (x) - =y (p)-b
Yi)-a dx 21 5.2 21 5,3 Vi) dp 20 gp* 20 4p]
G relates to momentum p— o _ —zh— K relates to position X— hzi - li
p i dx 0x ; g -14 dp  dk
G———p%—— =—X— —
0x h &p h dk
i i vlat+al 20
-a—PpP T_ Maw/2h b— X ibla +a)/ 2M w
T(a)=e¢ 7 _ pola-alo/ B(b)=e " =e

Check T(a) on plane-wave with p=hk  Bottom Line  Check B(b) on plane-wave with p=nhk

T(a)elkx _ e—zap/hezkx _ e—zakezkx

ik(x-a) B( b)eikx _ SbXIRjikx _ ibx/h jikx _ ei(k+b/h)x



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved’ and “kickei " states)

Translation operators vs. boost operators, boost-translation combinations‘

Time evolution of a coherent state |o>
Properties of coherent states and “squeezed’ states



Applying boost-translation combinations

T(a) and B(b) operations do not commute.

Q. Which should come first?

27
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A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=&**" 97

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”© " than Euler rotation with three factors e g ilyb/ig-idzi/i )



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase.

C(Cl,b) _ ei(bx—ap)/h _ eib(aT+a)/\/M+a(aT_a)\/m

_ e Ty 21y ok g
_pea-ata _ || 2 0a' -a*a =e|oc| 2 ,-a*a aa



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
C(Cl,b) =€ =€ =aNMw /2h +ib/\2hM

g da|’12 aa’ —a* af 12 —a* T [, b
_ 08 aa=e|| eaaeaa=e|| p-a*aaa Ng+ri 2 N IMaT27h
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
C(Cl,b) =€ =€ =aNMw /2h +ib/\2hM
a'-a*a _ af’/2 aa’ -a*a _ |72 —a*a caf Novi N\ 2ta72m

Coherent wavepacket state |o(xg,py)): ‘0‘0 (x0.P0 )> = C(xg,pp)|0) = (X0 X=py P)/h|0>



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
C(Cl,b) =€ =€ =aNMw /2h +ib/\2hM
a'-a*a _ af’/2 aa’ -a*a _ |72 —a*a caf Novi N\ 2ta72m

Coherent wavepacket state |ou(xp,po)): | otg(xq.p9)) = C(xg,py)|0) = i (% X=py P)/h| 0)

= e_’a0|2/28a0aTe_a0* 2 | 0>



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
C(Cl,b) =€ =€ =aNMw /2h +ib/\2hM
a'-a*a _ af’/2 aa’ -a*a _ |72 —a*a caf Novi N\ 2ta72m

Coherent wavepacket state |o(xy,po)): |y (xg.p0)) = C(xg,po)|0) = ¢/ lxox-p Op)/h|0>
_ ol 2,008 -apa |0)

=e_|a‘)|2/2€aO al | O>



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[A’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aNMw |2k +ib/2hM w
a'-a*a _ af’/2 aa’ -a*a _ |72 —a*a caf Novi N\ 2ta72m

Coherent wavepacket state |o(xg,po)): |y (x9.po)) = C(xg.p)|0) = ¢/ lox-p Op)/h|0>
_ el 2008 a7a 0)

=e_|a0|2/2€a0 al | 0>

2 0'e}
=112 5 (apa’)'|0)/n!
n=0



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"P" or B(b) = '"*" 79

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X-ap)/h

(More like Darboux rotation e”®%* than Euler rotation with three factors e@z/fig-dyb/ig-idzi/h )
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].p]=0.
AtB e‘o‘eBe_[A’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0 = [B,[A,B]] (left as an exercise)

C(a.b) = ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/th _ pibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o.(a,b) is defined by:
i(bx-ap)/n ib(aT+a)/\/2th +a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aNMw |2k +ib/2hM w
a'-a*a _ af’/2 aa’ -a*a _ |72 —a*a caf Novi N\ 2ta72m

Coherent wavepacket state |o(xo,po)): | (xo.po)) = C(xg.P0)|0) = ¢/ lox-p Op)/h|0>

= €_|a0|2/2€a0 a j-ap* 2|0)
:e_|a0’2/2€a0 al | O>

ol 2 s (aOaT)n|O>/n!

n=0
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Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

» Time evolution of a coherent state |a> ‘

Properties of coherent states and “squeezed’ states



Time evolution of coherent state:

Time evolution operator for constant H has general form :U(t,0)=e !




Time evolution of coherent state: g (0. pp ))=e 1“2 3

Time evolution operator for constant H has general form :U(t,0)=e !

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.
U(t,())| n>=e—th/h|n> _ e-i(n+1/2)wt|n>




Time evolution of coherent state: g (0. pp ))=e 1“2 3

Time evolution operator for constant H has general form :U(t,0)=e'.
Oscillator eigenstate time evolution 1s simply determined by harmonic phases.
U(t,0)|n>=e_th/h|n> _ e—i(n+1/2)wt|n>
Coherent state evolution results. i .
00ty (rgopo) =02 § 18y et § L0 tonre

e
n=0 \/ﬁ n=0 \/;

: e
_,iwt/2 e—|a0|2/2§ ( 0

n=0 \/; | n>

)



Time evolution of coherent state: |t (x0.P0 )>=e‘|‘3‘0|2/2 5 (0 )
Time evolution operator for constant H has general form :U(t,0)=e'.
Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,())| n>=e'th/h|n> _ e-i(n+1/2)wt|n>
Coherent state evolution results. i .

(0o (o) =02 5 2L yr o=t 5 () ot

e
n=0 \/ﬁ n=0 \/;

: e
w12 e—|a0|2/2§ ( 0

n=0 \/; | n>

Evolution simplifies to a variable-ay coherent state with altime dependent phasor coordinate a;:

Wt

U(t,O)‘aO(xO,pO» =e'iwt/2‘at(xt,pt)> where: Oct(xt,pt) = ¢ o (xo,po)

[xt+i1‘l;tw}=e'iwt[xo +i—]\l49(;)}




Time evolution of coherent state: g (0. pp ))=e 1“2 3

Time evolution operator for constant H has general form :U(t,0)=e !
Oscillator eigenstate time evolution 1s simply determined by harmonic phases.
U(t,0)| n>=e—th/h|n> _ e-i(n+1/2)wt | n>

Coherent state evolution results.

U(t,O)‘aO(xo,p0)>:e_‘a0|2/2 - (OCO) U(t,0)|n>=e_|ao|2/2§ (OCO) -i(n+1/2)a)t|n>

e
ngO \/ﬁ n=0 \/;

: e
w12 e—|a0|2/2§ ( 0

n=0 \/;

Evolution simplifies to a variable-ay coherent state with altime dependent phasor coordinate a;:

-lt

U(t,O)‘aO(xO,pO» =e'iwt/2‘at(xt,pt)> where: Oct(xt,pt) =e o (xo,po)

[xt+i1\5t }ze'iwt[x0+i—]\l;o }
)] )]

(x,p,) mimics classical oscillator

X, = xocosa)t+&sina)t
M

2 = —X sinw?+ -2 cosm1
M Mo

Real and imaginary parts (x; and p/Mw) of a; go clockwise on phasor circle



Symmetry group .&’=U(1) representations, 1D HO Hamiltonian H=#wata operators,
1D HO wave eigenfunctions Wy, and coherent a-states

Factoring 1D-HO Hamiltonian H=p2+x2
Creation-Destruction ata algebra of U(1) operators
Eigenstate creationism (and destructionism)

Vacuum state |0>, Ist excited state |1>, |2>,

Normal ordering for matrix calculation (creation at on left, destruction a on right)
Commutator derivative identities, Binomial expansion identities

(@"a™) operator calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved” and “kicked” states)
Translation operators vs. boost operators, boost-translation combinations

» Time evolution of a coherent state |o>

Properties of coherent states and “squeezed’ states *



Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.

Properties of coherent state
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Properties of coherent state

Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.
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Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.
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Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.
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Properties of coherent state

Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.
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Properties of coherent state Coherent ket |au(x0,p0)) is eigenvector of destruct-op. a.
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. Expected quantum energy has simple time independent form.
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Properties of coherent state

(a) Coherent wave oscillation
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Properties of coherent state

(a) Coherent wave oscillation
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Properties of coherent state Quantum-number n and phase @ are conjugate variables
(a) Coherent wave oscillation }Wlth uncertainty relation An AD >n/n )
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Properties of 1D-HO coherent state 0
2277
Coherent wave packet uncertainty relation: An-A¢ > s/n |
uncertainty
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