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Review 1. Angular momentum raise-n-lower operators Siand S.

(s+=s ‘|‘iSy) and ( S.=s -isyzsﬁ)

Review Class 8 p92

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,
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Such operators can be upgraded to creation-destruction operator combinations ata

—nfa —af —(ata \ —afa —af
s,=aa,=ala, , s_=(aja,) =aja =aa,
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Hamilton-Pauli-Jordan representation of S 1s: <Sz>(2

This suggests an a‘a form for s.
Let aj=a’ create up-spin T
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Let aj=a] create dn-spin |

>=auo>=azo>

destroys dn-spin | s_=a,a=a,a, destroys up-spin T

creates up-spin T
to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

creates dn-spin |

to lower angular momentum by one 7 unit
aja,|T)=|{) or aja,|1)=|2)
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Review 2. Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0y3+i€4p, 0y with: S, =0, /2

Commutator formulae for S : @“SB - SpSy, = [S0,Spl = 1 €gpy SD G oy=icz implics: [8,8y]=iS
o700 —Iloy implies: S,,S =Sy

O'YO'Z:iO' implies: :SY,SZ: =18

Key Lie theorem.
S, and S.=S:*1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:([sz,s_] = (-l)s_)

Proof using elementary matrix operator multiplication: € €,,,= O, €, With: 8,=€;, and: S.=e;;,

12 0 (o 1) _[00
Also: 8,=(€; - €5,)/2 =~ o *l 0 o Lo
SZ S+ + SZ s_ _s_
) ~— A U AAN T~ A AN A~
€k €= Oy €, glves: [(€ - €52)/2, €] = 1€, and: [(€;; - €5,)/2, €] = -

Then there are up-down commutation relations: [S,, S_] =[€;2,€2;] =€, - €, =28,

. . =7+
General eigen-commutation theorem. =g
If Hamiltonian H (or any operator such as $ ) eigen-commutes with a,, and a%, , that is:
[H,at,] = w, af, and [H.a,,] = ®,a,, then H is a combination w,a’'a of number operators.

n, = j-m

2
w, 0
H=> wnazan:a)lajaﬁwza;azz( 0 ]
—1 2

U(2) Oscillator H|nn >:22“ o a'a
eigensolutions: e

)= (@m+ o)) = (@ (o, -m)] )




Review 3. SU(2)CU(2) oscillators vs. R(3)CO(3) rotors Review Class 8 p 104

U(2) boson oscillator states |n;,n,) = R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2and z-momenta: m=(n;-n,)/2

~ (af)m (a;)”z ) (aj)ﬁm (a;)f—m N J=V/2 =(n;+ny)/2 [nl ]—l—m}
|nyny )= TR 00)= \/(j+m)!(j—m)!|0 0)=|7) = ()2 ny = jom

U(2) boson oscillator states = U(2) spinor states

(@) @) o (@) @) g

|nTn¢>— NSE |OO>:\/(]+m) 1(j—m)!

Oscillator ata give S, matrices. 1/2-difference of number-ops is szigéenvalue

\
aIaz|n1n2>=\/nl+l\/Z| n+1 n2—1> SEJF i,l>=\/j+m+l\/j—m ,Jnﬂj Ta |n1n2 nllnan }[ ‘ *a _al ‘a )‘ j >_n1 —7, | j >_m‘ )
. 2Jimp—n Am)

a;al|n1n2 >=\/n7“/n2+1|nl—l n2+1> = S_| i,l>=\/]+m\/] —m+l|7 a a2| n1n2 n2|n1n2

N
j=1 vector S, - % - - —i% - 5 --and Sz Lo
Y o
2 2 S SRR
8 -2 2 )
(j=3/2 spinor Sy ..and S| 3 1\ (" j=2 tensor Sy and Sy )
3 ' \/5 . . 3 i 3 R . ) ‘/Z ) ' ’ 2 .. i
)0 h L oe)]. v o B ,L i
0 - 4B . _% . D(s,)=| . o . K . z(Dz(s_)), D(s,)=| - - 0 .
B _3 0 - 4 N )
N\ 2) ) 0o - ’
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Wigner DV irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wy of 3D
rotor Hamiltonian H=AJx2+BJy2+CJ,2 and angular momentum uncertainty effects.

Review 1. Angular momentum raise-n-lower operators S, and S. Review 2. Angular momentum commutation

Review 3. SU(2)CU(2) oscillators vs. R(3)CO(3) rotors
*ngular momentum magnitude@fm-uncertainly cone polar angles
Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Dy, representations

Applications of Dim, representations

Atomic wave functions. DLy ~YLy, Spherical harmonics
DL=1,,0~Y 1, p-waves DL=2,,0~Y 2, d-waves DLy ~PL Legendre waves
Molecular Dy, wave functions in “Mock-Mach ™ lab-vs- state space |/m»)
P/, projector and Diy, (o, 3,7) wave function
DYy transform R, 6,:)mn) =% Dl min (0, 3,7) [ min) in lab-space, R, 5 in -space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)

& u-cone properties of lab transforms: J=20, J=10, J=30.
O n-analysis of high J atomic beams
& w-properties of high J molecular lab-vs- states /)
Rotor Hamiltonian H=A4J.2+5J,2+CJ.?2 made of scalar T’ or tensor T,? operators

Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Rotational Energy Surfaces (RE or RES) of asymmetric rotor (for following class)



: : S.=S *i8
Angular momentum magnitude and uncertainty s*_afa '
+ 12

Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Ses=872+8,°+8,/°=(5,5.+88,)2+8, s,=5(aja, —ala,)



] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

j=1/2 fundamental matrices square up not to (1/2)° =1/4 but to 3/4.

1 . .
N THIFIS Tt R (R A TR EE
4 1 0 1 O 4 1 O i 0 4 0 -1 0 -1 4 0 1



] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

Al e S e

the squafed momentum operator 1s

T T
(a1a1 —-a,a, )i|

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ - )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)



] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

LA o)1t oo | 310
40 0 -1 0 -1 ) 4l 0 1
the squafed momentum operator 1s

(ajal _a;az)}

Using a,,at,=a’, a,, + 9,,,1 gives S+ as number operators.
(Normal order: lefi<—creation, destruct—right.)

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ - )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)

17272771 2717172



] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

LA o)1t oo | 310
40 0 -1 0 -1 ) 4l 0 1
the squafed momentum operator 1s

(ajal _a;az)}

Using a,,at,=a’, a,, + 9,,,1 gives S+ as number operators.
(Normal order: lefi<—creation, destruct—right.)

_ 1 T T T T T T T T
SeS= Z[z(azaz +1)a1a1 +2(a1a1 +1)azaz +(a1a1 _a2a2)(a1al _a2a2)}

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ - )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)

17272771 2717172



] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

Al e S e

the squafed momentum operator 1s
f f
(a1a1 B azaz)i|

Using a,,at,=a’, a,, + 9,,,1 gives S+ as number operators.
(Normal order: lefi<—creation, destruct—right.)

_ 1 T T T T T T T T
SeS= Z[z(azaz +1)a1a1 +2(a1a1 +1)azaz +(a1a1 _a2a2)(a1al _a2a2)}

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ Lo )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)

17272771 2717172

Eigenvalue formula is then found. (Replace number-operator a',a; with its number sy )

Sos‘nln2>=i[2(n2+1)nl+2(nl+l)n2+(nl—nz)(nl—nz)]|nln2> J=v/2 =(n;+ny)/2
m =(n;-n)/2

n;=jtm
n, = j-m

= i[an +2n,+4nn, + (’”ll - ”2)(n1 - nz)] n1n2>




] ; S.=S +i1S
Angular momentum magmtude and uncertainty + Y

s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

Al e S e

the squafed momentum operator 1s
f f
(a1a1 B azaz)i|

Using a,,at,=a’, a,, + 9,,,1 gives S+ as number operators.
(Normal order: lefi<—creation, destruct—right.)

_ 1 T T T T T T T T
SeS= Z[z(azaz +1)a1a1 +2(a1a1 +1)azaz +(a1a1 _a2a2)(a1al _a2a2)}

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ Lo )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)

17272771 2717172

Eigenvalue formula is then found. (Replace number-operator a',a; with its number sy )

Se S‘nln2> = %[2(7@2 + l)n1 +2(n1 +1)n2 +(n1 — ”2)(”1 - nz)]| ”1”2> [j =1/2 (n;-l—ng)/ZJ

= i[an +2n,+4nn, +(n1 — nz)(n1 - nz)] nln2> m =(n;-ny)/2
R(3) angular quanta in n;=j+m and n,=j-m give R(3) eigenvalue formula. nyp=jtm
Ses ;>=%[2(j+m+1)(j—m)+2(j—m+1)(j+m)+4m2]‘;>:j(j+1)‘;> n, = j-m

Has very simple j-formula...
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s, =aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
Y P T
Ses=8°+8°+8,/°=(8:S.+88,)2+8/ s,=5(aja, —ala,)

1/4 but to 3/4.

Al e S e

the squafed momentum operator 1s
f f
(a1a1 B azaz)i|

Using a,,at,=a’, a,, + 9,,,1 gives S+ as number operators.
(Normal order: lefi<—creation, destruct—right.)

_ 1 T T T T T T T T
SeS= Z[z(azaz +1)a1a1 +2(a1a1 +1)azaz +(a1a1 _a2a2)(a1al _a2a2)}

j=1/2 fundamental matrices squgze up nef to (1/2)°

5 1[0 1
DZ(SZ+S§+S§):Z[ Lo )

In terms of @-operato

ses=1|2ala,ala +2alaala,+(aja, -ala,)

17272771 2717172

Eigenvalue formula is then found. (Replace number-operator a',a; with its number sy )

Se S‘nln2> = %[2(7@2 + l)n1 +2(n1 +1)n2 +(n1 — ”2)(”1 - nz)]| ”1”2> [j =1/2 (n;-l—ng)/ZJ

= i[an +2n,+4nn, +(n1 — nz)(n1 - nz)] nln2> m =(n;-ny)/2
R(3) angular quanta in n;=j+m and n,=j-m give R(3) eigenvalue formula. nyp=jtm
Ses ;>=%[2(j+m+1)(j—m)+2(j—m+1)(j+m)+4m2]‘;>:j(j+1)‘;> n, = j-m

[Magnitude J|=4/j(j+1)of angular momentum $=J : 8|7 )=vses|/)=i(j+1)|7)=(i+2) ‘,]n>}

(approaches j+7: for large j)




Wigner DV irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wy of 3D
rotor Hamiltonian H=AJx2+BJy2+CJ,2 and angular momentum uncertainty effects.

Review 1. Angular momentum raise-n-lower operators S, and S. Review 2. Angular momentum commutation
Review 3. SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

*ngular momentum magnitude and &/,-uncertainty cone polar angles
Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D! irreps
Evaluating Dy, representations
Applications of Dimnrepresentations

Atomic wave functions. DLy ~YLy, Spherical harmonics
DL=1,,0~Y 1, p-waves DL=2,,0~Y 2, d-waves DLy ~PL Legendre waves
Molecular Dy, wave functions in “Mock-Mach ™ lab-vs- state space |/m»)
P/, projector and Diy, (o, 3,7) wave function
DYy transform R, 6,:)mn) =% Dl min (0, 3,7) [ min) in lab-space, R, 5 in -space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)

& u-cone properties of lab transforms: J=20, J=10, J=30.
O n-analysis of high J atomic beams
& w-properties of high J molecular lab-vs- states /)
Rotor Hamiltonian H=A4J.2+5J,2+CJ.?2 made of scalar T’ or tensor T,? operators

Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Rotational Energy Surfaces (RE or RES) of asymmetric rotor (for following class)



Angular momentum uncertainty angle

The angular momentum uncertainty angle &,
1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m




Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

1s given by:

®’ = arccos
m

( A

\\/j(j+1))

z-Component of J :

Minimum uncertainty

J ‘J> m‘J> for m=j
1 5N
m=J-
%:WI:J-Z ‘/J ( J+}’)
m=J-3 agnitude
------- ofJ
J ‘ J> :J(J+])‘ J



Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

Z- Component of J :

S Ld=m )

Minimum uncertainty
for m=j

is given by: / \ ts ,< -’\
@i@ = arccos - __ —— L
\\/] (] t 1) ) nm= ::-:"‘- \ i :”;:;
For j=m=1 | m=J-
1/2 3 o1 , Createst [$m=r-2 \/{z(gn{;ll;a’)
©,,; = arccos M = COS E =54.7 ];Zizebrl; " m=J-3 i oF :
. J \J):J(JH)%
Angular Momentum Cones for B=103" E=
0=18.0° K=29 _ 3fou
J 30 ffffffffffffffffffffffffffff A=7% %% K=0 Ii]ém:é
" —— e e LB=2T00 K27
5 '-.II."'-. lll": I:". Ii| |iI . r'lll .-'"-ll.-'"- r e PR, B=31.5" K=/6
0=34.9" K=25 _ 410
-
\ 0-38.1° K=24  covit
30 K K |
V30(31) cos Oy = ~—
JI(I+1) g




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

e;fzemting higher-j rep'resentations DV of R(3) rotation and U(Z)'from spinor D172 ijrreps é
Evaluating V., representations

—




Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

() 12 ) _( (RGEp) RGpr)2) |_[ Di(apy) DE(opy) | | €Ty e T g
) (2l DI (apy) DY (epy) =

2IR(eBy)1) (2R(aBy)2) |




Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

D)\ (eBy) Dy (afy)
Dy} (afy) Dy, (aBy)

ary 2y )
Q) ()

Corresponding transformation of the fundamental creation operators

(IR (apy)[1) ([R(eBy)2) |_
(2[R(eBy)1) (2|R(eBy)[2)

e B 2B
a.=D,’(afy)a] + D, (ofy)al =e Coszaf+e 2 sinzaz
=L B s B t

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

]

.o+y o=y
—i —i .
e 2 cosﬁ e 2 smé
2 2
.-y .o+y
i . —
e 2 s1n§ e 2 cosé




Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

S B et B
ary () ) [ OR@p) WR@nR) | [ D (epr) DE(apy) | | €T sy e Ty
ey @) || @Ry CREpr)2) || DR (epy) DRepy) || B s B

e 2 sin; e 2 Cos

Corresponding transformation of the fundamental creation operators

_i&r ﬁ &7 ﬁ

a =D/ (ofy)al+ D) (afy)al =e 2 coszair te 2 sinzaz

=L B s B t

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D@ (a(3y) matrix for a (v=_2j)-oscillator state

(v=2j)-quantum state is rotated to a new "prime" basis.
L (a) )j+" (a )j_" (D] + D, a; )j+" (D,a] +D,a})
J\ — —
R(apr)| ;)= 100)=

\/(j+n)!(j—n). \/(j+n)!(j—n)!

j—n

00)




Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

e g et B
2 - _ 2 L
Ay () | [ (R(epy)) (R(eBy)i2) | | Di*(eBy) Dp(efy) | | © =02 ¢ 0
ey @) || @Ry CREpr)2) || DR (epy) DRepy) || B s B
2
Corresponding transformation of the fundamental creation operators
oty Koot
al=D" (ofy)a’ + D (afy)al =¢ cos§a1f+e ; singa;
v ﬂ i ﬁ
a, =D} (afy)al + D) (afy)a=-e 2 sinEaHe 2 coszag
Problem: Find corresponding transformation D@ (a(3y) matrix for a (v=_2j)-oscillator state
(v=2j)-quantum state is rotated to a new "prime" basis.
S Y M X L2
\/(]+n)!(]—n)! \/(]+n)!(]—n)! ; Il
Binomial expansion is a double sum over binomial coefficients: ( A )= k(=)
> Y ()(pal) (Daal)™" (1) (poal) (Doal) " > Y (pa)) (Dal)" (D.a) (Ppal) ™
R(aBy)|))=—— 00) = J(j+n)(j—n)——*

0(j+n—0(j—n—k)!

JG+n)(j=n)!

|00)



Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

—i

5 e
ary () ) [ OR@p) WR@nR) | [ D (epr) DE(apy) | | €T sy e Ty
ey @) || @Ry CREpr)2) || DR (epy) DRepy) || B s B

e 2 sin

e 2 Cos

Corresponding transformation of the fundamental creation operators

B S P

a/=D/’(aBy)al+ D) (ofy)a) =e * Cosza1 +e ? smEa;

_l.OC—y ﬂ OH'Y ﬁ +

al=D (aBy)a] + D)} (ofy)al=-e s1n2aT+e 2 cosa,

Problem: Find corresponding transformation D@ (a(3y) matrix for a (v=_2j)-oscillator state

(v=2j)-quantum state 1s rotated to a new "prime" basis.
R(afy)| /)= (o) [a:) 00)= (Da]+D,a}) " (D,a]+D,al)"

JGi+n)(j-n) JGi+n)(j-n)

Binomial expansion 1s a double sum over binomial coefficients:

00)

n B n!
k k!(n-k)!

“af L 5 \JHn=t 1zaT Za; j-n—k Z Z DnaT ¢ DZIa; jn—t DlzalT k Dzza; -k
oy 22 oAl (o)™ T o] o) o)™

JG+n)(i- n)\\)A 0(j+n—0) k! j—n—k)!

Let af-operator powers bez ]in;z forjmks ]4:? firk/m 2j-0-k so f\]ﬂ? -k iWZ-MJrk
2 2 (D) () (Do) () 22 (B (D) (D) (D)

GG o) ()0 T e () o

é!(]-l—n—ﬁ)!k!(j—n—k)!



Generating irreducible representations of R(3) and U(2) rotations R(a(37)

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

2 cos— -e sin —
2 2

] e_iaﬂ/ ﬁ _ia;y ﬁ

a2} H (IR (e 1) (IR ()2} ][ DI (oy) DI (aBy)

) 2[2) (2R (epy)[1) (2[R(aBy)|2) Dy (oBy) Dy (afy) et B 5t B

e 2 sin; e 2 Cos

Corresponding transformation of the fundamental creation operators

_ 0t ﬁ &7 ﬁ

a =D/ (ofy)al+ D) (afy)al =e 2 coszair te 2 Sinza;

=L B s B t

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D@ (a(3y) matrix for a (v=_2j)-oscillator state

(v=2j)-quantum state is rotated to a new "prime" basis.
) A P LE R TR0 )

\/(j+n)!(j—n)! \/(j+n)!(j—n)!

This gives general irreducible representation of U(2) -

j—n

00)

3 (2) (0. () ()

(IR (eBy) 2= Do (oBy) =i+ (= m ) =) s s e

And general SU(2) irreducible representation for Euler angles (03y).

2 j+m—n—2k n—m+2k
2(—1)k (Cosgj (Sing) g men)

<;‘R(aﬁ7) £> - Dz{a,n (Otﬁj/) = \/(]+n)‘(]—n)'\/(]+m)'(]—m)' : (j+m—k)!(n—m+k)!k!(j—n—k)!

k-sum limited by (-integer)!=oo and 0!=1=1!



Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Ge;fzemting higher-j rep'resentations DV of R(3) rotation and U(Z)'from spinor D172 ijrreps
Evaluating V., representations



Generating irreducible representations of R(3) and U(2) rotations R(a(37)

(2[R(apy)|1)= D1, (eBr) = (i+ mt(=mty(+m) (s —m)'22f+lf,_k()vl()zm+(kl))'k)v(£lf)—k)'

k

Evaluating irreducible representation of U(2) :

Easily done for Euler angles (a37) or Darboux axis angles [pU0]
g B o o o
2 I~ _ 2 n I ~ . . —ip _: I
Dlliz (OC/J’)/) D11£2 (05/3))/> e COS > e Sin > o [ Dlliz[(oﬂ@] D11£2[§019®] i COS > icos¥sin > ie " sinvsin 5
12 12 - - a D,’[990] D3y [pvO] it g © S . ©
D, (0!/3’)/) D,; (05/3))/) e,TV sinﬁ el% COSE 21 22 ie""? sin¥sin ;08T +icos¥¥sin 5
2

(G+m-k)>0 (n-m+k)>0 (j-n-k) >0
. . < . k=0 <
k-Summation 24 limits amount to or:k<jtm  or:k<m-n or: k < j-n
prohibiting a p/=(-N)!=co factor in denominator. ~ Power p on (Du»)? must be zero or greater (p >0 ).

Euler angles (a(3) vs axis angles [@3®] Lect.5 p7-11



https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-5-1.29.18.pdf#page=11

Generating irreducible representations of R(3) and U(2) rotations R(a(37)

Evaluating irreducible representation of U(2) :

R G I DY ey e e

-------------------------

Easily done for Euler angles (a37) or .- Darboux axis angles [gmﬁ’@]
s /5 i ﬁ : '
2 LA 2 gn L= 0 . . O . —iQ - . 0O
Dl/z( /3’}/) Dlléz (O{/J))/) € COS > € S > D200 Dlléz[(Dﬁ@] cosz—zcosﬁsmg: —ie (psmﬁsmz
= or . '= ' ;
1/2 1/2 2y [y D [pv0] Dl/2[¢19@] RS JEU O SN C I . O |
D ( /)’)/) D22 (O{/J))/> o 2 sinﬁ ¢ 2 COSE e’ sin¥sin ) c05- +icosvsin >

k-Summation 2 limits amount to or: k SJ +mi or:k>m-n i .T...0 orik<j-n 5

prohibiting a p/=(-N)!=co factor in denominator. = Power p on (D.)? must be zero or greater (p >0 ).

Examples: DJ —D , has sum: Zerms k<8+2=10, k>2-4=-2, k>0, k<8-4=4.
k=0

D! =D?®,, has sum: Zerms k<8-4=4, k>4-4=0. k>0, k<84=4
k=0



Generating irreducible representations of R(3) and U(2) rotations R(a(37)

Evaluating irreducible representation of U(2) :

R G I DY ey e e

p n !
Easily done for Euler angles (a37) or .- Darboux axis angles [gmﬁ’@]
_; &t /5 _i&r /3 : ]
12 12 e % cos= -e ? sin— O icostsin® t —ie ® ginsin S
D ( /)’)/) D12 (aﬁy) _ 2) 7 or | D1/2[¢19®] D1/2[¢0®] ,= c0S - zcos19s1n2 vo—le s1n1951n2 .
B - / 112 112 , o' o o |
Dl/2 DY? o i i Dy’ 19981 Dy [9v0] —ie"?sin®¥sin— 1 cos—+icos¥sin— |
(ay) Dy (efy) ezsmﬁ ezcosé le 2 2 )

k-Summation 2 limits amount to or: k SJ +mi or:k>m-n i .T...0 orik<j-n 5

prohibiting a p/=(-N)!=co factor in denominator. = Power p on (D.)? must be zero or greater (p >0 ).

Examples: DJ —D , has sum: Zerms k<8+2=10, k>2-4=-2, k>0, k<8-4=4.
k=0

D! =D?®,, has sum: Zerms k<8-4=4, k>4-4=0. k>0, k<84=4
k=0

0
D’i = Df84 has sum: Ztell‘m k<8-8=0, k>-84=-12. k>0, k<8-4=4
k=0



Generating irreducible representations of R(3) and U(2) rotations R(a(37)

Evaluating irreducible representation of U(2) :

(Rt~ o) = = R i g

p n !
Easily done for Euler angles (a37) or .- Darboux axis angles [gmﬁ’@]
_; &t /5 _i&r /3 : ]
12 12 e % cos= -e ? sin— O icostsin® t —ie ® ginsin S
D ( /)’)/) D12 (aﬁy) _ 2) 7 or | Dl/z[gm9®] D1/2[¢0®] ,= c0S - zcos19s1n2 vo—le s1n1951n2 .
B - / 112 112 , o' o o |
Dl/2 DY? o i i Dy’ 19981 Dy [9v0] —ie"?sin®¥sin— 1 cos—+icos¥sin— |
(ay) Dy (efy) ezsmﬁ ezcosé le 2 2 )

k-Summation 2 limits amount to or: k SJ +mi or:k>m-n i .T...0 orik<j-n 5

prohibiting a p/=(-N)!=co factor in denominator. = Power p on (D.)? must be zero or greater (p >0 ).

Examples: DJ —D haS sum: Zerms k<8+2=10, k>2-4=-2, k>0, k<8-4=4.
k=0

D! =D?®,, has sum: Zerms k<8-4=4, k>4-4=0. k>0, k<84=4
k=0

0
D’i = Df84 has sum: Ztell‘m k<8-8=0, k>-84=-12. k>0, k<8-4=4
k=0

0
D,f; n:D5 has sum: Zte}m k<%¥%-%=0 k>-%-%=-1 k>0, k<¥%-%=0

_11
2 k=0

N |—



Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations

Applications of Dim, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics

DL=1,,0~Y 1,y p-waves é DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D0 3 wavefunctions (DY (B s
(h[R(e7)| 1) = D (eBy) = i+ ) (=) ()1 (= )1

(j+m—k)(n—m+k)k(j—n—k)!

Vector (]ZKZI) repreSenl‘CltiOI”l l+cosf —sinf3 1—cosf i 1+cosﬁe_l-y ie_,-a —sin 3 i it 1—cosﬂe,-y Notation Switch:
» 2 V2 2 y 2 b2 2 azimuth angle:
D1 (aﬁ )_ e . . ﬂ Cosﬂ —Sinﬁ eV 1 . _ Sinﬁe_i}, COS[)) —Sinﬁe,-y Ofﬁ¢
T ! z:a V2 V2 | ;'y V2 ' ' V2 1 le:
e l-cosf sinf3 l+cosf e e l—cosﬁe_iy E e’“ﬂ E i 1+Cosﬁeiy polar angic:
2 N 2 2 P2 2 5—0
) .. B 1+ LB 1- . i b _ip —sin@
Here half-angle identities were used. cos'5=128 e 812008 3 B0 B_S0E 4 x4 0)= [3 o 7 = P9

yg*(¢,e):@ cosB =Dy ,(9,6)
1 (00)=\3e T =)0




Atomic and molecular D/, (c, 3,77)-wavefunctions y (_1)k(cos B )”’"‘”‘”‘(Sm B )”_’"”k Jilmocty)
(4R (eBy)| )= D, (eBy)=J(j+n) (= n)(ji+m)!(j—m)1--

(j+m k)(n m+k)'k'(] n— k)

Vector (j=f=1) representation

l+cosf —sinf3 1—cosf e—ia1+005ﬁe—1y Ee_,-a—sinﬁ i e_ial—cosﬁe,-y Notation Switch:
» 2 V2 2 » 2 V2 i azimuth angle:
1 _ € - sin § —sin 3 ¢ - sinﬁe_,-y : —sinﬁe,-y o —s
D(O!ﬁ]/) ( | la} . cos 3 —\/E { 1 ;y J 7 cos 3 I 5 1¢ -
e l-cosf sinf8 l+cosf o o 1=cosf _;, 1y sinf E i 1+cosf 4 polar angle:
> \/5 > e 72 e : e \/5 e 72 e /BHH
. <L > 1 . 1- , i b _ip —sInB
Here half-angle identities were used. co2="1 812008 B0, B_Sn8 4 yrr(g 6)= [ 0 7 = P9
T 1 (00)={E  cosB =Dly00)
- 4 sind
Center (n=0) column with the factor -, — Y (0.0)= e S% =Dl ,(9.6)
gives set of spherical harmonics Yt,. e
20+1
l 0¥
An
Dipole (j=f=1) wavefunctions
o v SIn0O cos¢@sin@+icos@sinO xX+iy
DIt (960)=—e' 7 = _ _
10 (960) B 7 2
Dy (¢00)=cos = cosf =z/r
_ip SINO _cosPsin@—icosgsin® x—iy

DL (960)=e

2 V2 2



Atomic and molecular D, 5,7)-wavefunctions ¥ (—1)"( ﬁ)2j+m—n—2k ( | ﬁ)n_mm i)

sin—
2

I R(afy)?Y=D! (ofy)=+/(j+ + | K
(IR 1) = D (0Br) =G = G = m e = e s i
Vector (j={=1) representation l+cosf —sinf 1-cosf Lo 14c0sB e—l“ﬂ i 1=cosB Notation Switch:
oL 2 V2 2 o 2 V2 ; 2 azimuth angle:
l(aﬁy)( S } % cos 3 % { 1 J Si?zﬁe_"y i cos 3 i _f/i%ﬁe’y Oz%¢
e l-cosf3 sinf3  l+cosf B o 1=CosB iy 1 i sinf { o l+cosf iy polar angle:
5 7 5 ¢ — e E e Ny e e 3—0

. o . 5 .5 — . | : * —i 0
Here half-angle identities were used. cos'5=128 e 812008 3 B0 B_S0E 4 x4 0)= [3 o jg = Dj(¢.6)

2 2 2 2 2
Y, (9.6)= \/: cos B =Dy (.6)

Center (n=0) column with the factor 2;;1 (00) =L 5?9 D 06)
gives set of spherical harmonics Yt,. e
" 2€+1
T

Dipole (j=f=1) wavefunctions

D11,0(¢90):—€l¢ sinf _ cos¢sinf+icosgsing _ x+iy

V2 V2 2

Dy (¢00)=cos = cosf = z/r —

_ip SINO _cosPsin@—icosgsin® x—iy

Dio (¢90):e 7 = 7 = "

3-D linear-circular polarization T-matrix:

b Gl F o
(ls) (ol {ole) [ 00
Gl G AR ) E 7




Atomic and molecular D/, (c, 3,77)-wavefunctions Y (1)
1)= D5 (0Br) = (G +m) (G =)+ m)L(j—m)!

(2[R (eBy)

Vector (j=f=1) representation

0

2 j+m—n—2k n—m+2k '
(cos g) (Sing) g may)

(j+m—k)(n—m+k)k\(j—n—k)!

Notation Switch:

l+cosfp —sinfi l-cosf i 1+cosﬁe_l-y ie_,-a—sinﬁ i i l—cosﬁe,-y
. 2 V2 2 N 2 ANCE azimuth angle:
Dl(aﬁV)( N } % cos 3 % { A ] Si?gﬁe_’? cos 3 : _f/i%ﬁe’V O{%¢
' - e I-cosff sinf3 1+cosf e iw1=cosfB _;, E i SIn 3 E i 1+cosfB %Ola; angle:
5 7 5 e — e E e 7 E e — e N
. " B 1 LB 1- i - _ip —sin@
Here half-angle identities were used. cos'5=128 e 812008 3 B0 B_S0E 4 x4 0)= [3 o 7 = P9
e 2 (0.6)=\ix  cosB =Dg(0.0)
Center (n=0) column with the factor,/ﬂ ¥ (0.0)=2eP 0 _ Dl G0
: : o VI Applying T-matrix: el o2 .
gives set of spherical harmonics Y?,,.
2€ 1 . . l+cosff —sinf3 1-cosf . _
+ — 0 — 2 N 2 — L
l r* :
Ym (¢9):Dm n=0(¢60) T \/5 \/5 sin 3 —sin 3 V2 V2 B cosf 0 sinfs
, 4TC i, L . W cos T 0 0‘ 1 |= 0 1 .0
. - N . V2 V2 l-cosf sinf8  1+cosp L 0 ~sinf 0 sinf
Dipole (j=f=1) wavefunctions 0 1 0 5 2 2 V2
1 ___ipsin@  cosgsinf+icosgsin® _ x+iy -1, L F e
D1’0(¢90)_ ¢ \/5 B \/5 B I’\/E V2 V2 e V2 2 cosoe —sina 0
1% i 0 R : | B 1 0 0 1 |T| sinx cosax O
Dy (¢00)=cos® = cos 6 = z/r — NN N I 0 0 1
D1?0(¢90):e_"¢ sin@zcosq)sine—icosq)sinezx—iy 0 1 0 V2 V2
o \/5 \/5 r\/E I | i
D, (epy) D,, D,,
3-D linear-circular polarization T-matrix: p'. D, D, |= T-matrix transforms to
. . . L p. D, D. linear polarization (xyz) basis
OB Gl | 5 & o o
\/5 \/E coso cosfcosy —sinasiny  -cosacosfsiny —sinccosy  cosasin 3
11 11 11 B
0| x 0|y 0|z = 0 0 1 sino cos fcosy +cosasiny  -sinocos Bsiny +cosacosy  sinosin 3
= —cos Yy sin 3 siny sin 3 cos 3
2 2

SORSIDRSE




Atomic and molecular D/, (c, 3,77)-wavefunctions

Vector (j=¢=1) representation

l+cosfB —sinf8 1-cosf
i 2 22
1 € o sin 3 os —sin 3
D (Ofﬁi/)[ | ;a J NG cos 3 5
e l—cosf sinf3 1l+cosf
2 2 2
Here half-angle identities were used. cos’>=—
. 20+1
Center (n=0) column with the factor e

gives set of spherical harmonics Y*,,,.
" 20+1
Y, (96)=D,, ,,($60)

4T
Dipole (j={=1) wavefunctions

sin@  cos¢sin@+icos@sin®  x+iy

1 '
Dy (¢90):_€l¢ N 2 = 2
D(lfo (p60)=cos® = cos6 =zlr
_ip Sin6 _ cos@sin@—icos@sin®  x—iy

V2 V2 2

Dlﬂi,o (¢90) =e

ﬁ: 1+cosﬁ, sinzgz 1_C2C)Sﬁ’ sinP

1
i 1+cosf3 .
e i ﬁe 7 e

2

sinf3 _;
B i

V2

L}
o I—COSﬁe—iy !

i =SINf 4 i 1=cosp Notation Switch:
V2 2 azimuth angle:
COSﬁ ; _j;gﬁ eiV s qu
i SIn 3 E i 1+cosf pOlaI' angle;
’ N 2 ¢ [7—0
E * _ip —SInB
' Yll ((P,Q) = \/ge ¢ \/_ — D11’0(¢’9)
: 2
: * i» SINO
RE (¢’9) - \/geJr ’ NG = D_11,0(¢,9)

V. (0.0)=D,.(9,6,0,
=cos@sinf

! (9.6)=D!_(9.60.0)
=sin¢sin6

x ¥.(.8)=D;.(4,6.0)
= cos6




Atomic and molecular D/*w.(c, 3,7)-wavefunctions and

j=1
Standing
p-Waves

Standing p-Wave i
Distributions

Moving p-Wave
Distributions

¥.(00)=D..(0.0.0 -

= cos@sinf
¥,(9.0)=D,.(¢.6.0)

=sin@sinf

¥ (¢,0)=D!_(9,6,0)
=cosf




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations

Applications of Dinw, representations

Atomic wave functions. DZLyo~YL, Spherical harmonics

DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d—waveSéDLoo ~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D/, (c, 3,77)-wavefunctions

Iensor (j=0=2) representation e-ﬂa(”cz"sﬁjz e_iza(uczosﬁjsin p \Ee_im sin? e_iza(uczosﬁjsm 5 e_l-m(l—czosBJ2

e—ia[1+czosﬁ]sinﬁ e—ia(1+‘3zosﬁ](2cosﬁ—l) —\/%e_i“sin[)’cosﬁ e_ia(—l_(;osﬁ](2cosﬁ+l) —e_ia(—l_czosﬁjsinﬁ

D? (aﬁO) = \/gsinz B \/%sinﬁcosﬁ 3C0522ﬁ -1 \/gsinﬁcosﬁ \/gsinz B

e’“(%]sinﬁ eio‘(ﬁj(%osﬁ+l) \/geiasinﬁcosﬁ eia[%j(%osﬁ—l) —eia(%)sinﬁ

2 2
eiza[l—czosﬁj eiza(l_czosﬁ)sinﬁ \/geﬂoc sin’ B eiza[”CZOSﬁ]Sinﬁ eiza(HCzosﬁj




Atomic and molecular D/, (c, 3,77)-wavefunctions

lensor (j=0=2) representation e_iza(mf e_izaiszm p \Ee_iza sin? e_im(m)m 5 e_ﬂa( ﬂ]z’
2 2 8 2 2
e [—H_Czosﬂjsinﬁ e_,a(1+0208ﬁj(2 os 3 — ) —\/ge_ia sinfcos B | e (—l_czosﬁ)(Zcosﬁ+l) —e (—l_czosﬁ)sinﬁ
Notation Switch: Dz(aﬁ0)= \/gsinzﬁ \/gsinﬁcosﬁ 300522B_1 \/gsinﬁcosﬁ \Esinzﬁ
Zzin;th angle: e (—chosﬁ)sinﬁ ei“(—l_(;osﬁ)(Zcos,B+l) \/geia sinficosf | & [—H—Czosﬂ](ZCOSﬂ—l) —e™® (—chosﬁ)sinﬁ
. 2 2
lgf‘; angle: eiza(l—czosﬁj o120 (1—0205/3Jsinﬁ \/geiZa sin B eiza(HCzOSﬁjsinﬁ eiza[1+°2033]

Spherical 2%-multipole functions X*, or X-functions are D*-functions times the kth power of radius ().

o\ bk 47 kvk
i) o) Perare - [BLTRl NS

7‘2

\/MY,ﬁj(QDQ) = 10 ¢90 \/;e sinfcosf =-— %w
A

VirTsvziee) =plfom)= 2SSl o Eor
A

9 sin@cosO = —

Var /5,72 (¢6) = D2/ (960)=

Ze%in%e ==

ﬁ
oo | WO

(\9)

~N

[\)

VA /5 Y, 22, (¢6) = D2, (960)=

Standing
d-Waves




Atomic and molecular D/, (c, 3,77)-wavefunctions

lensor (j=0=2) representation
Spherical 25-multipole functions X*, or X-functions are D*-functions times the kth power of radius (7).

N2
Var /57,75 (98) = D3 (960)= \F 0sin*g = E(Hzly )

8
Nar /5 Y,ﬁj((be) —D2>k ¢90 \/;e sinfcosf =-— g(x+;'y)z
r
Jan 5772 (06) = DF (960)= 3cos’ 9 1 322—27"2
r
Nar /5 Ynfil(gbé?) =D <p90 = ?sinBcos® = \/gw
r

205in’9 = g (x _ iy)2

8 ;2

VAT /5727, (¢6) = D% (¢60)=

ﬁﬁ

Standing
d-Waves

Notation Switch:
azimuth angle:
a—@

polar angle:

G—0




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1l,9~Y I p-waves DL=2,,9~Y 2 d-waves *DLOO ~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)

P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D/, (c, 3,77)-wavefunctions ©®

Legendre P,(©) Multipole o eeéee
Symmetric (m = 0) Polynomials é DOOOOD
b |
® OO0
* 4 |
vl o pl Ayl | .
R P YR _
P,(©) = Dy (0,0,0)
_|_
dipole 1 +1 _51
monopole ? o +1 3 4 10
Notation Switch: 1 -1 -2 +3 6 10
azimuth angle: +1 1 = 45
— 1
polar angle: Note
g—0 Pascal Triangle
of (+) and (-)
charges
Py(cosh) cylindrical symmetry
[f m=0 then wave i1s Each charge
independent of the distribution

azimuth angle ¢ and fits in a tiny
only function of \Space at origin
polar angle 6.

of its Pi(cosf) wave



Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves

»Molecular Din wave functions in“Mock-Mach” lab-vs-body state space /) é

P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D’*y,(a, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |/mn)=Pmn’|0.0.0))= Jdto.3-) D’ (. 3R, 89| (0.0,0))

From GroupThLect 25 p.135. “Give me a place to stand...
and I will move the Earth”

Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty g() Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R,S...vs. Body-fixed (Intrinsic-Local)R,S.,.

Lab Based Operations i z-Crank docs Body Based Operations
operations
«.' R(a00) or R(00Y) all R, S, .
commute with
dl RS,

“ / o “Mock-Mach”
N relativity principles

\x AP R
\ RID=R|1)
N -Cran ocs | S 1>::S'1‘1>

Z-Crank does
operations

: R(-000) or R(00-y)

S, S R(0OB0)

...for one state |1) only!

Figure from Ch. 5 of PSDS (Originally in Rev. Mod. Phys. 50, 1, p.37 (1978) Fig. 2)
Ch. 5 of PSDS p328 RModPhys50p37



https://hosted.uark.edu/~modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_25_4.27.17.pdf#page=15
https://hosted.uark.edu/~modphys/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=15
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf#page=1

Atomic and molecular D7y, (c, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |J mn> =P,/ 1(0,0,0))

Eigenstates of angular momentum are built from projected initial position states [000).
‘ j > P/ 1000)

m,n \/?]

Lab z-axis fixed ~' Body z-axis

in Lab Z




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in “Mock-Mach” lab-vs-body state space |/m)

P/, projector and Din,.(c, 3,7) wave function é

DY, transform R, 3, mn) =2Sm Dl (v, 3,9)|menYin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)

& u-cone properties of lab transforms: J=20), J=10, J=30.

O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |J mn> =Py’ 1(0,0,0))= f d(.B, 0D’ mn(oB.)R(,B.7)

(0,0,0))

For SU(2) and R(3), a sum over rotations is an integral over Euler angles (o, (3,7).

Eigenstates of angular momentum are built from projected initial position states [000).

- P/ [000) . -1 . .
J _ _mn _ J* J—_ J J
) =y Jdlopr) DL (opr Rlopr oo er= [a(apy) D] (aby)e'|opy)
Lab z-axis fixed ~' Body Z-axis
in Lab Z J




Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |/mn)=Pmn|(0,0.0))= f d(o.3,)D7”

For SU(2) and R(3), a sum over rotations is an integral over Euler angles (o, (3,7).

0))

For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.
for R(3): —jd ofy) = 2]+1jdo¢ jdﬁsmﬁjdy 2j+1=1

Eigenstates of angular momentum are built from projected initial position states [000).

‘j >:P]JZJ - [ a(opy) D], (apr ()| 000/ = [a(apr) D] (eBr W1 o)

m,n

Lab z-axis fixed ~' Body z-axis
in Lab Z J ,




Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’ mn> =P 7](0,0.0))= f d(0.3,)D mn(ouB,)R(0,8,7)](0.0.0))

For SU(2) and R(3), a sum over rotations is an integral over Euler angles (o, 3,7).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy) = 2]+1jdo¢ jdﬁsmﬁjdy 2j+1=4
For integral-j=1/2, 3/2,.. the U(2) mtegral over polar angle B ranges from -7 to 7.
for SU(2): —jd ofy) = 2J+1 jda jdﬁsmﬁjdy 2j+1=4

Eigenstates of angular momentum are bullt from pI‘OJCCtGd initial position states |000).

‘i,n>zpjﬁ - [ a(opy) D], (apr ()| 000/ = [a(apr) D] (eBr W1 o)

Lab z-axis fixed ~' Body z-axis
in Lab Z J ,




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)

P/, projector and Din,.(c, 3,7) wave function

» DY transform Ro, 5, mn) =Zm D min(v, 3,7) [ min ) in Iab—space,é R(o.5) in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D’*,(c, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |/mn)=Pmn”|(0.0.0))= fd(cx,B,m{)D] “mn(ouB,)R(0u8,7)[(0.0.0))

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o, 3,7).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy)= 2]+1jdajdﬁsm/3jdy =2j+1=/

For integral-j=1/2, 3/2,.. the U(2) 1ntegral over polar angle B ranges from -7 to 7.

for SU(2): —jd ofy) = 2J+1fdocjd[3smﬁjdy =2j+l=/

Eigenstates of angular momentum are built from prOJected initial position states |000).

U;,n>: P]\/Zf > Jd a,By (05,87/) (05,37/)‘000 \/Zf——jd 05,87/ (05,3}/)\/;"05,3;/8

R(3) rotation and U(2) unitary D’mn(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,’\{)|Jmn>:Em’DJm’m((X,B,“{)’Jm’n>




Atomic and molecular D7y, (c, 3,7)- wavefunctzons
“Mock-Mach” lab-vs-body-defined states |/ mn)= fd(cx 3,007 (B3, )R(,8,74)[(0,0,0))

For SU(2) and R(3), sum over rotations 1s an integral over Euler angles (o, 3,7).

For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy)= 2]+1jdajdﬁsm/3jdy =2j+1=/

For integral-j=1/2, 3/2,.. the U(2) 1ntegra1 over polar angle B ranges from -7 to 7.

for SU(2): —jd ofy) = 2]+1Jdocjd,3smﬁjdy =2j+l=/

Eigenstates of angular momentum are built from pI‘OJCCtGd initial position states |000).

U;,n>: P]\/Zf > Jd 05,37/ (05,87/) (05,37/)‘000 \/Zf——jd 05,87/ (aﬂy)\/;‘aﬂya

R(3) rotation and U(2) unitary D’mn(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,'\{)|Jmn>:Em’DJm’m((X,B,“{)’Jm’n>

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

(R(07)1000) =l ey ) =R (@7)]000) 5 omilh, | R(eBV IR (B ) = R(eBy )R (o)




Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’ mn> =P 7](0,0.0))= f d(0.3,)D mn(ouB,)R(0,8,7)](0.0.0))

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o, 3,7).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy)= 2]+1jdajdﬁsm/3jdy =2j+1=/

For integral-j=1/2, 3/2,.. the U(2) 1ntegra1 over polar angle B ranges from -7 to 7.

for SU(2): —jd ofy) = 2]+1Jdocjd,3smﬁjdy =2j+l=/

Eigenstates of angular momentum are built from pI‘OJCCtGd initial position states |000).

U;,n>: P]\/Zf > Jd 05,37/ (05,87/) (05,37/)‘000 \/Zf——jd 05,87/ (aﬁy)\/;‘aﬂya

R(3) rotation and U(2) unitary D’ma(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,'\{)|Jmn>:Em’DJm’m(OL,B,“{)’Jm’n>

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

(R(07)1000) =l ey ) =R (@7)]000) 5 omilh, | R(eBV IR (B ) = R(eBy )R (o)

Left hand (LAB-m) and right hand (BODY-r) quantum SU(2) or R(3) numbers apply to same state.

o R(eB7)1,.,) = i,Dz;f,m<aﬁy>\;f,anifif;‘;”/ (o )),)= 3 D (aﬁﬂ\éﬂ

m=—j n'=—j

)




Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’ mn> =P 7](0,0.0))= f d(0.3,)D mn(ouB,)R(0,8,7)](0.0.0))

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o, 3,7).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy)= 2]+1jdajdﬁsm/3jdy =2j+1=/

For integral-j=1/2, 3/2,.. the U(2) 1ntegra1 over polar angle B ranges from -7 to 7.

for SU(2): —jd ofy) = 2]+1Jdocjd,3smﬁjdy =2j+l=/

Eigenstates of angular momentum are built from pI‘OJCCtGd initial position states |000).

Uifzn>: P]\/Z] > j d(ofy) D" (epy R(eBy)|000) =t j d(ey)D (aﬁy)\/ff | O‘ﬂ7>j

R(3) rotation and U(2) unitary D’ma(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,'\{)|Jmn>:Em’DJm’m((X,B,“{)’Jm’n>

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

(R(07)1000) =l ey ) =R (@7)]000) 5 omilh, | R(eBV IR (B ) = R(eBy )R (o)

Left hand (LAB-m) and right hand (BODY-r) quantum SU(2) or R(3) numbers apply to same state.
/ . J . . = | .
[izif’:rmm R(e7) izn>: 2 .D,fi,,m(aﬁy)‘ ;’,">ﬁ3r2fzrmn R(O‘ﬁy)‘ ian> Z Dy (ocﬁy)‘ iﬂl>]

m=—j n'=—j
<m n

R(cBy )| ) =D (eBy) — Premas (0 |R(apy)|], )= D, (eB)




Atomic and molecular D’*,(, B,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’ mn> =P 7](0,0.0))= f d(0.3,)D mn(ouB,)R(0,8,7)](0.0.0))

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o, 3,7).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy)= 2]+1jdajdﬁsm/3jdy =2j+1=/

For integral-j=1/2, 3/2,.. the U(2) 1ntegra1 over polar angle B ranges from -7 to 7.

for SU(2): —jd ofy) = 2]+1Jdocjd,3smﬁjdy =2j+l=/

Eigenstates of angular momentum are built from pI‘OJCCtGd initial position states |000).

Uifzn>: P]\/Z] > j d(ofy) D" (epy R(eBy)|000) =t j d(ey)D (aﬁy)\/ff | O‘ﬂ7>j

R(3) rotation and U(2) unitary D’ma(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,'\{)|Jmn>:Em’DJm’m((X,B,“{)’Jm’n>

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

(R(07)1000) =l ey ) =R (@7)]000) 5 omilh, | R(eBV IR (B ) = R(eBy )R (o)

Left hand (LAB-m) and right hand (BODY-r) quantum SU(2) or R(3) numbers apply to same state.
/ . J . . = | .
[izif’:rmm R(e7) izn>: 2 .D,fi,,m(aﬁy)‘ ;’,">ﬁ3r2fzrmn R(O‘ﬁy)‘ ian> Z Dy (ocﬁy)‘ iﬂl>]

(7. |R(eBy) 2 V=DL (apy) ~ Premic (7 \R(apy)|) )= DI, (o)

notation
= 0 for unequal n's = 0 for unequal m's




Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)

P/, projector and Din,.(c, 3,7) wave function

» Dy transform Roe,5,:)[7mn) =2Xm Dwn(cs, 3,7)|min)in Iab—space,eﬁ(a, 5, in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams
O/ m-properties of high J molecular lab-vs-body states |/m,)



Atomic and molecular D’*,(, B,7)-wavefunctions
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Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
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R(3) rotation and U(2) unitary D’ma(cv, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(OL,B,’\{)|Jmn>:Em’DJm’m((X,B,“{)’Jm’n>
Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
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Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function
D/, transform R, 3,:)|mn) =2Sm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)



R(3) rotation and U(2) unitary D’.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R(Q,B,ﬂ{)|Jmn>:Em/DJm’m(u,B,ﬁ()‘Jm/@
Polarization analysis: Suppose a spin-j state R(050) |/~7,-;) exits an analyzer rotated b

and then enters a vertical (3=0) analyzer and forced to choose from unrotated states |/,
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R(3) rotation and U(2) unitary D’.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R(OL,B,’\{)|Jmn>:Em’DJm’m(OL,B,’\{)‘Jm’n>
Polarization analysis: Suppose a spin-j state R(050) |/~7,-;) exits an analyzer rotated b

and then enters a vertical (3=0) analyzer and forced to choose from unrotated states |/,
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R(3) rotation and U(2) unitary D’.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R(OL,B,’\{)|Jmn>:Em’DJm’m(OA,B,’\{)‘Jm’n>
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OTforCA Unit 8. Ch. 23 Fig. 23.2.5
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps

Evaluating Di,,, representations
Applications of Dinw, representations

Atomic wave functions. DZLyo~YL, Spherical harmonics

DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function

DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J =20,€ =10, J=30.
O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps

Evaluating Di,,, representations
Applications of Dinw, representations

Atomic wave functions. DZLyo~YL, Spherical harmonics

DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function

DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=1 0,*] =30.
O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps

Evaluating Di,,, representations
Applications of Dinw, representations

Atomic wave functions. DZLyo~YL, Spherical harmonics

DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function

DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
O u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams

O/ m-properties of high J molecular lab-vs-body states |/m,)
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.
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Angular momentum cones and high J properties

Using literal interpretation of ‘ £1> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D’ (BIF twenigrsa
: . Am=2]J  sinf J=20 n=20 =2® ﬁ=45 .20

Am =2~/20sin45°=/40= 6.2
J(J+)=n Testing formula with J=20 for 5=45°...

...and for 5=90° J=20 n 2@ ﬁ=90.2°

Exact result close to:

AM =220 =2-447 =894
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Generating higher-j representations Din, of R(3) rotation and U(2) from spinor D12 irreps
Evaluating Di,,, representations
Applications of Dinw, representations
Atomic wave functions. DZLyo~YL, Spherical harmonics
DL=1,,0~Y 1,y p-waves DL=2,,0~Y 2, d-waves DLyg~PL Legendre waves
Molecular DV, wave functions in“Mock-Mach” lab-vs-body state space |/m)
P/, projector and Din,.(c, 3,7) wave function
DY, transform R, 3, mn) =2Xm Dl (v, 3,9) 7w Yin lab-space, R, 5 in body-space.
D2, transform in lab-space (Generalized Stern-Gerlach beam polarization)
& u-cone properties of lab transforms: J=20), J=10, J=30.
O m-analysis of high J atomic beams

»@Jm—pmperties of high J molecular lab-vs-body states |/m») é
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Angular momentum cones and high J properties of LAB vs BOD wavefunctions
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

»Rotor Hamiltonian H=4J?+5J,2+CJ? made of scalar To° or tensor T,? operators é
Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().
Consider k=2 “quadrupole” functions

. \2 k ko~ 4r ke~ k
Var /57,75 (98) = D3 (¢60)= \/geiwsinze =\/§@ Ky =D = k+1 f
r
Var /57,75 (¢8) = Djy(¢60)= \Ee"¢ sinfcosf =- %(x;y )2
(471_/5 er:(z) (¢0) _Dz* (¢00) 3COS 9 1 _ 322_21"2
r

Var /57,22, (¢0) = D2/, (960)= -
r

Z¢®sinBcosh = \/EM

ﬁ

Var /57,72, (98) = D2 (¢60)= \F ~205in% 6 =\f 3 (x- ;y )

8 r



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole” functions ) o i
Var /57,75 (98) = D3 (¢60)= \/gelw sin” 0 =\/§ @ -7 ‘1 0= okl 4
r
_ ) 3 3 (x+iy)z
\Nar /5 erlzf ((])9) D2 (¢90) \/;e‘psmecosO =5 2
_ . 3 1 372 — 42 29 2_ 2 2 2 2
/471./5 erl;g (¢6) _DZ (¢00) COS 9 _ Z2r2l" > erﬁzg(Q)e) :Xg(q)eo):rz 300829 1 _ 3z . r _ 2z )2(? y

Var /57,22, (¢0) = D2/, (960)= -
r

Z¢®sinBcosh = \/EM

ﬁ

\Nar /5 Y,ﬁiz((DO Dz* ¢90 = \/E ~205in% 0 :\/7(x 21)/)

8 r



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole” functions
3 3 (x+iv) X, =r'Dly = A kyk
Var /57,75 (98) = D3 (¢60)= \/ge’% sin” 0 =\/% S 90 “\or 11 4
r
Nar /5 Y,flj(‘lbe) D2*(¢90) \/gewsinecosO :_\/g(x-:—;y)z
2 2 2 2, 2 2 2 2 2
rﬂ/sylﬁzg(w) —Dz*(d)QO) 3cos 9 1 _ 322 2r —_ myﬁézg(q)e) =X§(¢90):r2300829 1 =322r :22 )2c y
r
Narn /5 Yrﬁjl(q)é’ Dz* ¢60 \/ge sinfcosO = \/g@
r
4275 ¥/, (98) = D%, (¢60) = \/g 29 2g - \f 3 (x- ZW) The (x,),z) polynomials become
’ (Jx,Jdy,J;) rotor tensor operators
pJ I [ I YO
— T02= B S T =J2P2(COSO)




Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().
Consider k=2 “quadrupole” functions

Vaz /5 Y73 (96) = D3 (960)= \/geizq)sinze = g(’“;—zly)z ngrkDgz:\/E”quk

Van /5722 (96) =Dﬁ3(¢90)=—€e"¢smecos9 = %(’CJ;—;y)Z

FTngen) =nileo)= SO o s ) (o) pRestnt e asedo
Jar /57,22 (96) = D7, (¢90)=\Ee-f¢ sinfcos® = 3(967”%)2

Jaz 15772, (96) = D%, (060) = \/ge—mp G20 - g(";#f The (x,),z) polynomials become

(Jx,Jdy,J;) rotor tensor operators

| 5 2
X22 (¢90) = \/§r2612¢ sin’f = \/g(x+ iy)2 = \/g(xz +2ixy — y2) < — T02 —_ = al Y _ J? 3c0s” 61 = Jsz(cos 0)
2 2



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole” functions

V2 bk AT kyk
Van /5722 (98) = D2, (¢60) = \/geiz‘psinze :\E—(szy) .. Xg=r'Dy= kt1
r
Narn /5 Y,flj(‘l)@) —Dz*(¢90) \/gewsinecosO =- %(x+;‘y)z
r
/=2 % 3cos” -1 3% — 2 E /=2 2 2300329—1 3% -2 222—x2—y2
Vam /5 Y,25(08) =Dy (060)= == = a0 T Namisy(ee) = xg(e00)=rt = s =0 —=——
r 1

Var/5Y,~2 (¢6) = D2 (¢60)= \Fe 0 sin@cosh = \E_(x"'y)z

X2 ¢90 = \/;r ¢??sin’ 0 —\/7(x+ly) :\/g(x2+2ixy—y2)'(_I
>
¢90 \/ge sin® :\/: x—iy)2=\/§(x2—2ixy—y2)

The (x,),z) polynomials become
(Jx,Jdy,J;) rotor tensor operators

2J22_Jx2_"l ? 52 3cos’ 6 —

2 _ Yy
> TZ- ;

: = J2PZ(COSO)



Rotor Hamiltonian H=A4J?+Bd,2+CJ2 made of scalar T or tensor T,2 operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole’ functions
q p
3 3 (x+iv) X, =r'Dly = A kyk
Van /5 Y,75(96) = D3 (#60)= Jgemste =\/%—2 - 0"\ 2k+1 9
vV 1
- * 3 . 3(x+iy)z
Narn /5 Y,fl:f(qbe) —D2 (¢90) \/;e‘psmecosO =— 5%
2,4 2 2 ; 2 2 2 2 2 2
imrs(es) = pifes)= O o ESL o s yien) = xg(aen)= 0 0t L3 2Ty
r 1
Narn /5 Yg 2 ((I)H) Dz* (¢90) \/ge @ sin@cosH = \/g(x—r;'y)z
N2 .
Jan 15 722, (00) = D2, (960) = \/ge—mp inle - \E (x—zly) 5 The (x,y,z) polynomials become
R S (Jx,Jy,J) rotor tensor operators
2 12 12 )
X2 ¢90 = \/;r ¢'*?sin” 0 —\/7(x+ly) :\/g(x2+2ixy—y2)'(_ ) T02:2Jz sz Jy :J2 3cos 6_1=J2Pz(0089)

2 >3 2 [3(.2 2
+ XZ ¢90 88 P5in°0 =,|- x—iy) = g(x —2ixy—y )
_ 20 | —i2
X5 (¢60)+ X7, (¢60)= \Erz %sinz 0= \E (x2 - yZ) — \E,J cos 20sin> 6




Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole” functions

2 bk AT ik
Var /57,75 (98) = D3 (¢60)= \/geiz‘psinze :\E@ X quO— k+1 g
4
Van /5,73 (00) = D7y (060)= \Eel‘v’smecosg __ \E(";’y)z
\/7 (=2 2% 3cos” 01 _ 32° —r? ; /=2 2 2300829—1 3222 222—x2—y2
4m/5 Y, =0 (¢6) =Dg,(060)= : = = —> an/572(06) = x2(960)=r S =i E 2
r 1

Var /57,22, (¢0) = D2/, (960)= \Fe ¥ sinfcos@ = \EM

X2 ¢90 = \/;r ¢*?sin’ 0 —\/7(x+ly) :\/g(x2+2ixy—yz)'(—I
>
+ X2 ¢90 \/ge sin’ @ :\/: x—iy)zz\/g(xz—Zixy—yz)

_ 20 | —i2¢
X5 (¢60)+ X7, (¢60)= \Erz %sinz 0= \E (x2 - yZ) — \E,ﬂ cos 20sin> 6

The (x,),z) polynomials become
(Jx,Jdy,J;) rotor tensor operators

p N J e 20 _
d = J° 3cos 6 =J2Pz(cos9)

J2-J7?
e T22+T_22=\/g - > - =\/gdzsin26cos2¢



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators
Spherical 2*-multipole functions X*, or X-functions are D *-functions times the kth power of radius ().

Consider k=2 “quadrupole” functions

\2 bk AT kok
Var /5 Y/22(96) = DI} (960)= \/geiz‘psinze =\/§—(x+2ly) o Ka =T qu “N2k+1 Yy
r
Narm /5 er;f(qbe) DZ*(¢90) \/gewsinecosO :—\/gw
r
(=2 2% 3cos” 01 32° —r? E - 3cos’@—1 32272 222—x2—y2
Jar /5722 (¢6) = Dgy(060)= > = = —> Van/57/22(¢6) = X2 (960)=r : === :
r 1

Var /57,22, (¢0) = D2/, (960)= \Fe ®SinBcosh = \EM

X2 ¢90 = \/;r ¢*?sin’ 0 —\/7(x+ly) :\/g(x2+2ixy—yz)'(—I
>
+ X2 ¢90 \/ge sin’ @ :\/: x—iy)zz\/g(xz—Zixy—yz)

The (x,),z) polynomials become
(Jx,Jdy,J;) rotor tensor operators

p N J e 20 _
< = J° 3cos 6 =J2Pz(cos9)

2 2
— 3,64 3 3 . 2, T2 J.7 - 3.2
X22(¢80)+X32(¢90)=\/;rz%ssz:\/;(xz—y2)=\/;r20032¢sm29 —_— T2 +T_2=\/g - 2 Y - EJ Sin QCOS2¢

—i2¢

i2¢
— X;(¢60)- X2, (900)= \E 2%Sin29 - \E (i4xy) = i6xy = i\gﬂ sin2gsin’ 0 —> T, —T%, = iN6 JJ,

etc.

And, don’t forget scalar:  T)=J*+J 2 +J %=



Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

»Rotor Hamiltonian H=4J2+5J,2+CJ.2 made of scalar T0 or tensor T, operators
Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

p N S N 29 _ J?2-J?
T(())ZJX2+Jy2+J22=J2 T()2: z 2x Y :J23C0829 1:J2[)2(c059) T22+T_22=\/g = 7 Y — %stin2000s2¢

Review of freshman Chemistry and Ph

Electronic orbitals 101
To
Quadrupoles
( d-orbitals )
275
or
Q(3cos2 0-1)
1
Iy
Dipoles

( p-orbitals ) Polar vector T dipoles

lack inversion symmetry.
They are used to describe

Monopole gyro-rotors.

( s-orbital )

Thales geometry of T1 “wave balls” (P;(cos0)=cos0 )



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

2 32 2 o)
T(()):Jx2+Jy2+J22:J2 TO2=2JZ Jx Jy :J2 3¢cos 9_1:;’2})2(()059)

J2-J? [3
T22+T_22=\/g - 5 . =\/;J2sin29cos2q)

Review of freshman Chemistry and Ph
Electronic orbitals 101

Quadrupoles -
( d-orbitals ) —

Axial T? tensor-poles
not needed in a diagonal
rotor Hamiltonian that

has no JddJ,, J.J-, or J,J-

Tﬂ

Dipoles
( p-orbitals )

Polar vector T! dipoles
lack inversion symmetry.
They are used to describe

Monopole gyro-rotors.

( s-orbital )

Thales geometry of T1 “wave balls” (P;(cos0)=cos0 )



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1=J2P2(COSQ) T22+T_22=\/g = 7 Y — %stin2000s2¢

1
H= Asz + BJy2+ Cdzz Kinetic energy inertial coefficients: A= 27 B=—,C=—

X y z

1 1 1 2 2 2
=(=4 += B +=C)(J~ +J ° +J
(34 +3 8 +300(d7 +d,7 +4.9)

. 2 2 2 2
+H(—A+—B +=C)-d "—-J “"+2J

1 -1 2 2
+H —A+—B +0C) J"=d “+0
(5 A+ ) J2=d 2 +0)



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1:J2P2(c050) T22+T_22=\/g = Y — %stin29cos2¢

2
1 1 1
_ 2 2 2 Kineti nertial ents: A=——,B=—,C=—
H=4J "+ BJy +CJ, inetic energy inertial coefficients 27 21y 27
_ ! 1 1 2 192 42 LY YN IR LI k.
_(EA +§B +§C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT)
) 2 2 2 a2 1 -1 2 207%-472-47
H—A+—B8 +=C)=J "=d “+2J7) (AR 1202 X y
6 6 6 x Yy (54+3 X 5 )
+( %A+_7IB +0C) I, =J 2 +0) -1 J2-J7

+(\/18A+JEB+O-C)(J8 - 5 )



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

2 12 g2
T =J +J 7 +d° =4 T02:2JZ 7Y,

29 _ J?-dJ?
=J° 3C0529 1=JzP2(cost§?) T22+T_22=\/g - 5 . =\/gdzsin2900s2¢

1 1 1
_ 42 2 2 Kineti nertial ents: A=——,B=—,C=—
H= AJx +BJy _|_CJZ inetic energy inertia coeﬁczen S 2]x 2[V 212
_ 1] 1 1 2 2 2 _ 1,1 1 2, 12,12 1 a0
—(EA +§B +§C)(Jx +Jy +JZ ) _( 3A +3B +3C)(Jx +Jy +JZ ) - 3(A+B+C)(T())
—1 —1 2 B 2J 2—J 2_J 2 1 )
H—A+—B +EC)(—JX2—Jy2+2J22) +(_1A+?1B P20y 2x vy +5 (A= B+20)(T5)
|| s 4o 2 2 1 2 -2
+(=A+—B +0C) J.7=-J “+0 J.7 -J, +—=(A-B)(T, + 1
(3445 =9 +0) e L procye 0 NN 2)
N f



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

20 *-J2-J? 29 _ J?-J 7
TS:JX2+Jy2+J22=J2 T02: z 2x Y :J23C0529 1:J2P2(c059) T22+T_22:\/g a 5 Y = %stin29cos2¢
H=4J 2+ 5d 2+ CJ 2 Kinetic energy inertial coe]ﬁciem‘s:Azi,B:L,CzL
x TOd, O, 21,7 21 21
: l 1 2 402 442 —tadle dloyaria g2 : 0
=( 3 = ~ =( -4 +- ~ = —(A+B+CXT
(3A +3B +3C)(Jx +J.7 +49) (3 3 3 ) [CRE N 3( +B+C)(Ty)
. 2 22 2 207 -J *-J 2 1 2
Ho A+ — B +20)(=d,2=d 2 +24 %) +(_A+?1B 2oy 2x v +2 (A= B+2CX(T)
|| s 4o 2 42 1 2 12
+( —A+—B +0C) Jd°=d "+0 J,. -J, +—=(A=-B)YT; +T-
(3445 =9 +0) e L procye 0 NN 2)
N f 2
: : : : : asymmet
Resulting asymmetric top Hamiltonian expansmn' 4 torm W
H=AJX2+BJy2+CJ22 —(A+B+C)(TO)+ (2c A= BYT)+ A-5 (T; +T2%)

N



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

20 *-J2-J? 29 _ J?-J72 [3
T(()) :Jx2+Jy2+J22 =J2 TO2 —_ = 2x Y :J2 3C0829 1:J2P2(c050) T22+T_22 =\/g 7 Y — EJZ sin29cos2q)
H=4J %2+ 5d *+CJ ? Kinetic energy inertial coe]ﬁciem‘s:Azi,B:L,CzL
_1 ; | ) | : . 1 %Ix 21,7 21
—(=A +-B +- 2402 442 =(=4 += B +=C)J *+J *+J? = —(A+B+C)T)
(3A +3B +3C)(Jx +J.7 +49) (3 3 3 ) [CRE N 3( +B+C)(Ty)
. 2 22 2 207 -J *-J 2 1 2
Ho A+ — B +20)(=d,2=d 2 +24 %) +(_A+?1B 2oy 2x v +2 (A= B+2CX(T)
|| s 4o 2 42 1 2 12
+( —A+—B +0C) Jd°=d "+0 J,. -J, +—=(A=-B)YT; +T-
(2 > ) Jd,7=d 7 +0) N 1 B+0C)(f v \E( X >)
N
: : : : . asymmet
Resulting asymmetric top Hamiltonian expansmn' 4 torm W
H=AJX2+BJy2+CJ22 —(A+B+C)(TO)+ (2c A= BYT)+ AJ_ (T; +T2%)
Resulting semi-classical asymmetric top Hamiltonian expansion: asymmetry
term

J2300329 1. A-B

)\/—(

J2 sin” 0 cos 20)

H=AJ 2+ BJ *+CJ.° = %( A+ B+C)(J2)+%(2C—A— BY



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

2 -J2-J 2 29— J?2-J 2
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J2 3C0829 1:J2P2(c050) T22+T_22=\/g = 7 Y — %stin29cos2¢
H=4J %2+ 5d *+CJ ? Kinetic energy inertial coe]ﬁciem‘s:Azi,B:L,CzL
T AV T, TR 21,7 217 2L
1 1 1 2 2 2 e LN AN E: 1 0
=( A4 +3 — =( 24 += — = —(A+B+C)T
(3A +3B +3C)(Jx +J.7 +49) (3 3 3 ) [CRE N 3( +B+C)(Ty)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_‘] ? Ly 2
+( 6 A+ p B +EC)(—JX _Jy +2Jz ) +(—A+?B +Z C)( 5 Y ) +3( A B-I-ZC)(TO)
1 -1 22 2 2 1 2 12
+( —A+—B +0C) J.°=J “+0 J,. -J, +—=(A-B)T; +T:
(2 > ) Jd,7=d 7 +0) N 1 B+0C)(f v \E( X >)
N f
. . . : . l
Resulting asymmetric top Hamiltonian expansmn' “r ZT; o
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(T3)+ AJ_ (T; +T2%)
Resulting semi-classical asymmetric top Hamiltonian expansion: asymmetry
term
2
H=4Jd 2+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J2 Scos 01, A\/_B( > I sin% 0 cos 20)
H=4J 2+BJ +CJ, 2 = JZ{A+§+C+2C_A_B(300320—1)+ A_Bsinzé?cosZ(b}



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1:J2P2(c050) T22+T_22=\/g = 7 Y — %stin29cos2¢

1 1 1

H= AJX2_|_ BJy2_|_ CJZ2 Kinetic energy inertial coefficients : A= i’B = z,c = i
Y e RN R VR T SNy = (A4 BHCNTY)
+(_61A+_6IB +%C)(—JX2—Jy2+2J22) +(_A+?IB +2C)(2J22—"2x2—"y2) +%(—A—B+2C)(T02)
1 —1 1
H A+ — B +0C) J.2-J 2+0) +(jg \/_B_I_OC)(\/,J 2_J 2) +%(A—B)(T2+T2)
Resulting asymmetric top Hamiltonian expansion' ) Z’rzzﬂy
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(Ty)+ A\/_B(T2 +T2)
Resulting semi-classical asymmetric top Hamiltonian expansion: aSy’Z”lmeﬁ”y
erm
H=4Jd %+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J2 3C0329_1) A(B( > I sin2 6 cos 20)
H=4J_ 2+BJ +CJ, 2 = J{A+§+C+2C_A_B(300329—1)+ A_Bsinzé?cosZ(p}

Resulting semi-classical symmetric top Hamiltonian expansion: (4= B8) (asymmetry term not present)

B+B+C+2C—B—B C-B

B—
3 (300829—1)+

H=5J_ 2+BJ +CJ, 2 = Jz{ Bsin29c052¢}: J{B+ 300520}



Rotor Hamiltonian H=4J2+B5d,2+CJd? made of scalar and tensor operators

20 *-J2-J? 29_ J?2-J 2
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J2 3C0829 1:J2P2(c050) T22+T_22=\/g = 7 Y — %stin29cos2¢
H=4J %2+ 5d *+CJ ? Kinetic energy inertial coe]ﬁciem‘s:Azi,B:L,CzL
T AV T, TR 217 217 2L
1 1 1 2 2 2 e LN AN E: 1 0
=( -4 += ~ =( 4 +- ~ = —(A+B+C)T
(3A +3B +3C)(Jx +J.7 +49) (3 3 3 ) [CRE N 3( +B+C)(Ty)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_‘] ? Ly 2
+( 6 A+ p B +EC)(—JX _Jy +2Jz ) +(—A+?B +Z C)( 5 Y ) +3( A B-I-ZC)(TO)
1 —1 2 2 2 2 1 2 2
+( —A+—B +0C) J“-J“+0 J,. -J, +——=(A-B)(T; + T
(2 > ) Jd,7=d 7 +0) i 1 B+0C)(f vy \E( X >)
N f
. . . . . asymmet
Resulting asymmetric top Hamiltonian expansmn' d term Y
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(T3)+ \/_ (T2 T2)
Resulting semi-classical asymmetric top Hamiltonian expansion: asymmetry
term
2
H=4Jd 2+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J2 Scos 01, A\/_B( > I sin% 0 cos 20)
H=4J 2+BJ +CJ, 2 = JZ{A+§+C+2C_A_B(300320—1)+ A_Bsinzé?cosZ(b}

Resulting semi-classical symmetric top Hamiltonian expansion: (4= B8) (asymmetry term not present)

B+B+C+2C—B—B B—-B

3
=BJ* +(C - B)J *= BJ* +(C - B)J*cos* 6

(3cos2 0-1)+

H=5J_ 2+BJ +CJ = Jz{ sinZGCOSZ(Z)}: J2[8+(C—B)c0829}



Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Rotor Hamiltonian H=A4J.2+5J,2+(CJ-? made of scalar T¢" or tensor T,2 operators
Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Rotational Energy Surfaces (RE or RES) of asymmetric rotor (for following class)




Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Plot Hamiltonian H=BJ? +(C — B)J _* radially as  H(©)=BJ(J +1)+(C - B)J(J +1)cos’®  [where:J_ =|J|cos®

H’ln> Conventional notation : =\/m cos®
S R n=K=d_= \/J(J+ 1)cos®

J=10 Minimum uncertainty angle 4, _17.55° Polar
____________________________________ 10 ) :
i prolate Sonc ) ol Uncertlamty
; ‘ angles
symmetric top ‘ B oniour K—+10 +9 g

0! =cosL K&
RES KO0+

\

N
NI(J+1) ~J+1/2
10.488~10.5 ZANEN

b/ o
+4
Kesf 1\ el
— el
- — = 111 @10 =84.53°
_ 0 }
\/ N/ Z'C0|n?]p>0nent of g :
-2 Jz m/=m | %
\\7 3 // [y - e —
\ 7
\/ 5
N -6/ 1
AN [pm=r2 N0y
10 \ Y . y 1 J
2 . I Iy =aa+1)|

Int.J.Molecular Science 14.(2013) Fig.1 p. 730



https://hosted.uark.edu/~modphys/pdfs/Journal_Pdfs/Molecular%20Eigensolution%20Symmetry%20Analysis%20and%20Fine%20Structure%20-%20IJMS-harter-mitchell-2013.pdf#page=17

Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
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Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
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Wigner D'y irreps of U(2)~R(3) give atomic and molecular eigenfunctions Wmpn of 3D
rotor Hamiltonian H=AJx2+BJ2+CJ,2 and angular momentum uncertainty effects.

Rotor Hamiltonian H=A4J.2+5J,2+(CJ-? made of scalar T¢" or tensor T,2 operators
Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Rotational Energy Surfaces (RE or RES) of asymmetric rotor (for following class)
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Molecular Symmetry and Dynamics | 32.2 Rotational Energy Surfaces and Semiclassical Rotational Dynamics

J=10 : Rotation axes
near z —axis

Kz(z) =10

Rotation axes AJ
mear X—axis

Examples of Group>DSub-group correlation
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after QTforCA Unit 8. Ch. 25 Fig. 25.4.2

#g.32.2 J =10 rotational energy surface and related level spectrum for an asymmetric rigid rotator (A =0.2, B =
B2 C=06cm™})
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Properties of 1D-HO coherent state 0
2277
Coherent wave packet uncertainty relation: An-A¢ > s/n |
uncertainty
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