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Review 1. Angular momentum raise-n-lower operators S+ and S- 

s+ = sX +isY        and        s- = sX -isY = s+† 
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 Starting with j=1/2  we see that S+ is an elementary projection operator e12 = |1〉〈2| = P12 

= P12

Such operators can be upgraded to creation-destruction operator combinations a†a
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 Hamilton-Pauli-Jordan representation of sZ is:  

sZ= 2
1 a1

†a1 − a2
†a2( ) = 2

1 a↑
†a↑ − a↓

†a↓( )This suggests an a†a form for sZ. 

1 = ↑ =
1/2
+1/2

=a1
† 0 =a↑

† 0

Let            create up-spin ↑          a1
†=a↑

†

2 = ↓ =
1/2
-1/2

=a2
† 0 =a↓

† 0

Let            create dn-spin ↓ a2
† =a↓

†

                     destroys dn-spin ↓  
                       creates up-spin ↑  
to raise angular momentum by one ! unit
a↑

†a↓ ↓ = ↑    or:  a1
†a2 2 = 1

                     destroys up-spin ↑ 
                       creates dn-spin ↓  
to lower angular momentum by one ! unit

s−=a2
†a1=a↓

†a↑

a↓
†a↑ ↑ = ↓    or:  a2

†a1 1 = 2
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Review 2.   Angular momentum commutation relations
σασβ = δαβ +iεαβγσγGiven Hamilton-Jordan-Pauli product relations : with: sα =σα /2

sαsβ - sβsα = [sα,sβ] = i εαβγ sγ Commutator formulae for sα : 

 [sΖ,s+] = (+1)s+  and:  [sΖ,s−] = (-1)s− sΖ  and  s±=sX±isY obey eigen-commutation relations. 
Key Lie theorem:

σXσY = iσZ  implies: [sX,sY] = isZ 
σZσX = iσY  implies: [sZ,sX] = isY 
σYσZ = iσX  implies: [sY,sZ] = isX 

Proof using elementary matrix operator multiplication: ejk emn= δkm ejn with: s+=e12 and: s-=e21

Also: sΖ =(e11 - e22)/2 ≈ 0 1
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ejk emn= δkm ejn gives: [(e11 - e22)/2, e12] = +e12  and:  [(e11 - e22)/2, e21] = -e21 
sΖ s+ s+ sΖ s- -s-

Then there are up-down commutation relations: [s+, s−] = [e12 , e21] = e11 - e22 = 2sΖ 
General eigen-commutation theorem:
If Hamiltonian H (or any operator such as sΖ ) eigen-commutes with am and a†

n  , that is: 
 [H,a†
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jU(2) Oscillator 

eigensolutions:

n1 = j+m
n2 = j-m
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 U(2) boson oscillator states ⏐n1,n2〉 = R(3) spin or rotor states      
Review 3. SU(2)⊂U(2) oscillators vs. R(3)⊂O(3) rotors 

Oscillator total quanta: υ=(n1+n2)
m
j

Rotor total momenta: j= υ/2 and  z-momenta: m=(n1-n2)/2     
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U(2) boson oscillator states =  U(2) spinor states
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Oscillator a†a give s± matrices.
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1/2-difference of number-ops is sZ eigenvalue.
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j=3/2 spinor s+ ...and sZ j=2 tensor s+ 
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...and sZ 
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rotor Hamiltonian H=AJx2+BJy2+CJz2 and angular momentum uncertainty effects.   



Angular momentum magnitude and uncertainty
Angular momentum squared s•s  and Z-component sΖ share eigenstates 
    s•s = sX
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Angular momentum magnitude and uncertainty
Angular momentum squared s•s  and Z-component sΖ share eigenstates 
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Has very simple j-formula…
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1 ′1 1 ′2

2 ′1 2 ′2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

1R αβγ( ) 1 1R αβγ( ) 2
2 R αβγ( ) 1 2 R αβγ( ) 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

D11
1/2 αβγ( ) D12

1/2 αβγ( )
D21
1/2 αβγ( ) D22

1/2 αβγ( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

e
− iα+γ

2 cos β
2

-e
− iα−γ

2 sin β
2

e
iα−γ
2 sin β

2
e
iα+γ
2 cos β

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

A fundamental (spin-1/2) Euler transformation R(αβγ)  given in three notations.

Corresponding transformation of the fundamental creation operators 

a ′1
† =D11

1/2 αβγ( )a1
† + D21

1/2 αβγ( )a2
†  =e

− iα+γ
2 cos β

2
a1

† + e
iα−γ

2 sin β
2
a2

†     

a ′2
† =D12

1/2 αβγ( )a1
† + D22

1/2 αβγ( )a2
† =-e

− iα−γ
2 sin β

2
a1

† + e
iα+γ

2 cos β
2
a2

†

Generating irreducible representations of R(3) and U(2) rotations R(αβγ)



Generating irreducible representations of R(3) and U(2) rotations R(αβγ)

1 ′1 1 ′2

2 ′1 2 ′2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

1R αβγ( ) 1 1R αβγ( ) 2
2 R αβγ( ) 1 2 R αβγ( ) 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

D11
1/2 αβγ( ) D12

1/2 αβγ( )
D21
1/2 αβγ( ) D22

1/2 αβγ( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

e
− iα+γ

2 cos β
2

-e
− iα−γ

2 sin β
2

e
iα−γ
2 sin β

2
e
iα+γ
2 cos β

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

A fundamental (spin-1/2) Euler transformation R(αβγ)  given in three notations.

Corresponding transformation of the fundamental creation operators 

a ′1
† =D11

1/2 αβγ( )a1
† + D21

1/2 αβγ( )a2
†  =e

− iα+γ
2 cos β

2
a1

† + e
iα−γ

2 sin β
2
a2

†     

a ′2
† =D12

1/2 αβγ( )a1
† + D22

1/2 αβγ( )a2
† =-e

− iα−γ
2 sin β

2
a1

† + e
iα+γ

2 cos β
2
a2

†

Problem: Find corresponding transformation D(j)(αβγ) matrix for a (υ=2j)-oscillator state
(υ=2j)-quantum state is rotated to a new "prime" basis.

R αβγ( ) n
j =

a ′1
†( ) j+n a ′2

†( ) j−n
j + n( )! j − n( )!

0 0 =
D11a1

† + D21a2
†( ) j+n D21a1

† + D22a2
†( ) j−n

j + n( )! j − n( )!
0 0



1 ′1 1 ′2

2 ′1 2 ′2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

1R αβγ( ) 1 1R αβγ( ) 2
2 R αβγ( ) 1 2 R αβγ( ) 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

D11
1/2 αβγ( ) D12

1/2 αβγ( )
D21
1/2 αβγ( ) D22

1/2 αβγ( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

e
− iα+γ

2 cos β
2

-e
− iα−γ

2 sin β
2

e
iα−γ
2 sin β

2
e
iα+γ
2 cos β

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

A fundamental (spin-1/2) Euler transformation R(αβγ)  given in three notations.

Corresponding transformation of the fundamental creation operators 

a ′1
† =D11

1/2 αβγ( )a1
† + D21

1/2 αβγ( )a2
†  =e

− iα+γ
2 cos β

2
a1

† + e
iα−γ

2 sin β
2
a2

†     

a ′2
† =D12

1/2 αβγ( )a1
† + D22

1/2 αβγ( )a2
† =-e

− iα−γ
2 sin β

2
a1

† + e
iα+γ

2 cos β
2
a2

†

Problem: Find corresponding transformation D(j)(αβγ) matrix for a (υ=2j)-oscillator state
(υ=2j)-quantum state is rotated to a new "prime" basis.
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Binomial expansion is a double sum over binomial coefficients:
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And general SU(2) irreducible representation for Euler angles (αβγ).
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Generating irreducible representations of R(3) and U(2) rotations R(αβγ)
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rotor Hamiltonian H=AJx2+BJy2+CJz2 and angular momentum uncertainty effects.   
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Generating irreducible representations of R(3) and U(2) rotations R(αβγ)

  or     

    k-Summation Σk limits amount to  
prohibiting a p!=(-N)!=∞ factor in denominator.

(j+m-k) ≥ 0 
or: k ≤ j+m

(j-n-k) ≥ 0 
or: k ≤ j-nk ≥ 0(n-m+k) ≥ 0 

or: k ≤ m-n
Power p on (Dab)p must be zero or greater ( p ≥ 0 ).

Euler angles (αβγ) vs axis angles  [φϑΘ] Lect.5 p7-11    

https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/AMOP_Lectures_2018/AMOClass-5-1.29.18.pdf#page=11
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Examples: Dm,n
j =D2,4

8  has sum: 
k=0

4

∑  k ≤ 8+2=10,     k ≥ 2-4=-2,    k ≥ 0,     k ≤ 8-4=4.

 k ≤ 8-4=4,       k ≥ 4-4=0.      k ≥ 0,    k ≤ 8-4=4Dm,n
j =D−4,4

8  has sum: 
k=0

4

∑

5 
terms

5 
terms
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β→θ

Vector (j= =1) representationℓ
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Dipole (j=  =1) wavefunctionsℓ
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3-D linear-circular polarization T-matrix:
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3-D linear-circular polarization T-matrix:
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T-matrix transforms to 
linear polarization (xyz) basis
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Notation Switch: 
azimuth angle: 
α→φ 
polar angle: 
β→θ

Atomic and molecular DJ*mn(α,β,γ)-wavefunctions

Vector (j= =1) representationℓ

Here half-angle identities were used.

Dipole (j=  =1) wavefunctionsℓ ψ=d
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Standing p-Wave
Distributions

Moving p-Wave
Distributions
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Atomic and molecular DJ*mn(α,β,γ)-wavefunctions and probability distributions

ψ=d cos θ
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polar angle: 
β→θ
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Spherical 2k-multipole functions Xk
q or X-functions are D*-functions times the kth power of radius (rk).
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R|1〉=R-1|1〉
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...
“Mock-Mach”

relativity principles

Figure from Ch. 5 of PSDS (Originally in Rev. Mod. Phys. 50, 1, p.37 (1978) Fig. 2)

Atomic and molecular DJ*mn(α,β,γ)-wavefunctions 
          “Mock-Mach” lab-vs-body-defined states |Jmn〉=Pmn J|(0,0,0)〉=∫d(α,β,γ)DJ*mn(α,β,γ)R(α,β,γ)|(0,0,0)〉

Ch. 5 of PSDS p328   RModPhys50p37

https://hosted.uark.edu/~modphys/pdfs/GTQM_Pdfs/GTQM_Lectures_2017/GrpThLect_25_4.27.17.pdf#page=15
https://hosted.uark.edu/~modphys/pdfs/PSDS_Pdfs/PSDS_Ch.5_(4.21.10).pdf#page=15
https://hosted.uark.edu/~modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/Frame_Transform_Relat._RMP1978.pdf#page=1
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Review 1. Angular momentum raise-n-lower operators S+ and S-                   Review 2. Angular momentum commutation  
                                                Review 3. SU(2)⊂U(2) oscillators vs. R(3)⊂O(3) rotors  
Angular momentum magnitude and ΘJm-uncertainty cone polar angles 
Generating higher-j representations Djmn of R(3) rotation and U(2) from spinor D1/2 irreps  
          Evaluating Djmn representations 
Applications of  Djmn representations 
         Atomic wave functions.          DLm0 ~YLm Spherical harmonics            

                                          DL=1m0 ~Y1m p-waves                 DL=2m0 ~Y2m d-waves             DL00 ~PL Legendre waves    
         Molecular Djmn wave functions in“Mock-Mach” lab-vs-body state space |Jmn〉 
                  Pjmn projector and Djmn(α,β,γ) wave function 
         DJmn transform R(α,β,γ)|Jmn〉=Σm′DJm′n(α,β,γ)|Jm′n〉in lab-space,              R(α,β,γ) in body-space. 
                  D2mn transform in lab-space (Generalized Stern-Gerlach beam polarization)  
                   ΘJm-cone properties of lab transforms: J=20,        J=10,        J=30. 
                   ΘJm-analysis of high J atomic beams 
                   ΘJm-properties of high J molecular lab-vs-body states |Jmn〉
Rotor Hamiltonian H=AJx2+BJy2+CJz2  made of scalar T00 or tensor Tq2 operators 
          Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions 
          Rotational Energy Surfaces (RE or RES) of asymmetric rotor (for following class)  

Wigner DJmn irreps of U(2)~R(3) give atomic and molecular eigenfunctions Ψm,n of 3D 
rotor Hamiltonian H=AJx2+BJy2+CJz2 and angular momentum uncertainty effects.   
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Springer Handbook  
of 

Atomic, Molecular, and Optical 
Physics (2005)  

Fig.32.2 and 32.3 p. 495-497

Examples of  Group⊃Sub-group correlation  
D2⊃C2(x)        D2⊃C2(y)             D2⊃C2(z)

after QTforCA Unit 8. Ch. 25 Fig. 25.4.2
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