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PPeeeekkiinngg iinnttoo BBLLAACCKK BBOOXX ooff mmaattrriixx ddiiaaggoonnaalliizzaattiioonn::

PPlloottttiinngg 22kk--ppoollee eexxppaannssiioonn ooff iinnttoo FFaannoo--RRaaccaahh tteennssoorrss
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??
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22kk--ppoollee eexxppaannssiioonn ooff aann NN--bbyy--NN mmaattrriixx HH
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KK44==8888
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precessing
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SF6 Spectra of Oh Ro-vibronic Hamiltonian described by RE Tensor Topography
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( )CCoommppaarree ccllaassssiiccaall
wwiitthh qquuaannttuumm
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CCllaassssiiccaall
LLeeggeennddrree
PPkk((cos θ ))

m √J(J+1)

m √J(J+1)SSeemmii--ccllaassssiiccaall JJ--ccoonnee
ggeeoommeettrryy ooff ee--vvaalluueess

eexxaacctt

eexxaacctt

aapppprrooxx..

aapppprrooxx..

|J|kPk(Jx,Jy,Jz )

Classical
J-polynomials



Angular Momentum Cones and QQuuaannttuumm Polar Angles
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m √J(J+1)
~J+ − + −...

Θ = arc cos( )
√J(J+1)

mJ
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1
2

1
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1
16J2
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6

Θ =39.5°6
5

Θ =51.8°6
4

Θ =62.4°6
3
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Θ =81.1°6
1

(usually ignored for J>1)

Example: J=6

m=5/2Example: J=2
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m=0
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m=-2

Θ =35.3°2
2
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1
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Θ =39.5°6
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Θ =26.6°4
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Θ =77.1°
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m=3

m=2

m=1

m=0

m=-1

m=-2

m=-3

m=-4

Example: (J=4)-eigenvalues of v2
0 m=9/2

m=4

m=3

m=2

m=0

m=-1

m=-2

m=-3

m=-4

Example: (J=4)-eigenvalues of v4
0

28 • • • • • • • •
• 7 • • • • • • •
• • -8 • • • • • •
• • • -17 • • • • •
• • • • -20 • • • •
• • • • • -17 • • •
• • • • • • -8 • •
• • • • • • • 7 •
• • • • • • • • 28

〈v 〉 =2
0

semi-
classical

J=4

28 • • • • • • • •
• 7 • • • • • • •
• • -8 • • • • • •
• • • -17 • • • • •
• • • • -20 • • • •
• • • • • -17 • • •
• • • • • • -8 • •
• • • • • • • 7 •
• • • • • • • • 28

〈v 〉 =2
0

exact
quantum

J=4

7.8 • • • • • • • •
•-19.1• • • • • • • •
• •-9.0 • • • • • •
• • • 8.9 • • • • •
• • • •16.8 • • • •
• • • • • 8.9 • • •
• • • • • •-9.0 • •
• • • • • • •-19.1•
• • • • • • • • 7.8
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0
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classical

J=4

14 • • • • • • • •
• -21 • • • • • • •
• • -11 • • • • • •
• • • 9 • • • • •
• • • • 18 • • • •
• • • • • 9 • • •
• • • • • • -11 • •
• • • • • • • -21 •
• • • • • • • • 14

〈v 〉 =2
0

exact
quantum

J=4

semi-
classical:

exact
quantum:

is identical to approximates

1
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1
√2002

1
√2772 1

√2002
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Example: (J=6)-eigenvalues of v
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Simple Rigid Rotor Hamiltonian...
H = AJ x

2 BJ y
2 CJ z

2 L ...and its multi-pole expansion...+ + +

+ + − −
− −

−
−

= −

=
A B C( )

3
Jx

2 + J y
2 + J z

2( ) +
2C A B( )

6
2J z

2 J x
2 J y

2( ) +
A B( )

2
Jx

2 J y
2( )

HH== BB JJ22 T0
(0) J2 2T0

(2) 2

3
T2

(2) T-2
(2)( )

SSpphheerriiccaall TToopp
((AA==BB==CC))

HH== BB JJ ++((CC -- BB))((22//33))TT00
((22))

SSyymmmmeettrriicc TToopp
((AA==BB≠≠CC))

22
AAssyymmmmeettrriicc TToopp

((AA≠≠BB≠≠CC))
HH== BB JJ ++((22CC --AA-- BB))//33 TT00

((22))22
++((AA-- BB))//√√66(( ))TT22

((22)) -- TT--22
((22))

T0
(0) = cY0

0 = J (J +1)

2T0
(2) = cY0

2 = J (J +1) 3cos2 β −1( )
2

3
T2

(2) − T-2
(2)( ) = c Y2

2 −Y2
2( ) = J (J +1) sin2 β cos2γ( )

is replaced by spherical harmonic [β,γ])Tq
k Yq

k(tensor operator

Classical RES Plot: Rotational Energy (RE) surfaces and/or H-phase paths



JxJy
Jx

JxJy
Jy

Jz

JxJy

SSyymmmmeettrriicc
TToopp

AA ==BB ==00..55
CC ==33..00

AAssyymmmmeettrriicc
TToopp

AA == 00..55
BB ==11..55
CC ==33..00

Energy plotted radially
vs.

direction of J-vector
|for fixed magnitude |J

RE surface

precessing
vector

γ

β

rotor
energy

for this J

T0
(0) = cY0

0 = J (J +1)

2T0
(2) = cY0

2 = J (J +1) 3cos2 β −1( )
2

3
T2

(2) − T-2
(2)( ) = c Y2

2 −Y2
2( ) = J (J +1) sin2 β cos2γ( )

is replaced by spherical harmonic [β,γ])Tq
k Yq

k(tensor operator

Classical RES Plot: Rotational Energy (RE) surfaces and/or H-phase paths
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(1)2
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B1
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(0)2

150 GHz
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Oh or Td Spherical Top: (Hecht Ro-vib Hamiltonian 1960)
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T1 3
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E
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E
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9·10-8cm-1 K(100)=28

(0)4T1

A1

E

T1

4·10-8cm-1 K(100)=29

(1)4

T2

2·10-10cm-1 K(100)=30

(2)4

T2

A2

E

5 MHz

J=30

K4=30
==2299
=28

etc.

35.3°35.3°

19.5°19.5°

JJ ==8888

KK44==8888
==8877
==8866

eettcc..

precessing
JJ vector
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