2008 Candidacy Examination
Part A: Classical Mec hanics
January 8, 9 amblpm

General Instructions:

¥ Do any four out of the five problems.

¥ Read each problem carefully before beginning.
¥ Put the problem number on each page.

¥ Put your I.D. code on the top of each page.

¥ Write only on one side of each sheet of paper.
¥ Number your pages.

¥ Write clearly and neatly.

¥ Hand in each problem as a unit. Turn in your formula sheet with your problem solutions.
Make sure your name is NOT on the formula sheet, only your I.D.!

¥ IMPOR TANT:. Explai n your approac h to solving the problem before you begin.
This will count 5 points. The rest of the problem will count 95 points.



Problem 1 A rigid uniform bar of massM and length L is supported in equilibrium in a horizontal
position by two masslesssprings attached one at eat end.

The springs have the sameforce constart k. The certer of gravity is constrainedto move only along
the vertical x axis. Find the normal modes and frequenciesof vibration of the system (assuming
small oscillations), if the motion is constrained to the xz-plane. (Hint: It is easiestto Oguess@t
the normal-mode motion and then verify that this is indeed correct. Use symmetry as a guide as
much asyou can.)
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Problem 2 Out in deepspace,astronauts discover a uniform sphericalasteroid. Aliens have drilled
a small hole straight thr ough the certer of the asteroid. If a small ball bearing is dropped from rest
down the hole, how long will it take to read the certer of the asteroid? How fag will it be going
then?

Problem 3 A ball of massm rolls without slipping down a movable wedgeof massM . The angle of
the wedgeis !, and it is free to slide on a smaooth horizontal surface. Using Lagrangian Mechanics,
Pnd the acceleration of the wedge.

Problem 4 A rocket planeis transported to the upper atmospherein ajumbo jet Rying horizontally
and releasedwith speedvy. It then travelsthrough still air in level Bight, sothat its weight is exactly
compensatedby the lift from the wings. It is propelled by the expulsion of fuel (mass)at a constart
rate " kg/s; the speedof the expelled massrelative to the rocket plane (not the ground) is V. The
rocket plane also experiencesa drag force from the air, Fp, which is proportional to its velocity, v,
in the reg frame of the ground (and the air), Fp = ! kv. At time t = 0, the rocket plane has mass
Mg.

(a) Determine the equation of motion governing the velocity v(t) of the rocket plane.

(b) Determine v(t) in terms of the parametersgiven above.

(c) Verify that at t = 0, v(t) = vp.

(d) Determine what relationship amongthe parametersgiven above (including the initial velocity)
would let the rocket plane move at constart velocity vo.
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Problem 5 A meter stick is lying Rat on an ice rink with two marbles sitting at the lower end on
either side of the 0.0 cm mark on the x-axis. (Seebgure) A hammer givesan impulse P = (1 N&s)ey
to the stick at the h-cm mark.
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(a) What value of the distance h should be chosenin order to disturb the marbles as little as
possible?

(b) At what distancesd, 2d, 3d,... along the x-axis should the 3rd, 4th, 5th,... marbles be placed
sothey are most likely to be knocked below the axis? (Seebgurebelow.)
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2008 Candidacy Examination
Part B: Electricity and Magnetism

January 9, 9am-1pm

General Instructions:

¥ Do any four out of five problems.

¥ Read each problem carefully before beginning.

¥ Put the problem number on each page.

¥ Put your I.D. code and problem number on the top of each page. Note this I.D. is NOT your University L.D.

¥ Write only on one side of each sheet of paper.

¥ Write clearly and neatly.

¥ Hand in each problem as a unit. Turn in your formula sheet with your problem solutions. Make sure your name is

NOT on the formula sheet, only your I.D.!

o IMPORTANT: Explain your approach to solving the problem before you begin. This will

count 5 points. The rest of the problem will count 95 points.

Problem 1. The electric vector of a plane electromagnetic wave is given by

E(Z t) = f;‘;ﬂei(kz! " 4 ..?e;(kz! "rH#12)

N 2

(a) What is the state of polarization and helicity of this wave? What is the magnetic field
of this wave?
(b) Assuming that this is the field of a 5.0 mW laser beam of diameter 1.0 mm, find the

values of the electric and magnetic field amplitudes of the laser.

Problem 2. A thin copper ring rotates with some initial angular frequency, / , about an axis of

rotation which 1is perpendicular to a uniform magnetic field Ho =200G applied along z
direction. Determine the time it takes the frequency to decrease by a factor of 1/e from its initial

value of /'y - A gqume that all energy loss is due to Joule heat Note that copper has a conductivity
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0=5.80x%x10"s"" =6.50" 10°#cm)®

. . . / .
(in cgs-Gaussian units), or’ and a mass density

I =890g/cm’.

Ho

!
axis of rotation \\/

Problem 3. A conducting sphere of radius a carrying a total charge Q is submerged in a

nonconducting fluid with a dielectric constant that varies as €+ 3¢ cos’ ¥ . Find E, D, and P

fields and free and bound charge densities everywhere.

Hint: There is one field which depends only on r.

Problem 4: A uniformly magnetized sphere of radius a is placed in vacuum. Its magnetization

is M. Calculate the scalar potential ! and magnetic field B inside and outside of the sphere.

Problem 5. A plane electromagnetic wave is incident from air normally into the flat surface z=0

of a perfect conductor. The electric field of the incident wave is given by

E,(r,t) = § & cogkz! "t)
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L Write down the magnetic field of the incident wave.
2- Write down the boundary conditions and find the form of the reflected electromagnetic wave.

3. Find the surface electric current density on the surface of the conductor.



Candidacy exam (Quantum Mechanics)
Jan. 10, 2008, 9:00AM-1:00PM

General instructions:

(i) Please do four problems of your choice. No more, no less.

(ii) Explain briefly your approach before solving each problem (to which 5
points will be given).

(iii) Write on each answer sheet (1) your identification code (not your name),
(2) the problem number.

(iv) Write only on one side of each paper. Furthermore, do NOT write your
answers near the edge of paper (otherwise, after photocopying, your an-
swers may be cutoff improperly.)

(v) Read each problem carefully before you start to solve it.

(vi) Hand in each problem as a unit. Number your pages. Turn in your
formula sheet with your solutions.



Problem 1.

(i)

Consider a one-dimensional finite square-well potential: V(z)=-Vq for
'a <z < a, and V(2)=0 elsewhere. Vj is a constant (Vo >0). Show
that no matter how small Vy is, there always exists at least one bound
state. (50pts)

Now consider the three-dimensional analog (namely, the “spherical square
well”): V(r)=-Vy for radial distance r<R, and V(r)=0 for r>R. Again,
Vo is a constant (Vo >0). In this case, depending on the value of Vo,
there may, or may not, be a bound state. Mathematically derive the
condition that Vo must satisfy in order to have a bound state. (50pts)

Problem 2.

In the usual treatment of the hydrogen atom, the proton in the nucleus is
considered to be a point particle. This is justified because the size (radius)
of the proton is about R=7" 10' *® meters, compared with the radius of the
electron’s smallest orbit (namely, the Bohr radius ag = 72'—22 = 5" 10'  meters).
Suppose that we now wish to account for the finite size of the proton. One
simple model is to treat the proton as a uniformly charged spherical shel (not
a spherical volume) of radius R and charge +|e|. This shell charge will generate
a different potential energy than a point charge, and then, the potential-energy
difference can be taken into account by perturbation theory.

(1)

(iii)
(iv)

Find the potential-energy term V(r) in the Hamiltonian for the regions
r<R and r>R, when proton is treated as a charge shell. Would you
expect the potential-energy correction to raise or lower the ground-state
energy? Explain your answer. (25pts)

When the proton is treated as a point charge, the energy of the ground

e

state (1s) for hydrogen atom is Ep = ! - =! 13.6eV, and the wave
function is ®100(r) = Ne w0 (where N = #1—). Use perturbation theory
7ra0

to derive an expression that can be used to compute the shift in the
ground-state electron level due to the finite proton size. [Hint: using the
sizes of R and ag, you may simplify the integration needed.] (50pts)

Calculate the shift in (b) in units of eV? (10pts)
Why would this shift be even more negligible for non-s states? (15pts)



Problem 3.

Let us consider a 1D Hamiltonian operator H = T'! «d(x), where T is the
kinetic-energy operator. The second term in H is the potential energy, where
« is a real constant, and §(x) is the Dirac function. Let us also consider a trial
wave function ¢(x) = De' bmz, where D and b are real constants.

(i) Determine D (The result should be written as a function of b). (15pts)

(ii) Express, in terms of b, the expectation value of T when the system is
described by ¢ (x). (30pts)

(c) Express, in terms of b, the expectation value of the potential energy when
the system is described by 1 (x). (15pts)

(d) Determine (in terms of «) the b constant that yields the lowest possible
expectation value of the Hamiltonian operator, when the system is de-
scribed by ¢ (z). And furthermore, express this lowest possible energy in
terms of . (40pts)

L. #_
(A useful integral: . ¢ “dr="7)

Problem 4.

Consider an electron in a magnetic field; the field is along the z-axis. H =
I upddB =" upBao., where up is the Bohr magneton, and the vector operator
7 (0 = 0,€; + 0y€, + 0,€,, where é,, €,, and €, are the unit vectors along the
x, y, and z directions, respectively) is related to the spin S by S = %5.
(i) In a representatien that makes ¢, diagonal, the o matrices are 6, =
0 1 . 0 !4 . 1 0

1o "= ; o 0= 1 - Determine the matrix

form of operator p = ¢ BH in this representation (where 3 is a constant
of dimensionality of 1/energy). (40pts)

(ii) In a representation that makes 7, (not ,) diagonal, determine the &,,
gy, and ¢, matrices. (40pts)

(iii) In the representation that makes , (not &,) diagonal, determine the
matrix form of the operator p = €' #9. (20pts)



Problem 5.

Consider an electron moving in a one-dimensional periodic potential V(x) that
repeats itself after a periodic length a, namely, V(z + na)=V(z) for arbitrary
integer number n. The Hamiltonian is H = % + V(z), and let the wave
function of this electron be ¥(z). Note that ¢ (x) may or may not be an
cigenstate. Define a translational operator T'(na) as T(na)i(z) $ ¥ (z + na)
for arbitrary integer n.

(i) Prove that T(na) and H commute. (20pts)

(ii) Show that T'(nya+npa) = T'(nya)T(nya) is correct for arbitrary integers
ny and nyp. (20pts)

(iii) Let the eigenvalue of T'(na) be A(n) which should be n dependent. Since
any number (real or complex) can always be written as e’ (where « is
complex in general), we can write the eigenvalue A(n) as A(n) = /(™
where f(n) is a function of n. Prove that f(n) must be a linear function

of n, namely f(n) = kan, where k is just the proportional coefficient.
(40pts)

(iv) Let ¢(z) be an eigenstate of H. Note that, unlike ¢)(x) which may or may
not be the eigenstate of H, ¢(x) is an eigenstate. Show that ¢(x + na)
and ¢(x) satisfy a relationship ¢(x + na) = e*™m¢(x). (20pts)



